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Abstract The effect of soft elasticity, i.e., a relatively small
value of the ratio of Young’s modulus to yield strength and
plastic compressibility on the indentation of isotropically
hardening elastic–viscoplastic solids is investigated. Calcu-
lations are carried out for indentation of a perfectly sticking
rigid sharp indenter into a cylinder modeling indentation of
a half space. The material is characterized by a finite strain
elastic–viscoplastic constitutive relation that allows for plas-
tic as well as elastic compressibility. Both soft elasticity and
plastic compressibility significantly reduce the ratio of nomi-
nal indentation hardness to yield strength. A linear relation is
found between the nominal indentation hardness and the log-
arithm of the ratio of Young’s modulus to yield strength, but
with a different coefficient than reported in previous studies.
The nominal indentation hardness decreases rapidly for small
deviations from plastic incompressibility and then decreases
rather slowly for values of the plastic Poisson’s ratio less than
0.25. For both soft elasticity and plastic compressibility, the
main reason for the lower values of indentation hardness is
related to the reduction in the hydrostatic stress level in the
material below the indenter.
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1 Introduction

Indentation is a popular and convenient method for a quick
comparison of material properties. The actual measurement
ofmechanical properties, however, requires amaterialmodel,
and it is the exception rather than the rule that the relation-
ship between material properties and indentation response is
known a priori. For example, the general lack of availability
of appropriate constitutive relations for biological materials
that incorporate the heterogeneity and/or complex nonlinear
time/rate-dependent mechanical behavior of these materials,
typically limits the extraction of mechanical properties by
indentation to linear elastic and/or linear viscoelastic prop-
erties, see e.g. Refs. [1–4].

On the other hand, for metals that can be described as
being rigid, perfectly plastic solids, a key property such as
the yield strength σy can be determined from the indentation
hardness H through the so-called Tabor relation σy = H /C ,
where the value of the coefficient C is about 3, depending
on the indenter geometry [5,6]. In some cases, this estimate
can still be used for strain hardening materials by replac-
ing σy with the flow strength of the material at a properly
chosen representative strain level, while in other cases, the
connection can be more complex [7].

In general, however, for materials with an intermedi-
ate level of complexity, including metallic glasses, metallic
foams, and glassy polymers, the relation between indenta-
tion hardness and flow strength is seen, both experimentally
and computationally, to depend on the material’s mechanical
response, see e.g. Refs. [8–11]. In particular, polymers not
only exhibit a typical softening–rehardening response after
yield that may affect the indentation response [12,13], the
strain at which yield takes place is markedly different from
that in metals: while the yield strain in metals is typically less
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than 0.5%, the ratio of yield strength tomodulus, E , in typical
polymers can reach 5 %–10 %. This large elastic yield strain
has been shown to impact, for instance, void growth and cav-
itation under hydrostatic stress [14,15]. Moreover, polymer
blends such as high impact polystyrene (HIPS) and acryloni-
trile butadiene styrene (ABS) derive their toughness from
the cavitation of the small rubber particles mixed in with the
glassy polymer [16,17]. This gives rise to plastic dilatation,
which is absent in monolithic polymers as well as in metals,
yet is exhibited also by metallic foams [18,19]. Furthermore,
it has been found recently that vertically aligned carbon nan-
otube (VACNT) pillars exhibit a compression response that
has several features in common with the engineering mate-
rials mentioned above: the material is highly compressible
and exhibits softening followed by hardening [20–22].

Using constitutive relations that include soft elasticity
and complex nonlinear inelastic material response, recent
calculations of indentation with a sharp indenter gave rise
to computed indentation hardness values that do not obey
the Tabor relation [12,21]. Moreover, the similarity between
indentation and the expansion of a spherical cavity, as noted
by Bishop et al. [23], suggests a possible important role for
plastic compressibility. Therefore, in this paper, we adopt a
version of the constitutive model used in Ref. [21], without
softening, but with plastic volume change and with plastic
normality. With this specialization, the constitutive relation
becomes a rate dependent version of the one introduced by
Deshpande and Fleck [18]. We also, for comparison pur-
poses, analyze the effect of compressibility arising from
relatively large yield strains.

