
Chapter 5

Sum-constrained Linear Models

In this chapter we study sum-constrained linear models. We focus on three

aspects in particular, namely, logical consistency, identifiability, and estima-

tion. In section 5.1 we give some examples of sum-constrained linear mod-

els. Section 5.2 introduces the concept of logical consistency of a model and

gives an extensive treatment of this topic. In section 5.3 we derive necessary

and sufficient conditions for identifiability, and in section 5.4 we discuss

maximum likelihood estimation of the model.

5.1 Some motivating examples

Recall from section 4.4 that the general sum-constrained linear model is

defined by the following system of equations

yti =
ki∑
j=1

ztijβij +uti (t = 1, . . . , T ; i = 1, . . . , n) (5.1.1)

subject to
n∑
i=1

yti =mt (t = 1, . . . , T ), (5.1.2)

where yti denotes the tth observation on the dependent variable in the ith
category, ztij represents the tth observation on the jth element of a set of

ki explanatory variables which are supposed to be specific for the ith depen-

dent variable, βij is an unknown parameter to be estimated, uti represents

a zero-mean disturbance, and n denotes the number of categories distin-

guished. Two examples of such sum-constrained models are the following.
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De Boer and Martinez (1999) investigated the consequences of Spain’s

accession to the European Union on its import of manufactures by means of

the ‘Almost Ideal Demand System’:

wti = αi + βi log(Mt/Pt)+
n−1∑
j=1

γij log(ptj/ptn)+uti, (5.1.3)

where wti equals the share of import from country i at time t, Mt equals

the total supplies, ptj is the price of imports from country j, ptn is the

domestic price, lnPt ≡
∑n
i=1wti lnpti, the so-called Stone index, and uti is

a disturbance term. Since shares add up to unity, equation (5.1.3) should

satisfy the additivity constraint
∑
i wti = 1 which, according to De Boer and

Martinez, implies that

n∑
i=1

αi = 1,
n∑
i=1

βi = 0

n∑
i=1

γij = 0 for j = 1, . . . , n− 1.


(5.1.4)

A second example is the following. To estimate market shares, Beck-

with (1972) formulated the following market share response function

MSi,t = λiMSi,t−1 + γiASi,t + εi,t,

where MSi,t is the market share of brand i = 1, . . . , n at time t = 1, . . . , T ,

which is a function of lagged market share MSi,t−1 and advertising share

ASi,t . The constraint on the dependent variable is

n∑
i=1

MSi,t = 1 (5.1.5)

and the explanatory variables are also sum-constrained, that is,

n∑
i=1

MSi,t−1 = 1 and
n∑
i=1

ASi,t = 1. (5.1.6)

Naert and Bultez (1973) concluded that (5.1.5) together with regressors sat-

isfying the restrictions (5.1.6) implies

λi = λ, i = 1, . . . , n

γi = γ, i = 1, . . . , n

λ+ γ = 1.

 (5.1.7)
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The restrictions (5.1.4) and (5.1.7) originate from the requirement of log-

ical consistency, which is discussed in the next section. The idea of logi-

cal consistency is that parameters and regressors in a model with a sum-

constrained dependent variable cannot move freely, but are in some way re-

stricted, such that the sum constraint is automatically satisfied. Apparently,

the requirement of logical consistency leads to restrictions on the param-

eters. Also note that the restrictions (5.1.4) and (5.1.7) are quite different.

In the first example, response parameters should add to zero across equa-

tions, while the constant terms should sum to one. In the second example,

response parameters should be homogeneous across equations. Therefore,

it seems that the types of restrictions depend on the types of regressors.

This relationship between constraints on parameters and explanatory vari-

ables is the topic of the next section.

