
 

 

 University of Groningen

Evaluation of barreling and friction in uniaxial compression test
Solhjoo, Soheil; Khoddam, Shahin

Published in:
International Journal of Mechanical Sciences

DOI:
10.1016/j.ijmecsci.2019.04.007

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Final author's version (accepted by publisher, after peer review)

Publication date:
2019

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Solhjoo, S., & Khoddam, S. (2019). Evaluation of barreling and friction in uniaxial compression test: A
kinematic analysis. International Journal of Mechanical Sciences, 156, 486-493.
https://doi.org/10.1016/j.ijmecsci.2019.04.007

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 24-05-2023

https://doi.org/10.1016/j.ijmecsci.2019.04.007
https://research.rug.nl/en/publications/b729ae44-8e87-4f76-b63c-4a39782d059d
https://doi.org/10.1016/j.ijmecsci.2019.04.007


 

Accepted Manuscript

Evaluation of barreling and friction in uniaxial compression test: A
kinematic analysis

Soheil Solhjoo, Shahin Khoddam

PII: S0020-7403(18)33316-2
DOI: https://doi.org/10.1016/j.ijmecsci.2019.04.007
Reference: MS 4854

To appear in: International Journal of Mechanical Sciences

Received date: 8 October 2018
Revised date: 19 March 2019
Accepted date: 3 April 2019

Please cite this article as: Soheil Solhjoo, Shahin Khoddam, Evaluation of barreling and friction in
uniaxial compression test: A kinematic analysis, International Journal of Mechanical Sciences (2019),
doi: https://doi.org/10.1016/j.ijmecsci.2019.04.007

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service
to our customers we are providing this early version of the manuscript. The manuscript will undergo
copyediting, typesetting, and review of the resulting proof before it is published in its final form. Please
note that during the production process errors may be discovered which could affect the content, and
all legal disclaimers that apply to the journal pertain.

https://doi.org/10.1016/j.ijmecsci.2019.04.007
https://doi.org/10.1016/j.ijmecsci.2019.04.007


ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

Short Title of the Article

Highlights
• Avitzur’s upper-bound solution for uniaxial compression test of discs is assessed for its validity range.

• Via kinematics of the deforming sample of Avitzur model, different approaches were adopted to solve the barreling
parameter of the model.

• The model was investigated within two frameworks: static and dynamic.

• The results show that the model is valid as long as the side-surface folding is negligible, which occurred at m=0.1 in
this work.
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ABSTRACT

Barreling compression test is an important tool for characterizing the mechanical responses of
deformed material. This test also serve for studying the interfacial friction between the tool and
workpiece, based on the only available method of Avitzur’s “limit analysis of disc and strip forging”.
This method was found to be satisfactory for low friction conditions; however, it has remained
to be examined in depth. In the present work, Avitzur model is thoroughly investigated, and its
applicability and limitations are discussed. Along these lines, the kinematics of Avitzur model is
presented to be used in describing both the barreling parameter (b) of the model and the profile of
the deformed sample. Following an exhaustive examination on the barreling parameters of various
deformed samples, one of the methods is identified to be valid for evaluating friction factor up to
m ≤ 0.5. Moreover, the results clearly shows that the model has its highest accuracy as long as the
side-surface folding phenomenon is negligible (≤ 0.25%).

1. Introduction
It is crucial to develop accurate models for describing

metal flow within samples of compression tests, where the
workpiece would barrel due to the surface friction between
the tool and the workpiece [1, 2, 3]. While numerical solu-
tions, e.g. finite difference, finite element and matrix meth-
ods, are widely used to study metal forming processes, their
reliability depend on the accuracy of the provided data, in-
cluding friction factor and material’s flow curve. On the
other hand, theoretical models could be used as characteriz-
ing tools for representing the deformation load as flow stress
data1. The most common way to obtain stress-strain curves
from uniaxial compression tests is to assume a uniform de-
formation within the sample; see e.g. [6] for descriptive and
practical notes on this model. Theoretically, this model is
argued to be valid for proper lubrication conditions and lim-
ited deformations; however, it still cannot provide any infor-
mation about the friction between the tool and workpiece.
Another method, namely slab, can be used for prediction of
the stress field and the stresses on tools [7]; however, this
method does not account for shearing deformationwithin the
sample, i.e. no barreling prediction. This problem could be
overcome by applying another well-known method of anal-
ysis, called upper bound. The value of friction factor, how-
ever, is required in advance for both of these methods.