2 Problem formulation

2.1 Governing equations

ALagrangian formulation of the field equations is used, with
the initial unstressed state taken as reference. Relative to a
fixed Cartesian frame, the position of a material point in the
initial configuration, which serves as the reference config-
uration, is denoted by X . In the current configuration, the
material point initially at X is at x. The displacement vector
u and the deformation gradient F are defined by

u = x − X, F = ∂x
∂X

. (1)

With attention confined to quasi-static deformations andwith
body forces neglected, the rate form of the principle of virtual
work is

�t
∫
V
ṡ : δF dV = �t

∫
S
Ṫ · δu dS −

( ∫
V
s : δF dV

−
∫
S
T · δu dS

)
. (2)

R

L

h

θ y1 = r

y2 = z

anom

Fig. 1 Sketch of the boundary value problem

In general tensor notation, A:B = Ai j B ji and v · w = viwi .
Also, V and S are the volume and surface, respectively, of
the body in the reference configuration, (˙) = ∂()/∂t , with t
being time, at fixed X .

The traction vector T is given by

T = n · s, (3)
where n is the surface normal and

s = F−1 · τ , τ = Jσ . (4)

Here, τ is the Kirchhoff stress, σ is the Cauchy stress and
J = det(F).

The second term on the right hand side of Eq. (2) is an
equilibrium correction term that reduces drift from the equi-
librium path due to the discrete time step in the numerical
procedure.

Attention is limited to axisymmetric deformation, and a
cylindrical coordinate system, (r, z), is used in the reference
configuration. The calculations are carried out for a sharp
rigid indenter with indenter angle θ , into a cylindrical block
occupying 0 ≤ r ≤ R, 0 ≤ z ≤ −L as sketched in Fig. 1. At
the current stage of deformation, the depth of indentation is
denoted by h and the nominal contact radius,anom, is given by

anom = h

tan θ
. (5)

In general, the value of anom differs from the actual contact
radius due to pile-up or sink-in. Attention is confined to a
regime where both h and a are small compared to the block
radius and length.

Perfect sticking is assumed as soon as the block comes into
contact with the indenter, so that in the cylindrical reference
coordinates, the rate boundary conditions are

u̇r = 0 u̇z = −ḣ on Scontact, (6)
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where Scontact denotes the portion of the material surface in
contact with the indenter.

With the origin of the coordinate systemas shown inFig. 1,
the remaining boundary conditions are

u̇z = 0 Ṫr = 0 on z = −L , (7)

and Ṫ = 0 on the remaining external surface.
Also, along the center line

u̇r = 0 Ṫz = 0 on r = 0. (8)

The nominal contact area, Anom, is taken to be the surface
area of material in contact with the indenter projected onto
the y2 = 0 contact plane so that

Anom = πa2nom, (9)

and the nominal hardness is defined by

Hnom = P

Anom
, (10)

where P is the indentation force.

2.2 Constitutive relation

The constitutive relation used is a specialization of that in
Refs. [21,22] to plastic normality, andwith this specialization
is an elastic–viscoplastic Kirchhoff stress based version of
the relation for foams introduced by Deshpande and Fleck
[18]. The constitutive relation is written in terms of the rate
of deformation tensor, d, the symmetric part of Ḟ · F−1, and
the Kirchhoff stress τ . A superposed dot denotes the partial
derivativewith respect to time. The rate of deformation tensor
is taken to be the sum of elastic, de, and plastic, dp, parts.
Elastic strains are assumed to be small and are given by

de = L−1 : τ̂ = 1 + ν

E
τ̂ − ν

E
tr(τ̂ )I, (11)

where L is the fourth order tensor of elastic moduli, E is
Young’s modulus, ν is Poisson’s ratio, tr(·) denotes the trace,
I is the identity tensor, and τ̂ is the Jaumann rate ofKirchhoff
stress.