5.2 Logical consistency

The topic of this section is the concept of logical consistency. Before we

give an outline of this section, we first discuss notation. Whereas the sum-

constrained linear model in its most general form is usually defined by the

equations (5.1.1) and (5.1.2), it turns out that for logical consistency it is

more convenient to model the constant term explicitly. In this section (and

only in this section) we therefore use the following notation for the sum-

constrained linear model:

yti = αi +
li∑
j=1

ztijβij +uti (t = 1, . . . , T ; i = 1, . . . , n) (5.2.1)

subject to
n∑
i=1

yti =mt (t = 1, . . . , T ), (5.2.2)

The difference with equation (5.1.1) is that the intercept is denoted sepa-

rately by αi.
We start in subsection 5.2.1 with a short historical overview of logical

consistency. Whereas several authors have contributed to the discussion, a

comprehensive examination and rigorous definition of logical consistency

has not been given in the marketing literature. Inspired by an extensive dis-

cussion by Koehler and Wildt (1981), we present two closely related defi-

nitions of logical consistency in subsection 5.2.2. We elaborate on the dif-

ferences in interpretation and we illustrate these differences by means of
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some examples. In subsection 5.2.3, necessary and sufficient conditions will

be given for the model defined by (5.2.1) and (5.2.2) to be ‘logically consis-

tent’. These results are based on an underexposed article by Weverbergh et

al. (1981). Although the results of Weverbergh et al. encompassed all the

preceding results on logical consistency, these authors only considered the

case where the number of observations (T ) exceeds the number of explana-

tory variables plus one (
∑
i li + 1), an assumption which may not be realistic

in practical applications. Besides making the definitions of logical consis-

tency operational in an elegant and direct way, our main contribution in

this section is to generalize the results to the case where T ≤ ∑
i li + 1.

Subsection 5.2.4 puts some well-known results of, for example, Naert and

Bultez (1973) and McGuire and Weiss (1976) in perspective, by showing how

they relate to the results of subsection 5.2.2 and 5.2.3. In subsection 5.2.5

we provide several examples to illustrate the usefulness of our approach.

One of the examples extends the results of McGuire and Weiss.

5.2.1 A short historical overview

In their 1968 article, McGuire et al. examined the restrictions on the param-

eters and explanatory variables implied by a sum-constrained model, such

that the sum constraint is automatically satisfied. This article formed the

basis for the concept ‘logical consistency’, a term that originates from the

marketing literature on linear sum-constrained models. According to Wever-

bergh et al. (1981), logically consistent models are models specified in such a

way that logical constraints defining the range of variation of the dependent

variable are automatically satisfied by the values predicted by the model.

Naert and Bultez (1973) stated that a logically consistent market share model

should predict market shares between zero and one which sum to one. In

many discussions on logical consistency, the condition that the expected

market shares lie between zero and one is ignored, since this requires non-

normality assumptions on the disturbance term or a nonlinear model speci-

fication. Naert and Bultez came up with necessary and sufficient conditions

for a linear model to predict sum-constrained dependent variables. McGuire

and Weiss (1976) observed that there was an error of omission in the proof

of Naert and Bultez, because these authors overlooked the possibility of so-

called homogeneous regressors. McGuire and Weiss therefore corrected this

error, yet also came to the conclusion that the sum constraint on the pre-

dicted market shares induces constraints on both parameters and explana-

tory variables. Although the results of McGuire and Weiss apply to the most
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common types of sum-constrained models, their results are not as com-

plete as they claim, a fact already recognized by Weverbergh et al. (1981).

From the discussions of Naert and Bultez and of McGuire and Weiss, We-

verbergh et al. (1981) concluded that there must be a relation between the

number of constraints on the parameters and the number of constraints on

the explanatory variables when dealing with sum-constrained linear models.

Weverbergh et al. (1981) derived necessary and sufficient conditions for a

sum-constrained linear model to predict sum-constrained dependent vari-

ables for the case T >
∑
i li + 1.

According to Koehler and Wildt (1981), this particular relationship be-

tween constraints on variables on the one hand and constraints on model

parameters on the other hand had been largely ignored. This was appar-

ent from the fact that a comprehensive examination and rigorous definition

of logical consistency had not been provided in the marketing literature.