In a pioneering work, Ebrahimi and Najafizadeh [8] pro-
posed a method based on Avizur’s limit analysis [9], which

∗Corresponding author
s.solhjoo@rug.nl (S. Solhjoo)
https://www.linkedin.com/in/soheilsolhjoo/ (S. Solhjoo)

ORCID(s): 0000-0003-2583-4952 (S. Solhjoo)
1The importance of developing theoretical models for deformation pro-

cesses is not the focus of the current study, and the related discussions can
be found elsewhere, see, e.g. [4, 5].

could be used for estimating the friction factor; they derived
the friction factor only as a function of the cylindrical sam-
ple’s geometries before and after a compression test. From
a slightly different approach, Solhjoo derived another for-
mula for the friction factor of Avitzur model [1]. These ap-
proaches toward Avitzur model were employed numerous
times for different purposes, including the evaluation of fric-
tion factors, and some were successful, e.g. for isotropic
polymers [10]. However, the validating attempts showed
that that the model is useful only for small strains and low
frictions [1, 11, 5]. Khoddam and Hodgson discussed the
possible reasons for poorly behavior of Avitzur model [5]:
(1) the use of a simplified geometry to carry the upper bound
integration, and (2) the poor estimation of the barreling pa-
rameter of the model. Yet, there is another discrepancy be-
tween Avitzur model and the evaluation attempts: Avitzur
model assumes the sample’s material to be a rigid-perfectly
plastic one, while in both works of Solhjoo [1, 11] andKhod-
dam and Hodgson [5], the deformedmaterial had work hard-
ening in their plastic deformation regime. More importantly,
Avitzurmodel does not account for side-surface folding, which
is present at any practical conditions [12]. Avitzur andKohser
revised the original model, in order to incorporate folding
phenomenon [13, 4]; however, its formulation was for prob-
lems with known friction factors.

The focus of the current investigation is on identifying
the validity domains and examining the application ranges of
the original Avitzur model. In this work, Avitzur’s original
model is briefly described, and its assumptions are clearly
pointed out. Then, its solutions for the friction factor is in-
vestigated in order to explore their validity domains. More-
over, the kinematics of deformed sample in Avitzur model
was described, resulting in a number of approximations of
the optimum barreling parameter of the model. Moreover,
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Figure 1: The schematic of the barreling phenomenon during
the compression test. 1○ shows the initial state of a cylindrical
sample with an initial radius R0 and thickness T0. The sam-
ple is placed between two flat dies, which move toward each
other along the z direction with constant velocities of −U∕2
(top) and +U∕2 (bottom). 2○ shows the deformed state of
the barreled sample, with a thickness of T and a profile R(z)
changing between a mid-plane radius RM and top plane radius
RT.

two different static (non-incremental) and dynamic (incre-
mental) schemeswere applied for solving the kinematics equa-
tions. With comparing the results with finite element refer-
ence solutions, it was found that the model can serve for es-
timating the friction factor with a high accuracy, as long as
the side-surface folding has very small values.

2. A summary of Avitzur model
Figure 1 illustrates a schematic of the compression test

problem, and its related parameters used in Avitzur model.
In here it is assumed that the sample only shows barreling
during the test. Avitzur modelled the problem in a cylin-
drical coordinate system, and treated only a cross-section of
half of the sample by assuming homogeneity of workability
within the sample. Therefore, the angular velocity was ruled
out, and the height was bounded between 0 and T∕2.

Avitzur proposed the following velocity field for the prob-
lem in the range of z ∈ [0, T ∕2] [9]:

Ur(r, z) = BU
r
T
e−bAz∕T (1a)

Uz(z) = −
U
2
1 − e−bAz∕T

1 − e−bA∕2
(1b)

Uθ = 0 (1c)

with B to be found as [13]:

B = 1
2

bA∕2
1 − e−bA∕2

. (2)

In this model bA is an arbitrary coefficient representing the
barreling of the deformed sample, known as the "barreling

parameter". In this model, it was assumed that the com-
pressed material was rigid-perfectly plastic, i.e. the flow
stress was constant and equal to a yield stress Y . Avitzur
worked this velocity field in the upper-bound theorem, and
proposed a solution for the average forging pressure pave as:

pave
Y

= 8
bARE
T

(

(

1
12
+
( T
bARE

)2
)3∕2

−
( T
bARE

)3
− m

24
√

3

1
1 − ebA∕2

)

