
Chapter 1

Introduction

This thesis is in the area of multivariate analysis. The term ‘multivariate

analysis’ should be interpreted in its broadest sense, since the topics in this

thesis vary from classical problems in multivariate statistics and matrix al-

gebra to linear sum-constrained models and text analysis.

In section 1.1, we give a short overview of this thesis. Instead of giving an

overview of the subsequent chapters ‘chronologically’, it is also illuminating

to explain how these chapters are topically related. Therefore, we explain

in section 1.2 by means of some keywords how the different chapters are

connected. Because of the heterogeneity of topics, we chose to conclude

every chapter with a short summary, instead of giving a summary at the end

of this thesis. There will be a Dutch summary, however.

The final part of chapter 2 (section 2.5) is based upon Steerneman and

Van Perlo-Ten Kleij (forthcoming, b). Chapter 3 is an extended version of

Steerneman and Van Perlo-Ten Kleij (forthcoming, a) and chapter 7 is a

slightly adapted version of Ten Kleij and Musters (2003).

1.1 A longitudinal outline of the thesis

Chapter 2 starts with some well-known and lesser known facts on the mul-

tivariate normal and the Wishart distribution. The normal distribution is

of common usage in statistics and satisfies some very elegant properties

as opposed to most other distributions. We will be particularly interested

in singular multivariate normal distributions, that is, distributions of nor-

mally distributed random m × 1 vectors that take values in an affine sub-

space of Rm. Although the probability density function of the random vec-

tor X ∼ Nm(µ,Σ) with rank(Σ) = r < m does not exist with respect to
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the Lebesgue measure on Rm, it can be defined on an affine subspace. We

shortly introduce the Wishart distribution which describes the distribution

of the sample covariance matrix S corresponding to Nm(µ,Σ). We derive

necessary and sufficient conditions for S to be positive definite with proba-

bility one. In case S > 0 almost surely, we say that the distribution of S is

nonsingular. We also present the main theorem on partitioned Wishart dis-

tributed matrices. Whereas this theorem only applies to nonsingular Wishart

distributions, we will show what happens if we consider singular Wishart

distributions. Although Srivastava and Khatri (1979) remarked that the the-

orem is true for the singular case, it has not been proven completely to our

knowledge. We prove the theorem for the singular case. In this proof, some

subtleties emerge compared to the proof for the central case. As a second

extension of the theorem, which only applies to the central Wishart distribu-

tion, we attempt to generalize it to the noncentral Wishart distribution. We

discuss the problems we encounter and explore the boundaries of what can

and what cannot be done.

In the second part of chapter 2, we originally wanted to explore the op-

portunities to change the normal distribution, which underlies the Wishart

distribution, to a distribution from the class of spherical and elliptical distri-

butions, inspired by exercise 3.8 of Fang and Zhang (1990). However, while

studying the class of spherical and elliptical distributions, we encountered

one of the main theorems in the literature on this topic which we briefly dis-

cuss below. The proof of this theorem was originally given by Schoenberg in

1938 and an alternative proof was given by Kingman in 1972. Both of these

proofs are rather complicated. We found a shorter, more elegant, and less

complicated proof, also see Steerneman and Van Perlo-Ten Kleij (forthcom-

ing, b). After this excursion in the world of spherical distributions, we chose

not to proceed with the original plan to explore the opportunities to find the

analogue of the Wishart distribution in the class of spherical and elliptical

distributions.

Concerning the content of the second part of chapter 2, observe that,

although the normal distribution is the starting point for many statistical

techniques, the class of spherical and elliptical distributions has received

increasing attention over recent years. Whereas normality is a very popular

assumption when modeling or analyzing data, situations arise in which this

assumption is not appropriate. In practice, for example in financial data, it

often happens that there are some outliers in the data, or that the tails of the

distribution are much heavier, so that normality is not realistic anymore. So,
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within the framework of robustness, it is interesting to examine what hap-

