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Abstract The fracture behavior of rubber-toughened
polymers is governed by two dissipative microscopic
deformation and damage mechanisms: matrix shear
yielding and crazing. These mechanisms are strongly
interconnected with the eventual cavitation of the fine
dispersed rubber particles. The present work sum-
marizes and discusses a variety of micromechanical–
computational modeling approaches undertaken over
the past twenty years aiming at an improved under-
standing of the relation between microstructure and
toughening in this class of materials. The focus is on
materials such as ABS where both mechanisms are
prevalent.

Keywords Toughening · Polymer blends · Cavi-
tation · Shear yielding · Crazing · Computational
modeling

1 Introduction

Commodity thermoplastics, like polystyrene (PS), tend
to be extremely brittle owing to a failure mechanism
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called crazing. Even when load-bearing capability is
not required, the brittleness may jeopardize applica-
tion because of a lack of impact resistance. Polymer–
rubber blends is a class of engineering plastics where
commodity plastics are blended with small rubber
particles that toughen the material—hence, the name
rubber-toughened polymers.Well-known examples are
High Impact PolyStyrene (HIPS) and ABS (a blend of
styrene-acrylonitrile (SAN) and poly-butadiene (PB)
rubber particles). The matrix in these materials is
an amorphous thermoplastic polymer, which is the
focus of the present article (i.e. blends based on semi-
crystalline polymers or on thermosets are outside the
scope). The volume fraction of rubber particles ranges
from 5 to 40%, while the particles vary in morphology
and particle size (typically 0.1–10µm), depending on
processing conditions. Figure 1a gives an example of
the microstructure of an ABS blend with 30% rubber.

While the first blends were manufactured by trial-
and-error as early as the 1930s, the reason why blends
were toughened by the presence of rubber particles
remained unresolved until the last quarter of the twen-
tieth century. Extensive research in the late 1970’s and
1980s by several groups has revealed that toughen-
ing originates essentially from the promotion of (i)
extensive crazing or (ii) extensive plastic deforma-
tion, or a combination of both (Bucknall 1977; Don-
ald and Kramer 1982; Michler 1998). The micrograph
in Fig. 1b shows evidence of both mechanisms having
been active during fracture of an ABS specimen.
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208 E. Van der Giessen, T. Seelig

Fig. 1 TEMmicrograph of a SAN-PB blend (=ABS) with 30%
PB core-shell particles. a Initial microstructure and b after frac-
ture at a distance of approximately 50µm from the fracture sur-
face. The rubber appears dark grey, the SANmatrix is the lighter
grey. The near-white signifies voids inside rubber particles. From
Steenbrink et al. (1997a)

The notion that polymer-rubber blends are governed
by “transformation toughening” rather than by “crack
bridging” (Evans et al. 1986), is supported by the obser-
vation that fracture is consistently accompanied by the
development of a so-called “stress whitened” zone in
front of the propagating crack, e.g. Fig. 2. Light scat-
tering inside this zone is caused by void space, either in
the form of crazes or because of debonded or cavitated
particles.

Thus, it is now understood that the purpose of the
rubber particles dispersed in the amorphousmatrix is to
initiate microscopic inelastic deformation processes at
many sites in the material volume, so as to enable sub-
stantial energy dissipation and volumetric strain. This
can be mediated by distributed crazing as well as by
extensive plastic void growth. The latter relies on the
ability of the rubber particles to cavitate in order to ini-
tiate voids. If the associated reduction of the local stress

Fig. 2 Stress-whitened zone in front of a notch in a single-edge
notched specimen of ABS. From Helbig et al. (2015)

triaxiality is insufficient, crazing may be initiated from
the neighborhood of the particles. On the other hand,
crazing may also be promoted by the particles acting
as stress concentrators. In accordance with the obser-
vation in Fig. 1b that the combination of plastic void
growth and crazing is also possible, Bucknall (1977)
has suggested the possibility of a stress-dependent tran-
sition between mechanisms (Fig. 3). Creep tests on
ABS under uniaxial tension have shown that for suffi-
ciently low stress (and hence strain rate) inelastic defor-
mation may proceed by shear yielding without signifi-
cant volume strain, whereas at higher stress levels craz-
ing comes into play giving rise to increasingly larger
amounts of volume strain.

While the above image of toughening is well-
accepted by now, it is largely qualitative. A knowledge
base for science-based tailoring of performance, how-
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Fig. 3 Transition of deformation mechanism in ABS under
creep conditions. Plastic deformation at sufficiently low stress
levels occurs solely by isochoric shear yielding of the matrix.
Higher stress levels are needed to trigger deformation mecha-
nisms such as crazing that lead to dilatation. Sketch after Buck-
nall (1977)
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Computational modeling of rubber-toughening 209

Fig. 4 Mindmap of this
article: unraveling the
relation between the origin
of toughening and the
deformation mechanisms in
polymers, through
idealizations and model
problems. Section numbers
are in between parentheses

ever, requires a quantitative understanding between
composition, microstructure and properties. This arti-
cle provides an overview of two decades of computa-
tional micromechanics on a class of rubber-toughened
polymers that is best developed at this moment: namely
amorphous polymer blends in which toughening relies
on cavitation of the rubber particles. This implies that
materials like HIPS toughened solely by crazing from
heterogeneous particles, as studied e.g. in Sharma and
Socrate (2009), are outside the scope of this work. The
objective is to show if and how constitutive models
of the basic deformation mechanisms have been used
so far to unravel the origin of toughening in polymer-
rubber blends. The strategy, as illustrated in Fig. 4, is
known as the local-approach-to-fracture; while it has
successfully been developed for metals, it is still in a
much earlier stage in the case of polymers.