,

(3)

where RE is an effective radius of the deformed sample, de-
fined as RE = R0

√

T0∕T based on the volume constancy of
the sample. In the work of Avitzur, the value of m was as-
sumed to be known, and the goal was to find the upper-bound
solution for the average deformation pressure via minimiz-
ing pave; this required an optimum value for the barreling
parameter. Avitzur estimated the optimum bA by vanishing
derivative of Eq.3 with respect to bA. By doing so, an im-
plicit equation was obtained, which showed no advantage
over Eq.3 for defining bA [14]; though, with the assumption
that the barreling parameter is in hand, a rearrangement of
that derivative could be used to formulate the friction factor
as:

m∗ = 24
√

3
(ebA∕2 − 1)2

b3A
(

1 + ebA∕2(bA∕2 − 1)
)

(

√

b2A
12
+
( T
RE

)2
(b2A
12
− 2

( T
RE

)2
)

+ 2
( T
RE

)3
)

. (4)

The star symbol indicates that no further assumptions be-
sides the effective radius are made for deriving this equa-
tion. In order to find bA, Avitzur solved the abovementioned
derivative by the use of some proper series expansions and
making the following assumptions: (1) bA < 2

√

3T ∕RE,
and (2) bA ≫ bnA for n ≥ 2, such that bnA ≅ 0. With these,
Avitzur derived the following solution for bA, in which the
bA is a function of the sample’s geometry (RE and T ) and
the known friction factor.

bA =
6

1 +
3
√

3
2

RE
mT

. (5)

A rearrangement of this formula was later used by Ebrahimi
and Najafizadeh [8] to identify the friction factor. Their sim-
plified solution (msimp) can be presented as [1]:

msimp =
3
√

3
2

RE
T

bA
6 − bA

. (6)

Before ending this section, it is crucial to point out that
Eq.3 was derived with an assumption that the radius of the
deformed sample can simply be represented by an effective
radius RE, which is in contradiction with the aim of the so-
lution, i.e. modelling a barreled sample. This can be no-
ticed from the calculation of the internal power ẇi, in which

Solhjoo et al.: Preprint submitted to Elsevier Page 4 of 12
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a constant effective radius was assumed for a given height.
Moreover, the friction loss ẇf was calculated for the contact
between the tool and the sample using RE instead of RT.

3. Barreling parameter
Based onAvitzurmodel, the friction factor could be found

from either Eq.4 or 6, which are functions of the deformed
sample and the barreling parameter. While the geometry of
the sample before and after deformation could be measured
in experiments, the value of bA is not measurable. In the
literature, there are two approximations of bA [8, 1], which
are not fully validated yet. In an effort, Solhjoo compared
Avitzur model with a series of finite element simulations [1],
showing Avitzur model was satisfactory only at very small
deformations. In here, based on the kinematic descriptions
of deforming samples of Avitzur velocity field, we explore
different approaches toward approximating bA.

With an assumption that any point in the r − z space
moves with a constant velocity for a certain time range of
Δ� = �i+1−�i, the general description of the deformed sam-
ple can be written in two different sets of forward kinemat-
ics:

r(i+1) = r(i) + Δ�U (i)r (r, z), (7a)
z(i+1) = z(i) + Δ�U (i)z (z), (7b)

or backward kinematics:

r(i+1) = r(i) + Δ�U (i+1)r (r, z), (8a)
z(i+1) = z(i) + Δ�U (i+1)z (z), (8b)

where the superscripts (i+1) and (i) indicate the correspond-
ing time steps of �i+1 and �i, respectively, at which the ge-
ometrical variables, i.e. T , RM and RT, were collected. It
should be noted that all components of the acceleration field
corresponding to Avitzur velocity field contain a b2A term,
which was assumed to be zero; this complies with the de-
scribed kinematics.

3.1. Forward Kinematics
Using the forward kinematics description, the profile of

the sample, R(z), as well as its height can be written as:

R(z)(i+1) = R(z)(i) + Δ�U (i)r (R(z), z), (9a)
T (i+1) = T (i) − Δ�U. (9b)

Therefore, the mid-plane, top-plane, and the equivalent radii
can be written as:

R(i+1)M = R(i)M + Δ�U (i)r (RM, 0), (10a)

R(i+1)T = R(i)T + Δ�U (i)r (RT, T ∕2), (10b)

R(i+1)E = R(i)E + Δ�U (i)r (RE, Z(RE)), (10c)

respectively. Accordingly, we can adopt different paths to
derive different approximations of bA.