pens if heavier-tailed distributions are allowed. This leads us to the class of

spherical and elliptical distributions. These distributions have the property

that the density is constant on spheres, respectively ellipses. A well-known

spherical distribution is the multivariate standard normal distribution. The

density of such a random variable is only determined by its distance from

the origin. Given this distance, the density is constant on spheres with the

origin as the center. Instead of characterizing a distribution by its density

function, it is common in statistics to characterize a distribution by its char-

acteristic function. It turns out that the characteristic functionψ(t), t ∈ Rm,
of an m-dimensional random variable that follows a spherical distribution,

just like the density function, only depends on the distance of t from the

origin, that is, ψ(t) = φ(‖t‖). The class of symmetric characteristic func-

tions φ on R such that φ(‖t‖), t ∈ Rm, is an m-dimensional characteristic

function is denoted by Φm, and if φ ∈ Φk for all k, we say that φ ∈ Φ∞. As

k increases, the class Φk is getting smaller, that is, Φ1 ⊃ Φ2 ⊃ · · · ⊃ Φ∞. An

early, fundamental result by Schoenberg (1938) considers the class Φ∞. He

proved that a characteristic function corresponding to a random variable X
belongs to Φ∞ if and only if the distribution of X is a scale mixture of normal

distributions. The proof of Schoenberg’s result is quite difficult and exten-

sive. Simplifications of Schoenberg’s result have been given, yet all these

proofs are still rather complicated and technical. An alternative proof in the

context of exchangeability was given by Kingman (1972). We propose a new

and shorter proof using elementary techniques from probability theory. Fol-

lowing Kingman, we also point out the relationship between sphericity and

exchangeability.

In chapter 3, we study the matrix V = A−XY∗, where A is a nonsingular

k × k complex matrix, and X and Y are k × p complex matrices. Many of

its properties will be discussed and these properties turn out useful in the

remainder of this thesis. We start with the special case A = Ik, because many

properties of the matrix V can be derived from those of the matrix Q =
Ik−XY∗. In case Y∗X = Ip, we derive the Moore-Penrose inverse ofQ, and we

use this result to derive the Moore-Penrose inverse of V in case Y∗A−1X =
Ip. We also derive some decompositions of Q related to its singular values

and eigenvalues. For the case where V is a real matrix with p = 1, we also

derive the eigenvalues and eigenvectors of V . A very special case of V with

p = 1 is the matrix Ω = diag(d) − (ι′nd)−1dd′, where d ∈ Rn. This matrix

was suggested by De Boer and Harkema (1997) as a specification for the
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covariance matrix corresponding to a sum-constrained linear model. Sum-

constrained models are models in which the dependent variables sum to a

fixed number. The adding-up restrictions causes the vectors of disturbances

to be linearly dependent so that the covariance matrix is singular. Chapter 3

concludes with a discussion of some relevant properties of this matrix Ω,

properties we will exploit in the chapters 4 and 5. Chapter 3 is an extended

version of Steerneman and Van Perlo-Ten Kleij (forthcoming, a).

The covariance matrix Ω = diag(d)− (ι′nd)−1dd′ is also one of the main

topics of chapter 4, which deals with parsimonious specifications of co-

variance matrices. Inspired by the discussion on the specification of sum-

constrained covariance matrices, we consider two aspects of a covariance

matrix, namely its rank and its structure. In particular, we are interested

in rank-reduced covariance matrices, parsimonious specifications of covari-

ance matrices, and a combination of these two. Besides the natural appear-

ance of rank-reduced covariance matrices in the context of sum-constrained

models, reducing the rank of a matrix is also often the purpose of several

techniques in the field of applied statistics and psychometrics. By imposing

a certain structure on the covariance matrix, parsimony can be obtained.

Among other things, parsimony is important for making statistical infer-

ences, for identifiability, and for avoiding overfitting. One particular prob-

lem we discuss is the approximation of a covariance matrix with given diag-

onal elements by a matrix of lower rank, where the generalized variance is a

criterion. In the context of sum-constrained models, we will study an inter-

esting feasibility problem related to the estimation of the above-mentioned

covariance matrix Ω.