2 Models for basic deformation and damage
mechanisms

2.1 Shear yielding

Binary rubber blends use an amorphous polymer as
matrix material, which at typical design operating tem-
peratures, are in the glassy state. Under compression,
when crazing is suppressed, suchmaterials can undergo
large inelastic deformations with the following main
characteristics in the stress–strain response: the initial

linear elastic regime turns into a nonlinear visco-elastic
response that becomes critical at a certain stress level, at
which yield takes place followed by intrinsic softening
and subsequent re-hardening. Yield and softening are
tightly related and are often attributed to the develop-
ment of shear transformation zones in the glass (which
is why plasticity in amorphous polymers is generally
referred to as “shear yielding”). While the nature and
origin of these shear transformation zones is still under
debate in the physics literature, e.g., Falk and Langer
(1998), there are several phenomenological constitu-
tivemodels that successfully describe the overall visco-
plastic behavior of amorphous glassy polymers; see,
e.g., Boyce et al. (1988); Smit et al. (1999); Gearing
and Anand (2004). The simulations to be discussed in
this paper all employed a variant of the model origi-
nally developed by Boyce et al. (1988) as described in
Wu and Van der Giessen (1996).

The theory is developed for large plastic strains and
is formulated in an Eulerian framework. The stretching
tensor, or the symmetric part of the velocity gradient,
is split into its elastic and plastic parts:

D = De + Dp.

Visco-elastic effects prior to yield are neglected and
elasticity is taken to be governed by

De = E−1 ∇
σ
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210 E. Van der Giessen, T. Seelig

where
∇
σ is the Jaumann rate of the Cauchy stress and E

is the standard fourth-order isotropic elasticity tensor,
in terms of Young’s modulus E and Poisson ratio ν.

Plastic flow by “shear yielding” is assumed to be
isotropic and is expressed in the J2 form as

Dp = γ̇ p

√
2τ

σ̄ ′

with dual scalar variables

γ̇ p = √
Dp · Dp, τ =

√
1

2
σ̄ ′ · σ̄ ′.

Since plasticity is isochoric, the driving stress σ̄ ′ is
deviatoric, andwill be defined subsequently. The equiv-
alent driving shear stress τ serves to determine γ̇ p

via the visco-plastic constitutive equation proposed by
Argon (1973)

γ̇ p = γ̇0 exp

[
− As̃

θ

{
1 −

(τ

s̃

)5/6}]
(1)

where γ̇0 and A are material parameters, and θ is
absolute temperature. s̃ is a shear resistance that was
proposed in Boyce et al. (1988) to evolve with accu-
mulated plastic shear strain γ p according to

s̃(γ p) = ss + (s0 − ss) exp (−hγ p/ss) + αp (2)

from the initial, a thermal yield strength s0 to a satura-
tion value ss in order to phenomenologically describe
the intrinsic softening of the glassy polymer. Further-
more, (2) incorporates the dependence of yield on the
pressure p = − 1

3 tr σ via the constant pre-factor α.
The progressive hardening of a glassy polymer after

yield is believed to be due to stretching and alignment
of the molecular network and is described by the back
stress tensor b in the driving stress tensor σ̄ ′ = σ ′ − b′.
Drawing on the analogy with cross-linked rubber, the
principal components of the back stress tensor are spec-
ified in terms of principal stretches. Leaving details to
(Boyce et al. (1988); Arruda and Boyce (1993); Wu
and Van der Giessen (1996)), the constitutive equa-
tions involve two material parameters: the small strain
shearmodulusCR and the limit stretch of themolecular
chains, λmax. When this stretch level is reached during
progressive plastic straining, the network locks and no
further yielding is possible (Fig. 5).

The intrinsic softening upon yield, followed by re-
hardening, endow glassy polymers with a strong ten-
dency for the development of propagating shear bands.

σ

 0
 0

ε

Fig. 5 Typical uniaxial stress-strain response of glassy polymer
featuring softening upon yield and re-hardening

Fig. 6 Typical shear band pattern predicted around a notch in
SAN, the matrix material of ABS, as consequence of intrinsic
softening and re-hardening. Incompatibility enhances the hydro-
static stress at the intersection between shear bands, which can
lead to craze initiation ahead of the notch, as observed exper-
imentally by Narisawa and Yee (1993). From Lai and Van der
Giessen (1997)

This has a strong impact on the deformation processes
taking place in blends, as wewill see in subsequent sec-
tions. In a homo-polymer, it leads to the characteristic
shear band pattern at a notch shown in Fig. 6.

2.2 Crazing

Crazing is the dominant pre-cursor to brittle fracture
in polymers. A craze is a planar crack-like defect that
develops under relatively high stress triaxiality and
expands normal to the maximum principal stress direc-
tion. Contrary to crack surfaces, the opposing faces of
a craze are not traction free but are bridged by fibrils
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Computational modeling of rubber-toughening 211

with some load-bearing capacity. The life of a craze
has three stages: (1) initiation, (2) thickening of the
craze surfaces, and (3) breakdown of the craze fibrils,
thus leading to a crack. While each of these stages
has been studied intensively, it seems fair to say that
at even at this moment, the quantitative characteriza-
tion is limited to a few phenomenological models. We
here confine attention to two classes of crazing models
that have been used for modeling crack propagation,
namely cohesive zone models and smeared-craze con-
tinuum models.