Koehler and Wildt provided a definitional framework for the concept of log-

ical consistency and gave an extensive discussion on this topic. These au-

thors introduced six definitions of logical consistency; some of them have

been used implicitly in the marketing literature. In order to give a thorough

discussion on the concept of logical consistency, we will start in the next

subsection with two (closely related) definitions of logical consistency. These

definitions are a mixture between some of the definitions of Koehler and

Wildt, and we will make them operational on the basis of our most general

model defined by (5.2.1) and (5.2.2).

5.2.2 Two definitions of logical consistency

According to Koehler and Wildt (1981), logical consistency is a concept that

can apply equally to a process, a model of a process, and the estimated

parameters of a model. In the various definitions given by these authors, a

distinction is made between the true underlying process (which is usually

unknown) and an assumed specific functional form, including a distribution

of the disturbance vector. We will not make this distinction, we just accept

the model defined by (5.1.1) and (5.1.2) as the ‘true’ data-generating process.

In our definition of logical consistency, we stay close to the original model,

and we combine the definitions 1, 5, and 6 from Koehler and Wildt.

Consider the general sum-constrained model defined by (5.2.1) and (5.2.2).

In the notation of Koehler and Wildt, we define yt = (yt1, . . . , ytn)′, z′ti =
(zti1, . . . , ztili),ut = (ut1, . . . , utn)

′, α = (α1, . . . , αn)
′, βi = (βi1, . . . , βili)

′,
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and β = (β′1, . . . , β′n)′. Then this model can also be written as

yt = α+Xtβ+ut (5.2.3)

subject to

ι′nyt =mt, (5.2.4)

where

Xt =


z′t1 0 · · · 0
0 z′t2 · · · 0
...

. . .
...

0 0 · · · z′tn


so that Xt is n× l with l =∑n

i=1 li. We assume that the disturbance terms ut
are independently and identically distributed asN n(0,Ω). By summing (5.2.3)

over i and taking expectations, it follows that

ι′n(α+Xtβ) =mt for t = 1, . . . , T , (5.2.5)

and therefore

ι′nut = 0. (5.2.6)

Two important observations are the following.

(i) The regressors Xt and the parameters α and β must obviously be re-

stricted in some way in order to satisfy equation (5.2.5) for all t.
(ii) Because the ut are i.i.d. N n(0,Ω), it follows from equation (5.2.6) that

the covariance matrix Ω of the disturbances must be sum-constrained,

that is, Ωιn = 0 (also see section 4.4).

As far as observation (ii) is concerned, we refer to chapter 4 and section 5.4.

Observation (i) is related to what has been referred to as ‘logical consis-

tency’ in the literature. In our definition of logical consistency, we are only

concerned with the restrictions on the explanatory variables and the restric-

tions on the parameters which are necessary to guarantee that the sum

constraint (5.2.4) is automatically satisfied. In market share models, equa-

tion (5.2.4) must hold with mt = 1 for all t. Besides these equality restric-

tions, the market shares yti are also between zero and one. We will not take

such inequality restrictions into account, and in the context of market share

models, we will only focus on the condition that market shares must sum to

one. Because of (5.2.6), we therefore do not consider the disturbance term.

It is also desirable that equation (5.2.4) holds for the estimated and the

predicted values of the dependent variable. In fact, this is how logical con-

sistency has been implicitly defined most often in the marketing literature,
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see, for example, the two definitions by Weverbergh et al. (1981) and Naert

and Bultez (1973) given in subsection 5.2.1. It is not clear from the litera-

ture whether the estimated or the predicted values of the dependent vari-

able are to be sum-constrained. In subsection 5.2.3, we find necessary and

sufficient conditions for the sum-constrained model to be ‘logically consis-

tent’, and in section 5.4 we discuss maximum likelihood estimation of the

sum-constrained linear model. Following De Boer and Harkema (1997), we

will apply standard restricted least squares theory to obtain parameter esti-

mates, that is, we minimize the sum of the squared residuals under the re-

striction Rβ = r to ensure logical consistency. This restriction obviously in-

volves the restrictions (5.2.5), a topic we further address in subsection 5.2.3.