Sum-constrained models are discussed in chapter 5. These models natu-

rally occur in various fields of research. In demand analysis the amounts

spent on the categories of consumer goods and services that are distin-

guished add up to total expenditure, in production theory the cost shares

of the various factors of production add up to unity, in marketing analy-

sis the probabilities that a specific brand will be chosen add up to unity, in

international trade the flows of exports from a specific country to different

destinations add up to total exports, and so on (De Boer and Harkema, 1984).

A topic that has received quite some attention in the seventies and eighties

is logical consistency. Loosely defined, a sum-constrained model is logically

consistent if the restrictions on the parameters and explanatory variables

are such that the sum constraint is automatically satisfied. The literature

on logical consistency, however, has not been unambiguous. The main rea-
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son for this is that a rigorous definition of logical consistency has not been

given in the (marketing) literature. Inspired by an extensive discussion by

Koehler and Wildt (1981), we therefore present two closely related defini-

tions of logical consistency. We summarize the results on this topic up until

now, and we clarify some differences and obscurities. By using an elegant

and direct approach, we derive necessary and sufficient conditions for the

sum-constrained linear model to be logically consistent. We also show that

some generally accepted results are not correct. Subsequently, we pay atten-

tion to identifiability of the sum-constrained model, an underexposed topic

in the literature on these models. Finally, we discuss maximum likelihood

estimation of the sum-constrained linear model. Simultaneous estimation of

the response parameters β and the covariance matrix Ω appears to be dif-

ficult. Estimating β given Ω and vice versa, however, is relatively easy. In

this case it is convenient to adopt a zig-zag iterative procedure developed

by Oberhofer and Kmenta (1974). Although we do not elaborate on this al-

gorithm, we do point out to some important subtleties regarding estimation

of the parameters.

From the more theoretical topics of the chapters 2–5, we shift our in-

terest to the somewhat more practical topic of text analysis in the last two

chapters. Chapter 6 gives an overview of this research area. Text analysis

as a technique has become increasingly important over recent years as the

volume of accessible online textual data is increasing at a rate greater than

can be manually analyzed. The extraction of filtered intelligence from such

documentation is increasingly being automated to meet the need for im-

proved environmental scanning activities. Analysis of requirements in this

area leads to the conclusion that text analysis must be focused on both

the analysis of document content and interdocument bibliographic relation-

ships in order to extract the maximum intelligence from the documents

available. Chapter 6 describes some basic procedures and techniques in the

area of (quantitative) text analysis. From preprocessing textual data to make

them suitable for further processing, representing the data in a way such

that quantitative analysis is possible, to the final analysis itself. Some recent

developments and techniques are discussed. We discuss one method called

Latent Semantic Analysis (LSA) in particular, and we illustrate this technique

by means of an example. A shortcoming of LSA is that it lacks natural in-

terpretation. Therefore, we introduce an alternative approach to LSA which

allows a more natural interpretation.

In chapter 7, we present a case study which illustrates many of the as-
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pects described in chapter 6. This chapter is a slightly revised version of Ten

Kleij and Musters (2003), and it embraces a study which exploits computer-

aided text analysis to evaluate the content of open-ended survey responses.

During an in-hall test, different varieties of mayonnaise were evaluated by

165 respondents on a 10-point liking scale, with the option to freely com-

ment on these assessments. An expert panel assessed the main sensory

characteristics of the mayonnaises. Usually, preference mapping is applied

to find out which sensory attributes drive consumer preferences for prod-

ucts. As an alternative, we will use the consumer statements to investigate

this relationship. By counting words and looking at word combinations, we

use correspondence analysis to construct a visualization that is compara-

ble to a preference map. Results from the analysis of the verbal responses

are compared with the results from preference mapping. Some advantages

and disadvantages of analyzing open-ended survey responses are also ad-

dressed.

1.2 A cross-sectional outline of the thesis

In this section, we explain by means of some keywords how the different

chapters are related.