3.1.1. Ebrahimi and Najafizadeh’s approach
The first attempt of an analytical approximation on bA

was carried out by Ebrahimi and Najafizadeh, with the as-
sumption thatRM = RT = RE at any given height [8], which
was in accord with the assumption made by Avitzur himself
in formulating ẇi. This approach could be followed in here
by rewriting the difference between eqs.10a and 10b as:

ΔR(i+1) − ΔR(i) = Δ�(U (i)RM
− U (i)RT

)

= Δ�BU
R(i)M − R(i)T e

−bA∕2

T (i)
,

(11)

where ΔR = RM − RT. Using the formulation of B (Eq.2),
assuming RM = RT = RE, and replacing Δ�U with T (i) −
T (i+1) (from Eq.9b), Eq.11 can be rewritten, and rearranged
to approximate the barreling parameter as:

bEN = 4
T (i)

R(i)E

ΔR(i+1) − ΔR(i)

T (i) − T (i+1)
. (12)

3.1.2. Solhjoo’s approach
In another attempt for approximating bA, Solhjoo em-

ployed the EN’s approach, but avoided the assumption of an
effective RE. Instead, he applied the other assumption of
Avitzur model on the small values of bA [1, 11]. Based on
this approach, one can insert the formulation ofB (Eq.2) and
Eq.9b into Eq.11, to obtain:

2(ΔR(i+1) − ΔR(i))
(

T (i)

T (i) − T (i+1)

)

=

b∕2
1 − e−b∕2

(

R(i)M − R(i)T e
−bA∕2

)

. (13)

Following Avitzur’s method for deriving Eq.5, the Taylor se-

ries expansion could be employed for the functions
bA∕2

1 − e−bA∕2
and e−bA∕2 at bA∕2 = 0. Omitting all squared and greater
terms of bA results in:

e−bA∕2 = 1 − bA∕2, and (14a)
bA∕2

1 − e−bA∕2
= 1 + bA∕4. (14b)

Inserting Eq.14 into Eq.13, and after a rearrangement, the
barreling parameter can be approximated as:

bS =
4

ΣR(i)
×

(

2 T (i)

T (i) − T (i+1)
(ΔR(i+1) − ΔR(i)) − ΔR(i)

)

, (15)

where ΣR = RM + RT.

3.1.3. A pure kinematic approach
In here, we propose a new approximation of bA by the

use of Eq.10, which can be written as:

R(i+1)M − R(i)M
R(i+1)T − R(i)T

=
Δ�U (i)r (RM, 0)

Δ�U (i)r (RT, T ∕2)
=
R(i)M
R(i)T

ebA∕2. (16)

Solhjoo et al.: Preprint submitted to Elsevier Page 5 of 12
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With a rearrangement, the kinematic approximation of bA
can be found as:

bK = 2 ln
(R(i)T
R(i)M

R(i+1)M − R(i)M
R(i+1)T − R(i)T

)

. (17)

Obviously, none of the assumptions of the previous approx-
imations is imposed in the derivation of bK.

3.1.4. Imposing Avitzur’s assumptions on bK
Although Eq.17 was approximated without any assump-

tion except the validity of the forward kinematics (Eq.7), one
can argue that an approximation of bA should be found by
imposing the same assumptions resulted in Eq.5. To that
end, we suggest the following. Using Eqs.9b and 10c, one
can find:

2T
(i)

R(i)E

R(i+1)E − R(i)E
T (i) − T (i+1)

=
bA∕2

1 − e−bA∕2
e−bAZ(R

(i)
E )∕T

(i)
. (18)

Dividing Eq.10c by Eq.10a results in:

e−bAZ(R
(i)
E )∕T

(i)
=
R(i)M
R(i)E

R(i+1)E − R(i)E
R(i+1)M − R(i)M

. (19)

Inserting Eqs.14b and 19 into Eq.18, the new approximation
can be found as:

bK2A = 4
(

2T
(i)

R(i)M

R(i+1)M − R(i)M
T (i) − T (i+1)

− 1
)

. (20)

This new approximation is based on the forward kinematics
of the problem; however, two assumptions are incorporated
in it: (1) a single equivalent radius RE defines the radius of
the deformed sample, and (2) bnA ≅ 0 for n ≥ 2.