In view of the important role that compressibility plays
in indentation, it is worth noting that although Eq. (11) is a
hypoelastic relation, there is a potential for the volumetric
part. Taking the trace of both sides of Eq. (11) gives

tr(de) = J̇ e

J e
= 1 − 2ν

E
tr(τ̇ ), (12)

where J e is the elastic volume change and the identity
tr(τ̂ ) = tr(τ̇ ) has been used. IntegratingEq. (12)with respect
to time gives

ln J e = 1 − 2ν

E
tr(τ ). (13)

The plastic part of the rate of deformation tensor is taken
as

dp = 3

2

ε̇p

σe
p, p = τ − α tr(τ )I (14)

with

ε̇p = ε̇0

(
σe

g

)1/m

. (15)

Here, ε̇0 is a reference strain rate, m is the rate sensitivity
exponent. The function g(εp) in Eq. (15) is taken to be a
power law relation of the form

g
(
εp

) = σ0

[
1 + εp

ε0

]N

, (16)

where σ0 is a reference stress, ε0 = σ0/E and σe is given by

σ 2
e = 3

2
τ : p = 3

2

[
τ : τ − α (tr(τ ))2

]
, (17)

so that

τ : dp = σeε̇p. (18)

To make the connection with the Deshpande–Fleck [18]
relation explicit, an alternative expression for σ 2

e is

σ 2
e = σ 2

M + 9

(
1 − 3α

2

)
τ 2
h, (19)

where the Mises effective stress σ 2
M is

σ 2
M = 3

2
τ ′ : τ ′, τ ′ = τ − 1

3
tr(τ )I, (20)

and

τ h = 1

3
tr(τ ). (21)

The relation between the Deshpande–Fleck [18] parameter,
denoted here by αDF, and α is

α2
DF = 9

(
1 − 3α

2

)
. (22)

It is also worth noting that the plastic dissipation, Eq. (18),
can be written as

τ : dp = ε̇p

σe

[
σ 2
M + 9

(
1 − 3α

2

)
τ 2
h

]
. (23)
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Hence, τ : dp is non-negative for all stress states ifα ≤ 1/31.
Also, from Eq. (14) the plastic volume change, tr(dp), is
proportional to (1 − 3α)tr(τ ) so that the value α = 1/3
corresponds to a plastically incompressible solid. In order
for the term in brackets in Eq. (17) to be non-negative for all
stress states α must be less than or equal to 1/3. Also, the
plastic Poisson’s ratio, νp, is

νp = α

(1 − α)
. (24)

Hence, if α < 0, the plastic Poisson’s ratio is negative.
Although the basic constitutive equations have the same

form as those in Ref. [18], our formulation is based on
Kirchhoff stress, τ , whereas Deshpande and Fleck [18] use
the Cauchy stress σ in their formulation. We also note that
Deshpande and Fleck [18] consider two types of hardening
relation: one that they term self-similar hardening and one
that they term differential hardening. The type of hardening
used in the calculations here falls into the class of self-similar
hardening relations.

Figure 2 shows the uniaxial tension and compression true
stress, σ , versus true strain, ε, response for four values of
α, α = 1/3, 0.28, 0.20, and 0. In each case E/σ0 = 200,
ν = 0.3, N = 0.10, and m = 0.01. Here, σ is the axial
force divided by the current cross sectional area and ε is the
natural logarithm of the current length divided by the initial
length. The uniaxial response is calculated from a finite ele-
ment program using one element and with the deformations
constrained to be uniform.

With α = 1/3, the tension and compression stress strain
responses in Fig. 2 are the same. However, with α �= 1/3
there is a clear difference in the uniaxial tension and the
uniaxial compression responses due to the material com-
pressibility. With α = 1/3, the value of the plastic Poisson’s
ratio is 1/2, while the corresponding values with α =
0.28, 0.20, 0 are 0.39, 0.25, 0, respectively. In tension, the
stress level increases with increasing α. In compression, this
ordering holds for ε less than about 0.2, while for larger
strains the ordering is reversed.

In the calculations, the rate tangent approach of Ref. [24]
is used to give a relation of the form

τ̂ = C : d − Q̇, (25)

which, together with standard kinematic identities to obtain
ṡ, is used in the principle of virtual work, Eq. (2), and for the
constitutive update.

1 The statement in Ref. [21] that non-negative dissipation requiresαp ≥
βp is wrong. Non-negative dissipation holds for βp ≤ 1/3 and αp ≤ 1/3
ensures a non-negative σ 2

e . In the formulation here α ≡ αp = βp.