Multivariate analysis

A topic that all chapters have in common is multivariate analysis. Chapter 2

studies this topic in its most fundamental form and deals with theoretical

problems in this field. This chapter discusses the multivariate normal distri-

bution, the Wishart distribution, and related concepts. Furthermore, chap-

ter 2 gives an introduction to the somewhat wider class of spherical dis-

tributions and its basic properties, and discusses an important theorem of

Schoenberg (1938). From these multivariate statistical topics, we then shift

our attention to matrix algebra, which is obviously multivariate. Matrix alge-

bra is also a key element in chapter 4, where we study parsimonious spec-

ifications of covariance matrices. The multivariate sum-constrained linear

model is the topic of chapter 5. In the last two chapters of this thesis, which

deal with text analysis, the multivariate aspects emerge in a completely dif-

ferent manner. To analyze textual data quantitatively, it is necessary to pro-

cess the texts such that they are suitable for statistical or mathematical pro-

cedures. The most common way to represent textual data is by means of
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(high-dimensional) vectors which represent words and documents, respec-

tively.

Matrix algebra

Chapter 3 is entirely devoted to matrix algebra. The matrix A − XY∗ plays

a central role in this chapter and several decompositions and properties of

this matrix will be derived throughout this chapter. In chapter 4, we elab-

orate on a special case of the matrix A − XY∗, that is, the matrix Ω =
diag(d)−(ι′nd)−1dd′, and matrix algebra will still be an important topic. The

mode of analysis in chapter 2 on the multivariate normal and the Wishart

distribution is also matrix-driven. Whereas several authors chose to define

the multivariate normal distribution in terms of the probability density func-

tion, it is more elegant to extend the univariate normal to its multivariate

analogue by means of matrix notation and elementary algebraic properties.

In deriving properties of the normal and the Wishart distribution, the use of

matrix notation also pays off. Rao (1973) and Eaton (1983) are two examples

of authors who very elegantly and successfully exploited matrix algebra to

derive important results in multivariate statistical theory. So called term-by-

document matrices and the analysis of these matrices are of great interest

in both the chapters 6 and 7.

Singularity of a (covariance) matrix and singular distributions

In chapter 2, we study the multivariate normal distribution and the Wishart

distribution, which are both allowed to be singular. This chapter also in-

cludes a well-known theorem on partitioned Wishart distributed matrices,

and we explicitly consider the singular case. Instead of the inverse of the co-

variance matrix that usually appears in a density function, the density func-

tion corresponding to the singular multivariate normal distribution involves

the Moore-Penrose inverse of the covariance matrix. Since chapter 3 exten-

sively discusses the Moore-Penrose inverse of the singular matrix A− XY∗,

we can exploit this chapter for particular types of covariance matrices. A

covariance matrix that appears in sum-constrained models, one of the top-

ics of chapter 4 and 5, is Ω = diag(d) − (ι′nd)−1dd′, where d ∈ Rn. Be-

cause Ωιn = 0, this matrix is obviously singular. Since Ω is of the structure

A − XY∗, we can immediately apply the theory developed in chapter 3 to

compute the Moore-Penrose inverse of Ω.
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Dimension reduction

Dimension reduction is very important in both of the chapters 6 and 7. The

analysis of textual data often involves extremely high-dimensional data, so

that some sort of dimensionality reduction is necessary to enable efficient

further processing. Dimension reduction is also closely related to parsi-

mony, which plays a role in chapter 4 where we are looking for parsimonious

specifications of (sum-constrained) covariance matrices.

Marketing

The last three chapters of this thesis are all related to marketing. The main

topic of chapter 5 is the sum-constrained linear model, that is, a model

where the dependent variables sum to a fixed number. These models oc-

cur naturally in marketing, for example, when modelling probabilities that

a specific brand will be chosen (these probability must add up to unity), or

when modelling market shares of different brands (the sum of all market

shares must be equal to one). The concept of logical consistency of these

models has received a lot of attention in the marketing literature. Although

chapter 6 does not explicitly refer to the field of marketing, text analysis

can obviously play an important part in this research area, as illustrated in

chapter 7. In chapter 7, text analysis of open-ended survey responses is used

to find out which sensory attributes drive consumer preferences for prod-

ucts. Besides analyzing customer comments, text analysis products can also

be used, for example, to respond automatically to e-mails, to build commu-

nities of users with shared interests, to select the best offer for individual

customers, and to gather prospect or competitor data from websites (Raab,

2003).