Inspired by the continuum strip models proposed
by Brown (1991) and Knauss (1993) to describe the
widening of crazes, Tijssens et al. (2000) formulated a
true cohesive zone model characterized by a separation
vector Δc and dual traction T . The cohesive zone is
taken to have its normal vector n in the direction of
the maximum principal stress at the moment of craze
initiation. While there is no consensus on the craze
nucleation criterion, all criteria proposed so far (see
Gearing andAnand 2004 for a recent overview) involve
the maximum principal stress σn = n · T as well as the
hydrostatic stress σm = 1

3 tr σ .
Once nucleated, crazes thicken by the drawing-in

of polymer material into the craze fibrils (cf. Fig. 7a).
Although the process is probably more complex than
fibril drawing by shear band propagation plus disen-

Fig. 7 a Schematic of the region near the tip of a craze where
new crazematerial nucleates,b representation by a cohesive zone
with separation vectorΔ. Reproduced from Tijssens et al. (2000)

craze initiation

craze widening

bulk material
into fibrils

Δ0
0

σn

by drawing of

crΔ

breakdown
craze

Fig. 8 Typical response of a cohesive law for crazing featuring
stress-controlled initiation, widening and failure at critical craze
width

tanglement, as studied by Basu et al. (2005), it is quite
likely that the evolution law for craze widening Δc

n
has an Eyring character or is similar to Argon’s shear
yielding rate in Eq. (1), see, e.g., Tijssens et al. (2000);
Helbig et al. (2015). As the details of the breakdown of
a craze are still not well understood, most researchers
simply assume that a craze locally fails when a critical
separation Δcr is attained (Fig. 8).

Cohesive zone models are planar continuum mod-
els that are designed to represent individual crazes,
cf. Estevez and Van der Giessen (2005a). Multiple
crazes can be incorporated in computational studies by
embedding cohesive elements in a finite element mesh
or with the aid of XFEM techniques, but the crazes
are represented as discrete entities. Gearing and Anand
(2004) pioneered a true continuum model for crazing
by smearing their contribution by craze widening to
the macroscopic inelastic strain rate Dc. By idealizing
a distribution of crazes as a stack of crazes at a mean
distance hc, they defined the average craze strain rate as

Dc = (Δ̇c
n/h

c)n ⊗ n. (3)

The constitutive information is contained in the func-
tion Δc

n(σn, σm), which can be the same as in a cohe-
sive zone model. Helbig et al. (2015) generalized this
approach by including the full separation vector Δc in
Dc (see Sect. 5.2).

Since the ingredients of cohesive models and con-
tinuum models for crazing are similar and purely phe-
nomenological, both types ofmodels contain numerous
material parameters. Unfortunately, their values are not
known and, at best, estimated frommacroscopic exper-
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212 E. Van der Giessen, T. Seelig

iments for very few materials. Details on how this is
accomplished may be found, e.g., Tijssens et al. (2000)
or Estevez and Van der Giessen (2005a).

3 Rubber cavitation

Extensive experimental research has led to the under-
standing that toughening in many polymer-rubber
blends hinges on the cavitation of the rubber parti-
cles; that is, the spontaneous formation and subsequent
growth of a microscopic void inside the particles. This
process relieves the relatively high stress triaxiality near
the tip of a crack,whichwould otherwise lead to crazing
and brittle fracture (Bucknall 1977). Instead, cavitation
favors shear yielding in the glassy matrix, although it
may not completely suppress crazing, as can be seen in
Fig. 1a.

Gent and Lindley (1958) described cavitation to be
an instability, i.e. a pre-cursor void in an infinitely large,
elastic incompressible rubber solid will grow without
bound when the remote hydrostatic stress Σm reaches
a critical value. For a neo-Hookean rubber with shear
modulus CR, the critical stress is

Σm = 5

2
CR, (4)

after which the hydrostatic stress drops monotonically
as the void volume increases, cf. Fig. 9. The cavitation

Fig. 9 Radial expansion of a hollow neo-Hookean sphere with
various relative initial void sizes c0/a0 in terms of the normal-
ized externally applied radial stress versus logarithmic volumet-
ric strain of the sphere. The case with c0/a0 = 0 signifies a
true cavitation instability. From Steenbrink and Van der Giessen
(1999)

instability is an upper bound to caseswith a pre-existing
small void.

The circumferential strains around the expanding
void quickly grow very large, but are limited by the
finite stretchability of the rubber that is not included
in Gent’s estimate. This is the origin of the question
addressed in (Lefevre et al. 2015) if cavitation perhaps
is a fracture phenomenon rather than an elastic insta-
bility. According to Steenbrink and Van der Giessen
(1999), the growth of a c0/a0 = 0.2 void (cf. Fig. 9)
in a material with a limit stretch of 6 is essentially
unaffected until a volume stretch of exp(1). For ini-
tially smaller voids and continued void growth, it is
unavoidable that the limit stretch will become notice-
able eventually, but a recent comparison of theoretical
predictions of the cavitation stress with experiments
by Lefevre et al. (2015) has shown that Gent’s stability
criterion is a rather good estimate.

Apart from a true cavitation instability in a homoge-
neous material, very small initial holes may also grow
from fluctuations in the molecular density or through
chain scission. In these initiation mechanisms, surface
energy will play a role, thus possibly furnishing a par-
ticle size effect, e.g., Fond et al. (1996).

4 Blend models accounting for shear yielding

As discussed earlier, one of the proposed toughening
mechanisms in polymer blends is that cavitation of the
rubber particles suppresses the propensity for crazing
and enhances the opportunity for the glassy matrix to
shear yield. Extensive plastic deformation of the glassy
matrix then becomes a source of energy dissipation.
Many studies of this process assume that cavitated rub-
ber particles are mechanically equivalent to voids since
the rubber modulus CR is much smaller than the yield
strength s0. Hence, a blend with cavitated rubber par-
ticles is replaced with a porous glassy polymer with a
void volume fraction that is equal to the initial rubber
volume fraction.