3.2. Backward Kinematics
The four discussed approaches can be followed via the

backward kinematics (Eq.8), resulting in:

bEN = 4
T (i+1)

R(i+1)E

ΔR(i+1) − ΔR(i)

T (i) − T (i+1)
, (21)

bS = 4
ΔR(i+1)

ΣR(i+1)

(

2 T (i+1)

T (i) − T (i+1)
− 1

)

, (22)

bK = 2 ln
(R(i+1)T

R(i+1)M

R(i+1)M − R(i)M
R(i+1)T − R(i)T

)

, and (23)

bK2A = 4
(

2T
(i+1)

R(i+1)M

R(i+1)M − R(i)M
T (i) − T (i+1)

− 1
)

. (24)

4. Methodology: dynamic vs. static
With a survey in the literature regarding the estimation

of the barreling parameter (see, e.g. [15, 16]), it is obvious
that the barreling parameter is often treated as a static value,

not a dynamic one; in other words, bA is estimated using the
geometries of the sample only at two stages: before and after
the deformation. This static scheme implies that the motion
at a constant velocity is assumed to be valid for the whole
course of the deformation process. However, one can argue
that due to the dynamic nature of the compression test, a
corresponding incremental methodology should be applied
for estimating bA [3, 5]. In other words, the sample deforms
to some intermediate states before it reaches the final one.

In order to compare these two schemes, the approxima-
tions on bA can be simplified by setting �i = 0, that is the
time that the sample is at its initial state, i.e. T (i) = T0 and
R(i)M = R(i)T = R(i)E = R0. Doing so, the formulae could be
rewritten in their generic form, i.e. with dropping the no-
tions of time. The simplified equations could be found in
appendix A; comparing the approximations of appendix A
with the early approximations of EN [8] and S [1] reveal
that they were based on the backward kinematics within the
static framework.

5. Materials and methods
In order to examine the applicability of Avitzur model

through the discussed approximations of bA, two methods
were employed based on (1) Avitzur velocity field and (2)
finite element (FE); using these methods, a number of ref-
erence models were prepared. Construction of the reference
models and their sample was described in [1], and will be
briefly summarized here. The initial geometry of the sam-
ple was selected to be T0 = 16mm and R0 = 5mm, which
was compressed between two rigid flat dies to its final thick-
ness of 10 mm. With assuming a fixed value of friction
factor for throughout the deformation, three values of m =
[0.1, 0.3, 0.5]were selected to perform the simulations. More-
over, in order to have a comparable case with Avitzur model,
the sample was modelled as a perfect plastic with a yield
stress of Y = 100MPa.

The samples’ geometry were collected at different time
steps of the deformation process, which were used for the ap-
proximation of bA with the various discussed methods; table
1 summarizes the formulae that were worked in this study.

Table 1
A summary of the investigated approximations of bA.
The numbers refer to the corresponding equations.

Approximation Forward Backward

EN [8] 12 21
S [1] 15 22
Purely Kinematic (K) 17 23
K2A 20 24

6. Results and discussions
In this section, the solutions of m in its original (Eq.4)

and simplified (Eq.6) form are compared first, in order to
identify the validity domain of the simplified version. Then,

Solhjoo et al.: Preprint submitted to Elsevier Page 6 of 12
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Figure 2: The ratio of H∗
simp = m∗∕msimp for 0 ≤ bA ≤ 2

and 0 ≤ RE∕T ≤ 20. The values of H∗
simp are shown as the

continuous and dotted lines in Zone I and Zone II, respectively.
The dashed line indicates the first assumption on bA, i.e. bA <
2
√

3T ∕RE.

the profile of a sample deformed under a friction factor of
m = 0.3 is analyzed; upon this discussion, a correction to the
measured RT is devised for compensating the inaccuracy of
Avitzur model. In the third part, the barreling parameters of
different tests are estimated and compared with the optimum
solution of bA. Finally, the possible effects of side-surface
folding phenomenon are discussed.