ε

σ/
σ

0

0 0.1 0.2 0.3 0.4 0.5 0.6
0

0.4

0.8

1.2

1.6

2 α =1/3
α =0.28
α =0.20
α =0

-ε

-σ
/σ

0

0 0.1 0.2 0.3 0.4 0.5 0.6
0

0.4

0.8

1.2

1.6

2

α =1/3
α =0.28
α =0.20
α =0

a

b

Fig. 2 Uniaxial stress strain response for three values of α with
E/σ0 = 200, ν = 0.3, N = 0.10, and m = 0.01. a Tension. b Com-
pression

3 Numerical results

The computational implementation is based on a convected
coordinate formulation using general tensor components
and the calculations are carried out using a 46 × 46 mesh
of rectangular elements, with each rectangle consisting of
four “crossed” linear displacement triangular elements. The
region analyzed to represent indentation into a half space is
a cylindrical block of radius R = 30 and length L = 30 in
arbitrary length units. A uniform 30 × 30 rectangular ele-
ments mesh is used in a 2 × 2 (arbitrary length units) fine
mesh region near the indenter tip. The indenter angle θ (see
Fig. 1) is fixed at 19◦. The indentation rate is taken to be
ḣ/ε̇0 = 0.4 and the deformation history is calculated from
Eq. (2) in a linear incremental manner.

Unless specified otherwise, the material parameters ν =
0.3, m = 0.01, and N = 0.1 are used in the calculations and
attention is focused on the effect of varying E/σ0 and α.
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h

H
no

m
/σ

0

0 0.2 0.4 0.6 0.8
0

1

2

3

4

5
σ0=200
σ0=100

E/
E /
E /σ0=50

Fig. 3 Nominal hardness, Hnom, versus indentation depth, h, for three
values of E/σ0

E/σ0

H
no

m
/σ

0

50 100 150 200
1

1.5

2

2.5

3

3.5

4

Fig. 4 Semi-log plot of the variation of nominal hardness, Hnom, with
E/σ0

Presuming that the size of the cylinder is large enough to
simulate a half space, the only length entering the formula-
tion is the indentation depth h and Hnom/σ0 is independent
of depth. The oscillations in the curves in Fig. 3 (and subse-
quently in Fig. 7) are due to nodal points coming into contact
with the indenter. In the numerical calculations, multiple ele-
ments need to come into contact with the indenter before a
more or less depth independent hardness is attained. In the
calculations in Fig. 3 (and subsequently in Fig. 7) an approx-
imately depth independent value of Hnom/σ0 is reached after
12–14 nodal points come into contactwith the indenterwhich
corresponds to h ≈ 0.3.

3.1 Effect of elastic stiffness

The effect of E/σ0 on the variation of the nominal hard-
ness with indentation depth in the calculations here is seen in

-0.5
-1
-1.5
-2
-2.5

τh /σ0

Fig. 5 Distribution of τh/σ0 in the vicinity of the indenter tip for
E/σ0 = 200 and α = 1/3

Fig. 3. In these calculations, α = 1/3 so that the only com-
pressibility is that due to elasticity. The values of Hnom/σ0
are 3.83, 3.03, and 2.23 for E/σ0 = 200, 100, and 50,
respectively. Note that large values of E/σ0 are character-
istic for metals, while in polymers E/σ0 tends to be smaller.
For comparison purposes, a calculation was carried out with
E/σ0 = 50 and ν = 0.49999 so that the material is essen-
tially elastically as well as plastically incompressible. In this
case Hnom/σ0 = 2.61. Hence, the reduction in hardness with
decreasing E/σ0 is not solely due to the reduction in bulk
modulus.

The results shown in Johnson [5] for conical indenta-
tion into an elastic–perfectly plastic solid give a logarithmic
dependence on E/σ0 for ν = 0.5. For ν �= 0.5, the log-
arithmic dependence is not exact. However, Fig. 4 shows
that even with ν = 0.3, for a lightly hardening and strain
rate hardening material the dependence of Hnom on E/σ0 is
well-represented by an expression of the form

Hnom = H0 + K ln
E

σ0
. (26)

In Fig. 4, K = 1.15σ0 and H0 = −2.27σ0. The various
expressions in Ref. [5] of the form Eq. (26) have values of
K in the range of about 0.50–0.67 and, in all cases, H0 >

0. The stronger dependence on E/σ0 that emerges in our
calculations may, at least in part, be due to the effects of
strain hardening and strain rate hardening as well as elastic
compressibility. In addition to material property effects, the
assumption of perfect sticking in our formulation may also
play a role.