4.1 Cell model studies of void growth

The earliest investigations by Steenbrink et al. (1997b)
of large strain plasticity induced by such voids, using a
single-void cell model, showed that the softening and
re-hardening characteristics give rise to shear bands
that initiate from the void surface and that propagate
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Computational modeling of rubber-toughening 213

Fig. 10 Axisymmetric cell model of the growth of a void in
an amorphous glassy polymer under different stress triaxiali-
ties defined by the axial and radial remote stresses Σ2 and Σ1.
The void volume fraction f evolves in different ways at low
(Σm/Σe = 1/3 corresponding to uniaxial tension) versus high
triaxialities (Σm/Σe = 3 like near the tip of a crack) due to the
different types of propagating shear bands. Figure compiled from
Steenbrink et al. (1997b)

towards the tensile stress direction. The kind of shear
localization depends on the remote stress triaxiality, as
shown in Fig. 10. At low triaxiality the shear band is
oriented at roughly 45◦ to the tensile direction, giv-
ing rise to expansion of the void into an prolate shape.
By contrast, at high triaxialities, the void tends to grow
muchmore in the radial direction by virtue of ‘dog-ear’
shear band propagation from the equator, somewhat
similar to the shear band pattern around a notch in a
glassy polymer, cf. Fig. 6. It is because of this change
in localization pattern that the void volume increases
much more rapidly at high triaxiality. Since the mater-
ial softening is intrinsic, this shear localization not only
happens in two dimensions but also in axisymmetric
stress states which usually tend to suppress localiza-

tion. Hence, void growth in glassy polymers is notably
different from that in metals, although it was shown by
Socrate and Boyce (2000) that the localization struc-
ture can be quite sensitive to the assumed periodicity
in these cell models. The common finding from cell
models accounting solely for matrix shear yielding that
under uniaxial overall tension (Σm/Σe = 1/3) hardly
any void growth takes place (lower curve in Fig. 10)
agrees with experimental observations (cf. Fig. 3).

In order to assess the accuracy of the assumption that
a cavitated rubber particle ismechanically equivalent to
a void, Steenbrink and Van der Giessen (1999) inves-
tigated the interaction of rubber cavitation and shear
yielding in a cell model study similar to that shown in
Fig. 10 but including the rubber particle, cf. Fig. 11a.
The latter is taken to have a tiny initial hole to simu-
late cavitation (cf. Fig. 9). It was found that the particle
stiffness does not significantly affectmacroscopic yield
at zero macroscopic stress triaxiality but the effect on
yield under higher triaxiality can be quite pronounced,
as shown in Fig. 11b. Moreover, even at high triaxi-
alities, a very stiff rubber particle can practically sup-
press macroscopic volume expansion, yet in the realis-
tic regime where CR < 0.33s0 the rubber stiffness can
indeed be ignored. Correspondingly, the magnitude of
the rubber modulus affects the total amount of energy
dissipated inside the unit cell as follows: the lower the
modulus, the higher the overall dissipation (Steenbrink
and Van der Giessen 1999). This is consistent with the
viewpoint on ultimate toughness developed by Meijer
and Govaert (2003), Smit et al. (2000).

It is important to note though, that the activation of
shear yielding is not a guarantee for continued high lev-
els of dissipation. Just as has been observed at the inter-
section of shear bands emitting froma notch (cf. Fig. 6),
the incompatibility at intersecting shear bands near a
void induces a high triaxiality locally which may ini-
tiate crazing (Steenbrink et al. 1997b). Contrary to the
trend in energy dissipation, the value of the maximum
hydrostatic stress in the matrix increases with increas-
ing rubbermodulus, suggesting an increased likelihood
for crazing to take place.

4.2 Multi-particle systems

The suitability of single particle cell models to cap-
ture the behavior of heterogeneous materials is lim-
ited by the underlying assumption of a periodic
microstructure and hence a spatially periodic defor-
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214 E. Van der Giessen, T. Seelig

Fig. 11 a Axisymmetric
cell model of a spherical
rubber particle (initial radius
a0) with small initial void of
radius 0.2a0 contained in a
glassy polymer cylinder,
revealing the influence of
the rubber stiffness CR at a
triaxiality of Σm/Σe = 3
on b macroscopic stress
response and c on the
macroscopic expansion of
the material measured by
the overall strains E1 and
E2. From Steenbrink and
Van der Giessen (1999)

(a) (b)

(c)

mation pattern. This is especially problematic because
of material softening and the associated localization
of deformation. More realistic microstructural descrip-
tions are provided by models comprising several (ide-
ally large numbers of) irregularly arranged particles.
They allow to analyze more complex (than periodic)
deformation patterns, including e.g. localized banded
structures as they are frequently observed in poly-
mer blends. Because of the correspondingly much
higher computational expense—FE meshes have to
be fine enough to resolve complex local deforma-
tions as those in Fig. 10—numerical studies of multi-
particle systems are mostly performed under 2D (plane
strain) conditions in which localization tends to be
over-estimated.

4.2.1 Uniform overall loading

Cell model studies under macroscopic uniform load-
ing provide insight into howmicrostructural features—
in conjunction with constituent behavior and loading
state—affect, firstly, the development of microscale
deformation patterns and, secondly, the resulting over-
all material response. As an illustration, Fig. 12 shows
snap-shots from corresponding FE simulations on two

identical samples with a SAN matrix containing irreg-
ularly arranged voids, mimicking cavitated rubber par-
ticles in ABS. At low overall stress triaxiality (Fig. 12
left, pure shear) local plastic deformation (dark) pro-
ceeds by shear banding between the voids. In contrast,
under high overall stress triaxiality (Fig. 12 right, equi-
biaxial expansion) the major deformation mechanism
is void growth (enforced by virtue of the plastically
isochoric matrix behavior). It is important to note that
void growth takes place in a “cooperative manner” by

Fig. 12 Detailed FE study (2D plane strain) of shear yielding in
a unit cell with SAN matrix containing 10% voids under macro-
scopic pure shear (left) and equi-biaxial expansion (right). From
Seelig and Van der Giessen (2002)
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Computational modeling of rubber-toughening 215

necking between neighboring voids, thus giving rise to
bands of highly expanded voids.