6.1. Comparisons between m∗ and msimp
In order to investigate the applicability of msimp (Eq.6),

a ratio H∗
simp = m∗∕msimp was introduced, which is a func-

tion ofRE, T and bA. ForH∗
simp = 1, the simplified solution

results in the same value as the original one; however, as
H∗

simp deviates from 1, the discrepancies between the solu-
tions increases, indicating the unreliability of msimp. Figure
2 shows a comparison between these two solutions in terms
ofH∗

simp.
As the results show, as long as the first condition (bA <

2
√

3T ∕RE) is satisfied, the ratio H∗
simp is equal to or larger

than 0.8 (Zone I), indicating a good match between m∗ and
msimp. On the other hand, if this assumption is violated,
H∗

simp becomes smaller and smaller (Zone II), and msimp no
longer would be valid.

The main finding of this comparison is that if the first
assumption (bA < 2

√

3T ∕RE) is satisfied, then H∗
simp ≥

0.8, even if the second assumption (bnA ≅ 0 for n ≥ 2) is
violated. Furthermore, figure 2 suggests that as the value of
RE∕T becomes smaller, higher values of bA would be valid
for employing the simplified solution.

6.2. Profiles of the deformed samples
In order to compare the profile of the reference FE sam-

ples with Avitzur model, Eq.9 was used in the following
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Figure 3: (a) The profile of the deformed sample with m = 0.3,
and (b) the differences between the deformed sample’s profile
calculated via FEM and Avitzur model.

rewritten form of:

R(z)(i+1) = R(z)(i)
(

1 + BT
(i) − T (i+1)

T (i)
e−bAz∕T

(i)
)

, (25)

and was solved with both the dynamic and static schemes. It
should be noted that Eq.25 was solved for known values of
m; therefore, the value of bA could be obtained directly from
Eq.5, and without using any of the approximations. Figure 3
compares the profile of the deformed reference samples and
the corresponding predictions of Avitzur model for m = 0.3.
As can be seen, the static scheme resulted in a volume incon-
sistency problem: the volume of the original sample and of
the FEM solution were ∼ 1256.6 mm3, while the volume of
the deformed sample within the static scheme was found to
be∼ 1109.2 mm3. On the other hand, the deformedmaterial
within the dynamic scheme showed a much lower volume
inconsistency. It should be noted that the results of the dy-
namic scheme highly depends on the selected step size; e.g.
solving the problem for compression steps (ΔT ) of 0.1 mm
and 0.4 mm resulted in deformed samples with approximate
volumes of 1257.8 mm3 and 1247.4 mm3, respectively.
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Figure 4: Comparison between bA and its approximations calculated within the static framework, for both forward (top row) and
backward (bottom row) kinematics. The deformations were modeled via Avitzur velocity field (Eq.1).

Using the dynamic framework, Avitzur model showed
no volume constancy problem; however, the results show
that Avitzur model have incorrect estimations on both mid-
plane and top-plane radii. This indicates that the measured
values ofRM andRT cannot be directly used in the model for
a correct description of the barreling parameter. In addition,
with an unknown value of m, which is the case for experi-
ments, there is no method to convert the measured profile
into some compatible values with Avitzur model. There-
fore, some modifications are required. Ebrahimi and Na-
jafizadeh proposed an estimation of the top-radius based on
an assumption of 2R2M + R2T = 3R2E [8]; however, this as-
sumption does not necessarily follow the volume constancy
of the problem.

In here, we suggest a remedy by using the measured RM
and calculating a top-radius (RT,C) corrected for the volume
constancy of the problem. RT,C can be estimated via dif-
ferent methods, depending on the approximation of the sam-
ple’s profile; in the simplest form, one can assume the profile
of the deformed sample between the top- and mid-planes is
a straight line, which is not a bad approximation for Avitzur
model (see figure 3 and [5]). This approximation results in:

RT,C = RM −
RM − RT

√

2
. (26)

It should be noted that the reason for correcting the top-plane
radius, and not themid-plane one, is that Avitzurmodel could
be safely assumed to be valid for describing the deformation
mechanics in themiddle of the sample, while the phenomena
dictating the enlargement ofRT are not fully incorporated in
Avitzur model; see Effects of the side surface folding for fur-
ther discussion.

6.3. Approximations of bA
In here, we compare the approximations of bA with their

optimum values for two sets of deformations based on (1)
Avitzur model and (2) FEM solutions. The corresponding
formulae could be found in table 1.

6.3.1. Deforming by Avitzur velocity field
Figure 4 shows the results of the static solutions for both

forward and backward kinematics. The results show that the
forward kinematics approximations were close to bA only at
the very beginning of the deformation, and diverged from the
expected values as the deformation proceeded. Moreover, it
can be seen that both EN and S approaches resulted in the
same values. On the other hand, the backward kinematics
resulted in closer approximations, specially for the EN ap-
proach, which was indistinguishable from bA. In addition,
bK2A approximations were far from the expected values, re-
gardless of the working kinematics.