Figure 5 shows the distribution of hydrostatic stress τh/σ0,
where τh = tr(τ )/3, in the vicinity of the indenter tip for the
case with E/σ0 = 200 and α = 1/3 for which H/σ0 =
3.83. The minimum value of τh is −3.49σ0, and there is a
relatively large region where |τh | exceeds 2.5σ0. As expected
[23], the shape of the τh = constant contours approach a
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-0.5
-1
-1.5
-2
-2.5

τh /σ0

Fig. 6 Distribution of τh/σ0 in the vicinity of the indenter tip for
E/σ0 = 50 and α = 1/3

h

H
no

m
/σ

0

0 0.2 0.4 0.6 0.8
0

1

2

3

4

5
α =1/3
α =0.28
α =0.20
α =0

Fig. 7 Nominal hardness, Hnom, versus indentation depth, h, for three
values of α and with E/σ0 = 200

hemispherical shape away from the immediate vicinity of
the indenter.

With E/σ0 = 50, Fig. 6, the magnitude of the hydrosta-
tic stress in the vicinity of the indenter tip is significantly
reduced. In this case, the maximum value of |τh | is 2.39σ0,
about 2/3 the maximum value attained with E/σ0 = 200.

3.2 Effect of plastic compressibility

Unless stated otherwise, the calculations are carried out with
E/σ0 = 200, ν = 0.3, N = 0.10, andm = 0.01. Indentation
results are presented covering the range α = 0 to α = 1/3.
From Eq. (22), the values α = 1/3, 0.28, 0.20, 0 correspond
to αDF = 0, 0.849, 1.34, 2.12. The values of αDF for the
initial yield surfaces in Fig. 6 of Ref. [18] are 2.08, 1.58, 1.35
so α = 0.20 and α = 0 correspond approximately to the
extreme values of αDF measured in Ref. [18].

α

H
no

m
/ σ

0

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
1

1.5

2

2.5

3

3.5

4

Fig. 8 The variation of nominal hardness, Hnom/σ0, with α

The effect of varying α on the evolution of nominal hard-
ness, Hnom/σ0, with indentation depth h is shown in Fig. 7.
The oscillations in the curves are due to nodal points coming
into contact with the indenter. Once 10–11 points come into
contact with the indenter, the amplitude of the oscillations is
reduced for the calculations with α < 1/3, i.e. for materi-
als exhibiting plastic compressibility. The values of Hnom/σ0
are 3.83, 2.23, 1.78, and 1.52 for α = 1/3, 0.28, 0.20, and 0,
respectively.

To investigate the sensitivity of the value of Hnom/σ0 to
the value of E for plastically compressible solids, calcula-
tions were carried out for E/σ0 = 100 and E/σ0 = 50 for
α = 0.20. With E/σ0 = 100, Hnom/σ0 = 1.59 while with
E/σ0 = 50, Hnom/σ0 = 1.36. Thus, the largest decrease in
Hnom/σ0 is due to the change from α = 1/3 to α = 0.20, but
the additional contribution of reduced elastic stiffness, while
a secondary effect, is still significant.

A three dimensional calculation in Ref. [21] for coni-
cal indentation of a nearly non-hardening viscoplastic solid
with E/σ0 = 100 and plastic non-normality, αp = 0.20
and βp = 0.28, gave Hnom/σ0 = 1.45. Here, to asses the
effect of plastic non-normality, calculations were carried out
with E/σ0 = 100 and N = 0.001 for both α = 0.20 and
α = 0.28. With α = 0.20, we obtain Hnom/σ0 = 1.25
and with α = 0.28, we obtain Hnom/σ0 = 1.55. The
mean value of the calculations with these two values of α

is Hnom/σ0 = 1.40. This suggests that the main origin of the
reduced (as compared with a Mises viscoplastic solid) value
of Hnom/σ0 in Ref. [21] is plastic compressibility.