Studies involving much larger numbers of particles
than in Fig. 12 by Smit et al. (2000) showed that the
occurrence of bands of strongly expanding voids (as
mentioned above) is controlled by the matrix harden-
ing behavior (i.e. its limit stretch λmax; see Sect. 2.1).
More in particular, cooperative void growth is favored
in materials with high limit stretch, hence a delayed
hardening (e.g. polystyrene, PS). Lower values of the
matrix limit stretch, in turn, lead to a more uniform
spreading of plasticity throughout the microstructure.
From this, it may be concluded that matrix shear yield-
ing along with void growth is an efficient toughen-
ing mechanism primarily for materials with low limit
stretch, such as polycarbonate (PC). Smit et al. (2000)
also investigated the effect of the load-carrying capac-
ity of cavitated rubber particles which were modeled
as thick shells surrounding voids in the glassy matrix.
Consistent with the results from unit cell models shown
in Fig. 11, they found that highly cross-linked rubber
particles (with a modulus CR of the order of the matrix
shear yield strength s0) may contribute to stiffening the
overall response of rubber-toughened polymers.

4.2.2 Crack-tip loading situation

Computational studies of rubber-toughening consider-
ing macroscopic uniform loading states on unit cells
are capable of delivering only indirect information, for
instance in terms of overall strain or energy dissipation
until local failure under different (prescribed) overall
stress triaxialities. With regard to fracture toughness,
however, it is more informative to study the situation at
a crack tip or notch fromwhich fracture in realmaterials
(components) initiates. In doing so, onemay exploit the
theoretical concept of “scale separation” from fracture
mechanics according to which the local deformation
and failure processes are controlled (via universal crack
tip fields) by a single parameter (e.g. K -factor or J -
integral) representing all information about geometry
and external loading, provided the so-called “process
zone” is small enough compared to the specimen. For
instance, assuming small scale yielding (SSY) con-
ditions only a small (e.g. circular) region around the
crack tip needs to be considered in the computational
model with the boundary conditions governed by the
elastic K -field as sketched in Fig. 13. The material’s
microstructure then may be explicitly resolved in the

u ~ K  r1/2
I

’enozssecorp‘‘small scale    yielding’

rtip

Fig. 13 Scale transition from cracked specimen down to process
zone with resolved microstructure employing small scale yield-
ing assumption

even smaller process zone (Fig. 13 right), noting that
the particle size in rubber-toughened polymers is sig-
nificantly smaller than a typical crack tip radius in a
fracture specimen, e.g. made with a razor blade. Only
mode I loading conditions will be considered in the
following.

Models of the type shown in Fig. 13 allow in par-
ticular to analyze the development of the crack tip
plastic zone which is closely related to fracture tough-
ness and which in polymer-rubber blends displays a
characteristic elongated shape as discussed in Sect. 1.
Using such a framework, Pijnenburg et al. (2005) have
compared different representations of the microstruc-
ture with regard to their ability to reproduce the plas-
tic zone in materials undergoing matrix shear yield-
ing between pre-cavitated rubber particles. Figure 14
shows the situation when the matrix and several voids
in the vicinity of the crack tip are explicitly resolved
by finite elements in a 2D plane strain setting. Out-
side this region the material is described by homog-
enized effective properties. Plastic deformation (dark
grey) in Fig. 14 is seen to take place in an elongated
zone and involves massive void growth close to the
notch root and inter-void shear banding further ahead
of it. Although the shape of the plastic zone in Fig. 14
is reminiscent of the stress-whitening zone observed
in experiments (see Sect. 1), this has to be taken with
caution, as the deformation pattern is rather sensitive
to the local void arrangement assumed in the analysis
(Pijnenburg et al. 2005). This sensitivity is, to some
extent, to be attributed to the 2D model which leads
to an over-estimation of localization compared to more
realistic 3D void or particle arrangements. Computa-
tional studies of the latter situation near a crack tip,
however, seem to be completely lacking so far. Also,
it should be noted that—compared to the situation in
real ABS—the particle (void) size in Fig. 14 relative to
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homogenized ABS

SAN matrix

Fig. 14 Plastic deformation by shear yielding and growth of
explicitly modeled discrete voids near a crack tip under 2D plane
strain conditions in a SSY analysis by Pijnenburg et al. (2005)

the crack tip radius is rather large (chosen so in view
of computational expense).

Since models involving a detailed representation
of the glassy matrix and the rubber particles (voids)
by finite elements as in Fig. 14 are computation-
ally rather expensive, and motivated by the frequent
occurrence of shear yielding in narrow bands (seen in
Figs. 10, 12 left, and 14 at some distance ahead of
the notch root), an efficient “coarse-grained” descrip-
tion of inter-particle shear banding has been devel-
oped by Pijnenburg and Van der Giessen (2003). In
this model (with the principles sketched in Fig. 15
right) matrix yielding takes place along discrete cohe-
sive zones deforming only in shear and connecting
neighboring voids (cavitated rubber particles). The
bulk material in between is modeled by purely elas-
tic finite elements. Referring the reader to (Pijnenburg
and Van der Giessen 2003) for full details of the dis-
crete shear surface model along with a comparison
of its capabilities with fully resolved FE discretiza-
tions, an example of its application to the crack tip
loading situation is shown in Fig. 15(left). Obviously,
the model is not capable of reproducing the spread-
ing of an elongated plastic zone ahead of the crack
tip as experimentally observed in rubber-toughened
polymers. Rather, the pattern of plastic deformation
resembles that for plastically incompressible homoge-
neous glassy polymers studied in (Lai and Van der
Giessen 1997); cf. Fig. 6. Hence, comparison of the
results in Figs. 14 and 15 reveals the importance of
plastic dilation (not possible in the discrete shear sur-
face model!) for the development of the characteristic
elongated plastic zone at notches in rubber-toughened
polymers.