Figure 5 shows the results of the forward and backward
kinematics within the dynamic framework. The result show
that for low values of m, all approximations were close to
the expected values of bA; however, for harsher friction con-
ditions the EN and K2A approximations revealed their de-
viations with a difference in their behavior: bEN diverged
from bA for larger deformations, while bK2A converged to-
ward the expected values. Furthermore, bS and bK showed
some negligible deviations for the backward kinematics, and
were indistinguishable from bA for the forward kinematics.

A comparison between the static and dynamic method-
ologies show that the dynamic one resulted in lower discrep-
ancies between bA and its approximations.
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Figure 5: Comparison between bA and its approximations for the samples deformed by Avitzur velocity field (Eq.1) using (a)
forward and (b) backward kinematics within a dynamic framework.
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Figure 6: The approximations of bA within the static scheme
using the backward kinematics equations. The deformation
was performed using FEM.

6.3.2. FEM solutions
The FEM solutions were investigated by collecting the

values of RM and RT at different steps of the process; more-
over, the corresponding corrected top-radii (RT,C) were cal-
culated using Eq.26. The results of all approximations can
be found in the supplementary data. In here, we only present
the results of the deformed samples at m = 0.3 and for the
static scheme; see figure 6. This configuration was selected
as it was the only one showing comparable results with bA at
m = 0.3; also, no close comparison was found for m = 0.5.

One immediate noticeable difference between the approx-
imations of bA calculated from FEM solutions and the ones
from Avitzur velocity field is their general behavior: while
bA and its approximations changed linearly for deformations
based on Avitzur velocity field, the geometry of samples de-
formed by FEM resulted in a non-linear behavior. This de-
viation indicates the inaccuracy of describing the material’s

flow in Avitzur model. Consequently, the newly developed
purely kinematic K approach failed to accurately approxi-
mate the barreling parameter. On the other hand, the inte-
grated assumptions within the EN and S approaches made
them more flexible for approximating the barreling parame-
ter.

The results showed that for m = 0.1, all of the dynamic
solutions were close to bA; see supplementary data. How-
ever, with increasing the friction factor, all of the methods
ended up with underestimations. Moreover, the approxi-
mations based on the forward kinematics within the static
framework, overestimated the expected value of bA at low
frictions, and underestimated it at high frictions. On the
other hand, the static scheme of the backward kinematics
(for EN, S, and K approaches) resulted in close comparison
with the expected values of bA up to m = 0.3, as is shown in
figure 6.

6.4. Effects of the side surface folding
The non-linear behavior of the approximations of bA in

figure 6 showed that the metal flow in the reference sam-
ples modeled with FEM were different from Avitzur model.
While various reasons could result in deviations in real ex-
periments, e.g. non-homogeneity of the material, the main
reason for this behavior in FE simulations was the side sur-
face folding phenomenon. This means that, during a com-
pression test, the top-plane enlarges not only due to the slip-
ping, but also by folding of some material originally placed
on the free surface of the sample over the tool. This in-
evitable phenomenon was neglected in the original version
of Avitzur model (Eq.1), while it occurred for all of the com-
pression tests performed with FEM, resulting in a deforma-
tion path beyond the capabilities of Avitzur model. For the
FEM deformed samples, the folding percentage was calcu-

lated using
RT − RS
RT

×100, whereRT was the measured top

radius, and RS was the radius of the slipping part of the top-
plane. The results are reported in figure 7. It was found
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Figure 7: The folding percentage of the samples at different
friction conditions.

that the maximum folding percentage was 0.25%, 5.71%,
and 10.00% for friction factors of 0.1, 0.3, and 0.5, respec-
tively. Comparing the folding percentage and the approxi-
mations of bA, it can be deduced that with negligible fold-
ing, the dynamic scheme results in close values regardless of
the selected kinematics; however, as can be seen in figure 6,
most of the approximations based on the backward kinemat-
ics within a static framework could estimate the optimum
values of bA for conditions with folding of ∼ 6%

6.4.1. On the use of RS
This finding raises the question of usingRS in theAvitzur

model for approximating bA. This idea was examined for all
approximations, and a complete set of results are available
in the supplementary data. The results showed that the clos-
est values to the expected values of bA could be found us-
ing the backward kinematics of bS within a static framework
(Eq.A.5). Figure 8 shows the estimated friction factors using
this approach.