Figure 8 shows the variation of the nominal hardness with
α. The variation is strongest as α → 1/3. With α = 0.30,
Hnom/σ0 = 2.53, which is 0.66 times its value for α = 1/3.
For a more than three times decrease in the value of α to
α = 0.20, Hnom/σ0 = 1.78, which is a value 0.70 times
Hnom/σ0 for α = 0.30. For the values α = 0.20 and α = 0,
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-0.5
-1
-1.5
-2
-2.5

τh /σ0

Fig. 9 Distribution of τh/σ0 in the vicinity of the notch tip for E/σ0 =
200 and α = 0.20

which cover the experimental range in Ref. [18], Hnom/σ0
varies between 1.78 and 1.52.

The distribution of the hydrostatic stress τh = tr(τ )/3 in
the vicinity of the indenter tip is shown in Fig. 9 for α =
0.20. The significant reduction in hydrostatic stress under
the indenter due to plastic compressibility can be seen. The
maximum value of |τh | is 0.83σ0, whereas with α = 1/3 it is
3.49σ0, and there is a relatively large regionwith |τh | ≥ 2.5σ0
in Fig. 5.

4 Discussion

For metals it is well known that the hardness is about three
times the yield strength [5,6]. But there are other materials
where the hardness is much lower, compared to the yield
strength, see e.g. Ref. [13]. The study in the present paper
can be used to obtain some understanding of the relatively
lower hardness associated with material compressibility.

Numerical analyses of indentation in polymers have been
carried out in Ref. [12]. The plastic deformations in these
computations were taken to be incompressible, which would
correspond to using α = 1/3 in Eq. (14). Young’s modulus
in these calculations was specified as E = 760 MPa, and
the value of σ0 can be taken as approximately 40 MPa when
using the stress peak in the uniaxial stress strain response for
compression. By inserting the ratio E/σ0 = 19 into Eq. (26)
we obtain the result Hnom/σ0 = 1.12. The hardnesses actu-
ally found in Ref. [12] for the relevant materials give values
of Hnom/σ0 in the range from 1.04 to 1.09. Thus, the rela-
tively lower hardness values found for the polymers are well
explained by the elastically soft response, corresponding to
the characteristic large yield strains σ0/E for thesematerials.
Koch and Seidler [13] used a modified Berkovich indenter to
measure the ratio of indentation hardness to yield strength for
a variety of polymers and found values of that ratio ranging

from 1.2 to 3. It should be noted, however, that the behavior
of these materials prior to yield is viscoelastic rather than
elastic, which further complicates an accurate interpretation
of indentation data [4].

Another type of material for which relatively low inden-
tation hardness has been found is vertically aligned carbon
nanotube (VACNT) pillars, for which indentation has been
analyzed in Ref. [21]. The constitutive equations used for
these aligned carbonnanotubes, seen as a continuum, account
for plastic non-normality and for plastic volume change.
Non-normality is typically associated with frictional type
behavior, which suggests the possibility that the inelastic
response in these materials may partly result from frictional
sliding between neighboring nanotubes. The constitutive
relations Eqs. (11)–(25) used in the present study neglect
the non-normality, but maintain all other aspects of the con-
stitutive relations from Ref. [21]. The material has a small
yield strain, as specified by E/σ0 = 200, so there is no soft
elasticity to explain low indentation hardness, as was found
for the polymers. But the amount of plastic compressibility
considered relevant in Ref. [21] corresponds to using values
of α in the range of 0.28 to 0.20. When considering Fig. 7,
it is seen that the large reductions of Hnom/σ0 found in Ref.
[21] for these values of α are indeed explained by the plastic
compressibility.

It was suggested by Deshpande and Fleck [18] that mea-
suring the plastic Poisson’s ratio is a way to identify the
value of the plastic dilatancy parameter α. Provided this can
be done, and provided that the elastic properties, E and ν,
are known, our results indicate that indentation may pro-
vide a basis for estimating the flow strength of plastically
compressible solids such as foams. However, for this to be
accomplished, the sensitivity of the indentation hardness val-
ues to plastic material properties such as strain hardening
and strain rate hardening need to be determined. In addi-
tion, the sensitivity of the indentation hardness values to
friction between the indenter and the indented solid needs
to be analyzed for elastically soft and/or plastically com-
pressible solids.
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