bulk element
elastic

bulk element
elastic

shear surfacevoid

void

void

void

Fig. 15 Plastic deformation (in darker grey) at crack tip under
2D small scale yielding conditions (left) computed utilizing dis-
crete shear surface model (right). Size and spacing of voids
(hence volume fraction) as well as loading state are compara-
ble to Fig. 14. From Pijnenburg et al. (2005)

4.3 Homogenized porous plasticity models

For studying the behavior of rubber-toughened poly-
mers in situations involving larger length scales than
considered in the previous sections—for instance,
in analyzing their performance on the macroscopic
level of entire specimens or technical components—
homogenized material models have to be employed.
While the microstructure then can be represented only
in a smeared sense the actual set-up of such mod-
els may be guided by micromechanical considerations.
Two modeling approaches will be discussed here, one
for each of the two key deformation mechanisms in
rubber-toughened polymers. First, matrix shear yield-
ing accompanied by void growth will be discussed in
the framework of porous plasticity in the present sec-
tion; a homogenized model for spatially distributed
crazing will be presented in Sect. 5.2. Both models
have in common that they allow for overall dilatancy
which, as emphasized in the previous sections, is a key
feature of the large strain inelastic behavior of rubber-
toughened polymers under highly triaxial stress states
preceding fracture.

Focusing here on the effect of plastic flow (shear
yielding) in the plastically incompressible matrix
around growing voids (from cavitated rubber particles),
an overall isotropic material behavior may be assumed.
Subtleties aside, the inelastic part of the macroscopic
rate-of-deformation tensor is governed by a flow rule
of the type

D p ∼ ∂Φ(σe, σm, f )

∂σ
(5)
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Fig. 16 Macroscopic yield surfaces of a material with incom-
pressible (shear yielding) glassy polymer matrix and different
volume fractions of voids. Cell model results (indicated by filled
circle) have been used to calibrate the homogenized model (Pij-
nenburg et al. 2005)

where the plastic potential Φ is a function of the von
Mises stress σe, the mean (hydrostatic) stress σm , and
the void volume fraction f (porosity). Porous plas-
ticity models of this type, dating back to the seminal
work by Gurson (1977), have been utilized in numer-
ous studies on the ductile damage of metals as well
as on rubber-toughened polymers, e.g. Jeong and Pan
(1996); Rednaz et al. (1997); Pijnenburg and Van der
Giessen (2001); Pijnenburg et al. (2005); Danielsson
et al. (2007). All these studies utilized a plastic poten-
tial similar, but not equal, to Gurson’s, with the matrix
behavior being described by the shear yielding model
of Sect. 2.1. Macroscopic yield surfaces of such a
model with matrix properties of a typical glassy poly-
mer (SAN) are shown in Fig. 16 for different values of
the porosity f along with cell model results by Pijnen-
burg and Van der Giessen (2001).

Void growth, represented by the evolution of poros-
ity f , is governed by

ḟ = (1 − f ) tr D p (6)

where tr D p is the rate of overall volume strain. An
increasing porosity (driven by hydrostatic stress) thus
gives rise to a shrinkage of the yield surface accord-
ing to Fig. 16. The resulting softening overall model
response inevitably gives rise to a strong localization
of plastic deformation in numerical simulations. When
applied to the situation of a crack tip or notch as in
Fig. 17, this leads to an unrealistically narrow plastic
zone compared to that observed in experimental stud-
ies, e.g. Ni et al. (1991); Steenbrink et al. (1997a); Hel-
big et al. (2015); see also Fig. 2. In this computation, the

Fig. 17 Plastic zone (dark) at crack tip under small scale yield-
ing conditions computed from homogenized porous plasticity
model accounting for matrix shear yielding and void growth via
porosity-dependent yield surface in Fig. 16. From Pijnenburg
et al. (2005)

porous flow rule Eq. (5) was used only once the hydro-
static stress exceeded the critical value for cavitation of
the rubber particles, cf. Eq. (4); prior to that moment,
the shear yielding model was applied as described in
Sect. 2.1 with effective elastic moduli for the rubber-
polymer composite.

The finding that computational models accounting
solely for matrix shear yielding and void growth tend
to overestimate the localization of plastic deformation,
thus predicting unrealistically narrow crack tip plastic
zones in rubber-toughened polymers, may be taken as a
strong indication that the contribution of crazing should
not be neglected.

5 Blend models accounting for crazing

The crazing mechanism, described in Sect. 2.2, has so
far gained much less attention in computational studies
of rubber-toughening than matrix shear yielding and
void growth. Two modeling approaches accounting for
crazing will be discussed in the following subsections.