7. Conclusions
The presented results of this paper demonstrate that the

upper bound method undoubtedly is an important tool for
the evaluation of friction via uniaxial compression tests. In
spite of frequent usage of Avitzur model as one of the few an-
alytical tools for estimating friction, the applicability of the
model was yet remained to be assessed properly to show how
its limiting assumptions affect the evaluated friction factor,
and what approach toward solving the model should be em-
ployed to obtain the best results. Such an assessment was
the point of focus in the current study. In this paper, the
model was investigated for a number of compression tests
on a perfectly plastic material, to make it comparable with
the model.

Onemissing data in the literature regardingAvitzurmodel
was the identification of validity domain of msimp. In this
investigation, we discussed as long as the condition bA <

0
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Figure 8: The estimated values of msimp following S approach
with the backward kinematics within the static scheme. The
values of bS,BK were calculated using the slipped radius RS of
the deformed samples.

2
√

3T ∕RE is satisfied, msimp (Eq.6) is up to 80% of its orig-
inal value m∗ (Eq.4).

Moreover, two sets of forward and backward kinematics
were employed for four different approaches (including two
newly developed ones) toward solving Avitzur model for its
barreling parameter. Table 1 summarizes the obtained for-
mulae. Moreover, the effects of static and dynamic frame-
work on the calculation were discussed, showing that the
static scheme results in some volume inconsistency problem.
Comparing the approximations of bA with the expected val-
ues using the various mentioned methods, different behav-
iors were found. The detailed discussions are provided in
sections 6.3.1 and 6.3.2. In summary, noticing some inac-
curacies of Avitzur model, some modifications on the top-
plane radius was devised to assure the volume constancy
of the problem. Moreover, it was found that all of the ap-
proaches could be applied within a dynamic framework, as
long as the friction is very low, which was m = 0.1 in this
work. This limited applicability of the model was explained
by an ignored phenomenon in the Avitzur model, i.e. the
inevitable side-surface folding. In other words, the model
works as long as the side-surface folding is exceptionally
small, which was 0.25% in this study. Moreover, the pos-
sible benefit of working with the slipped radius RS instead
of the top-plane radiusRT was discussed; usingRS in bS for
the backward kinematics (Eq.22) within a static framework
resulted in accurate approximations of the barreling param-
eter and friction factor for all of the tested samples.

The results of the current detailed assessment showed
that there are some certain limitations for describing uniax-
ial compression test via Avitzur model: the model should be
employed with care for evaluation of friction or correcting
the stress-strain curves obtained from (hot or cold) compres-
sion tests, specifically in the presence of side-surface folding
higher than 0.25%. In order to correctly describe the metal
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flow within a compressed sample, not only the barreling, but
also the folding phenomenon (as was expressed in details
by Avitzur and Kohser [13, 4]), and even the presence of
the dead zone (see, e.g. [17]) are required to be considered.
Thus, a more profound and deliberate, yet easily applicable
model is required to be developed for a correct description
of the metal flow in a barreling compression test, to be used
as an analysis tool.

A. Approximations of bA within a static
framework
The time frames of different approximations formulae

could be dropped within a static framework. This was done
as was described in Methodology: dynamic vs. static. The
followings are the rewritten forms of the approximations for
forward and backward kinematics. It should be noted that in
case of employing the slipped radius RS in these formulae,
ΔR = RM − RS and ΣR = RM + RS; see On the use of RS
for further discussion on the possible benefits of using RS.

A.1. forward kinematics

bEN = bS = 4
T0
R0

ΔR
ΔT

, (A.1)

bK = 2 ln
(

RM − R0
RT − R0

)

, and (A.2)

bK2A = 4
(

2
T0
R0

RM − R0
ΔT

− 1
)

, (A.3)

where ΔT = T0 − T . It is interesting that both of EN and S
approaches have the same form within the static framework.

A.2. backward kinematics

bEN = 4
T
RE

ΔR
ΔT

, (A.4)

bS = 4
ΔR
ΣR

(

2 T
ΔT

− 1
)

, (A.5)

bK = 2 ln
(

RT
RM

RM − R0
RT − R0

)

, and (A.6)

bK2A = 4
(

2 T
RM

RM − R0
ΔT

− 1
)

. (A.7)
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