5.1 Interaction of shear yielding and crazing around
discrete voids

Finite elementmodels of voidedunit cells as considered
in Sects. 4.1 and 4.2.1 to study matrix shear yielding
around cavitated rubber particles can easily be extended
to incorporate the crazing mechanism by utilizing its
representation by discrete cohesive surfaces discussed
in Sect. 2.2. In doing so, cohesive elements—providing
potential sites for crazing—are laid out along the edges
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Fig. 18 Macroscopic response of uniaxially strained cell model
with (blue) and without (red) effect of crazing, contour plots
show local stress in vertical (tensile) direction. From Seelig and
Van der Giessen (2006)

of bulk elements which allow for shear yielding in the
ligament between voids. Correspondingmodels of sim-
ple plane strain or axisymmetric problems aiming at
studying the interaction of shear yielding and crazing
in rubber-toughened polymers have been analyzed by
Seelig and Van der Giessen (2006, 2009). Models of
this type are computationally rather expensive and have
so far not been extended to more realistic 3D situa-
tions. More importantly, the physical significance of
these computational studies—at least up do date—is
limited by the large number of unknown material para-
meters involved in the craze model. Thus, only a quali-
tative impression of the contribution of the two compet-
ing deformation mechanisms to the overall behavior of
rubber-toughened polymers can be gained by looking
at extreme cases.

Two scenarios are considered here by means of a
2D plane strain model subjected to macroscopic uni-
axial strain, i.e. a high overall stress triaxiality (Fig. 18).
If crazing is neglected, the prescribed overall dilation
enforcesmassive void growth [cf. Fig. 12(right)] which
leads to a softening overall stress response (red curve
in Fig. 18). On the other hand, if early initiation of craz-
ing along cohesive surfaces interconnecting the voids
is taken into account, the overall dilation can be accom-
modated by craze widening without reducing the load
carrying capacity of the matrix to such an extent as
it happens by void growth. This may, in fact, result
in a hardening macroscopic stress response as shown
by the blue curve in Fig. 18. It should be mentioned
that in these simulations the craze initiation stress has
been endowed with some scatter and the craze widen-
ing resistancewas chosen comparable to the shear yield
strength.

The dichotomy of a macroscopically stable (hard-
ening) or unstable (softening) material behavior under
high stress triaxiality (shown in Fig. 18 by the blue
and red curves, respectively) is understood to be of key
importance for the development of the plastic zone at
crack tips in rubber-toughened polymers. On the one
hand, the overall softening in case of sole shear yield-
ing and void growth leads to an unrealistically narrow
plastic zone (cf. Fig. 17). Opposed to this, the widening
of the plastic zone over the whole diameter of a notch
(cf. Fig. 2) is indicative of a stable material behavior as
obtained in Fig. 18 by taking the crazing mechanism
into account.

5.2 Homogenized model for distributed crazing

Just like in homo-polymers, crazes in rubber-toughened
polymers initiate and widen in the direction normal
to the maximum tensile stress. When they originate
from cavitated rubber particles, crazes are found to
be rather uniformly distributed throughout the mate-
rial, extending over the entire ligament between par-
ticles, e.g., Bucknall (1977); Beguelin et al. (1999);
Bernal et al. (1995); Jar et al. (2002); Steenbrink et al.
(1997a). Upon continued loading, crazes collectively
grow into mesoscopic band-like damage zones which
macroscopically give rise to large inelastic strains, e.g.,
Beahan et al. (1976);Michler (1998); Ramaswamy and
Lesser (2002). This succession of events, sketched in
Fig. 19, has been taken by Helbig et al. (2015) as
the micromechanical basis of a homogenized consti-
tutive model for spatially distributed crazing in rubber-
toughened polymers. In thismodel a representative vol-
ume element (RVE) of the microstructure is taken as
a material point on the macrolevel where the inelastic
part of the stretching tensor is given by

Dc = 1

b

(
Δ̇

c ⊗ n
)sym

, (7)

0

RVE

glassy
matrix

particles
rubber

0

0

cavitated
rub. part.

crazes

0t=

(t)

n
n(t)

t>

b b b
Δc

Fig. 19 Micromechanics underlying homogenized model for
distributed crazing in rubber-toughened polymers (Helbig et al.
2015)
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Fig. 20 Plastic zones at notch in SENT specimen of ABS
obtained experimentally (from digital image correlation) and
from simulation using the distributed crazingmodel.Colors refer
to strain in vertical (loading) direction. FromHelbig et al. (2015)

as a generalization of Eq. (3). Here, Δ̇
c
denotes the

vector of RVE-average craze opening rate (separation,
cf. Sect. 2.2), n is the craze normal vector, and b is the
current craze spacing. The initial value b0 (Fig. 19) is
determined by the volume fraction and size of the rub-
ber particles.As long as crazing has not yet initiated, the
material is taken to be linear elastic and the rubber par-
ticles are treated as voids upon their cavitation at a crit-
ical value of hydrostatic stress, analogous to Sect. 4.3.
Helbig et al. (2015) deliberately developed the model
to focus solely on distributed crazing, in order to pro-
vide an extreme view opposite to the porous plasticity
approach (Sect. 4.3) which has received more attention
to date. It bears emphasis that in real ABS both shear
yielding and crazing take place.

Validationof themodelwas attempted against exper-
iments on a commercial ABS grade. For two succes-
sive loading stages (I) and (II) of a SENT (single-
edge-notch-tension) specimen, Fig. 20 shows the zones
of intense (i.e. inelastic) deformation, obtained from
experiments and 3Dfinite element simulations utilizing
the abovemodel. Obviously, the evolution of the plastic
zone (in size and shape) is captured reasonably well by
the computational model. Corresponding overall force
displacement curves are shown in Fig. 21. Deviations
between experimental and numerical data, as well as
the somewhat overestimated width of the plastic zone
in Fig. 20 (stage II) are likely due to the lack of shear
yielding in the distributed crazing model as discussed
in more detail in (Helbig et al. 2015).

The above model for distributed crazing in rubber-
toughened polymers explicitly accounts for the vol-
ume fraction of rubber particles (treated as voids) via
micromechanical considerations (Helbig et al. 2015).
Variation of the rubber content in numerical simula-
tions analogous to those in Figs. 20 and 21 leads to
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Fig. 21 Simulated and measured force displacement curves of
SENT specimen until fracture. Stages (I) and (II) refer to snap-
shots in Fig. 20. From Helbig et al. (2015)
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Fig. 22 Effect of rubber content (porosity) on specific work of
fracture of SENT specimen simulated with distributed crazing
model (Helbig et al. 2015)

the values of the specific work of fracture (i.e. total
work until specimen failure decided by fracture area)
shown in Fig. 22. Remarkably, the specific work of
fracture, which may be taken as a coarse measure
of toughness, displays a maximum at an intermedi-
ate rubber content of about 20%. This agrees qual-
itatively with experimental findings in (Bernal et al.
1995) and (Tan et al. 2006) where an optimal rubber
content with respect to impact resistance is reported.
Absolute values of the specific work of fracture in
Fig. 22 are similar to those measured by Steenbrink
et al. (1997a) utilizing the same specimen and testing
conditions.

The findings in this section suggest that several
aspects of the deformation and fracture behavior of
ABS materials that were not captured well by porous
plasticity models (Sect. 4.3) are closely related to the
contribution of distributed inter-particle crazing.
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6 Conclusions and outlook

In this—admittedly subjective—reviewwe have attem-
pted to give an overview on a variety of computa-
tional modeling approaches undertaken over the past
decades in order to gain a deeper insight into how
rubber-toughening works in amorphous thermoplas-
tic polymers. Starting from the two key dissipative
deformation mechanisms in this class of materials,
namely shear yielding and crazing, their interaction
with the microstructure of fine dispersed rubber parti-
cles has been analyzed frommodels focusing on differ-
ent effects and involving different length scales. These
range from detailed representations of the explicitly
resolved microstructure, e.g. in terms of unit cell or
multi-particle models, utilized to study local events,
up to homogenized models. The latter, accounting for
the microstructure only in a “smeared sense”, bridge
the length scale gap to the macroscopic level where
non-uniform crack tip loading states or even the entire
specimen geometry have to be considered. From all
of these models a piece of understanding has been
gained. For instance, it has been clarified how patterns
of plastic deformation by shear yielding between rub-
ber particles and local critical stress states are affected
by the overall stress triaxiality in conjunction with
the rubber particle volume fraction in a blend. Or, on
a larger length scale, it is now much better under-
stood how the development of the crack tip plas-
tic zone in rubber-toughened polymers—being of key
importance for the fracture toughness—is governed by
either shear yielding and void growth or by distributed
crazing.

To be more specific, with regard to the class of ABS
materialswhichwere somewhat in the focus of the stud-
ies discussed here, it appears now to be firmly estab-
lished that bothmicromechanismsneed to be accounted
for in a realisticmaterial description. Thiswas achieved
bymodels on different length scales looking at opposite
extremes by including in each case only a single mech-
anism. For instance, overall dilation typically observed
in ABS even under uniaxial tension (cf. Fig. 3), is
underestimated by models accounting only for shear
yielding (and void growth) for this type of loading,
while such models overestimated dilation in high tri-
axiality crack tip loading situations. On the other hand,
models accounting solely for crazing—while proven
relatively successful in reproducing the characteristic

crack tip plastic zone—overestimate dilation under low
triaxiality loading states; see Helbig et al. (2015).

Hence, what is still missing are realistic constitu-
tive models that comprise the contributions of shear
yielding and crazing to the overall inelastic deforma-
tion as functions of stress state, strain rate and temper-
ature. Moreover, for applications with strongly non-
proportional loading histories, it is probably necessary
to include overall anisotropy induced by preceding dis-
tributed crazing or large plastic straining. Owing to
the complexity of such homogenizedmulti-mechanism
models, their set-up needs to be guided by micro-
mechanical considerations, with the single-mechanism
models of Sects. 4.3 and 5.2 as limiting cases. However,
since feeding-in of reliable material data for the indi-
vidual mechanisms on the microscale is hardly possi-
ble (especially when related to crazing), sophisticated
procedures for the top–down experimental calibration
need to be developed.

In addition to refined constitutive models for shear
yielding and crazing, the type of rubber particles
deserves more attention. As mentioned in the Introduc-
tion, only a certain (rather simple) class has been con-
sidered in themodels discussed here.Owing to process-
ing conditions more complex morphologies are found
in practice, e.g. particles with a heterogeneous inter-
nal structure such as “salami” particles. Yet, even for
homogeneous particles, there are experimental findings
that currently are not captured by theoretical models,
such as the influence of particle size and of particle size
distribution. The question as towhy a bi-modal size dis-
tribution can be beneficial for toughening, particularly
in ABS, is entirely unanswered.

With regard to fracture toughness assessment, it has
to be emphasized that rating the performance of rubber-
toughened polymers is commonly based on impact
tests (i.e. very high strain rates) with specimens not
satisfying standard fracture mechanics requirements.
This means that future computational models need to
account for aspects such as adiabatic heating and the
full 3D specimen geometry. The latter is, in fact, imper-
ative for understanding fracture of thin-walled speci-
mens, i.e. the form of most polymer products.

Finally, what has to date not at all been considered
in computational studies, and only in a very few exper-
imental ones, e.g., Husaini et al. (1997), is the fracture
behavior of rubber-toughened polymers under mixed-
mode loading conditions.
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In conclusion, the combination of experiments and
computational modeling has unraveled key mecha-
nisms in rubber-toughening—qualitatively. Material
design for optimal properties requires quantitative
models, as discussed above. Besides the development
of these local-approach-to-fracturemodels in the direc-
tion of quantitative predictability, we see much bene-
fit in comparison or mergers with approaches that are
rooted in fracture mechanics, such as advocated e.g. by
Bucknall and Paul (2013).
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