Obviously, the estimated values of the dependent variable will then also

be sum-constrained. In case of sum-constrained predictions, given a set of

new observations {XT+1, XT+2, . . .}, the aim is to predict dependent variables

which satisfy the sum constraint (5.2.4). This difference in interpretation (es-

timated versus predicted) is one of the reasons why we choose to introduce

two different definitions of logical consistency.

Definition A (Logical data-consistency). The sum-constrained model defined

by (5.2.3) and (5.2.4) is logically data-consistent if, for a given set of values of

the explanatory variables Xt, t = 1, . . . , T , the parameters α and β are such

that the sum constraint (5.2.4) is automatically satisfied.

Definition B (Logical predictor-consistency). The sum-constrained model

defined by (5.2.3) and (5.2.4) is logically predictor-consistent if the parame-

ters α and β and all possible values of the explanatory variables Xt are such

that the sum constraint (5.2.4) is automatically satisfied.

If a model is logically predictor-consistent, it is also logically data-con-

sistent. The converse is not always true. The main difference between the

two definitions is that in definition A, we only consider the observed regres-

sors Xt contained in the data used to estimate the model, rather than the

larger set of all admissible values of Xt . Definition B allows for unobserved

or future information, whereas definition A only takes observed informa-

tion into account. If the only objective of the sum-constrained model is to

explain the linear relationship between the regressors and the dependent

variable for a given set of observations, then definition A can be used. In

practice, however, a model is often used to make predictions, so that the

model should also hold for future observations. Indeed, otherwise extrapo-

lation would not make any sense. In that case, definition B should be used.
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In our opinion, definition B is therefore also the most relevant of the two.

An exception is the case where the matrix of regressors is fixed, for example

in designed experiments or in replications studies. In this case, the matrix

of regressors is constant over time, and there is no difference in adopting

definition A or B.

Definition B implies that the restrictions on α and β are not allowed to

depend on T , an idea which was already suggested by McGuire et al. (1968).

This also means that if the model holds for t = 1, . . . , T , then the parameters

are not allowed to change if we add another observation t = T + 1. The sig-

nificance of this assumption comes to the fore, for example, in prediction or

replication studies. Naert and Bultez (1973) explicitly used this aspect in the

proof of their theorem on logical consistency. According to definition A, the

restrictions on α and β may depend on T . The sum constraint (5.2.4) must

be satisfied for the observed data Xt , replication or prediction is not consid-

ered relevant in this entirely data-driven definition of logical consistency.

In subsection 5.2.3, we come back to this difference in interpretation of

logical consistency. If T > l + 1, we will show that the two definitions will

often not lead to different conditions for logical consistency. If T ≤ l + 1,

however, there will be a difference, a relevant detail that has been neglected

in the literature on logical consistency.

5.2.3 Necessary and sufficient conditions

In this subsection, we derive necessary and sufficient conditions for the sum-

constrained linear model to be logically data-consistent, by using a similar

approach as Weverbergh et al. (1981). The work of these authors was in turn

based on earlier work of Weverbergh (1976). They explicitly assumed that

T > l+1. We show that the main results still hold if T ≤ l+1. We also derive

necessary and sufficient conditions for the sum-constrained linear model

to be logically predictor-consistent, a somewhat more difficult situation. In

practice, the two definitions often lead to the same conditions if T > l +
1. If T ≤ l + 1, some subtleties emerge, and we show that the necessary

and sufficient conditions for a model to be logically data-consistent are not

sufficient for the model to be logically predictor-consistent.

Although in practice two types of regressors occur most frequently (the

so-called homogeneous and sum-constrained regressors to be discussed in

subsection 5.2.4), we do not claim that these are the only regressors pos-

sible, as opposed to some earlier results by McGuire and Weiss (1976), see

example 3 in subsection 5.2.5.
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In vector notation, the sum-constrained linear model defined by (5.2.1)

and (5.2.2) is represented by the following system of linear equations

yi = αiιT + Ziβi +ui (i = 1, . . . , n) (5.2.7)

and
n∑
i=1

yi =m, (5.2.8)

where yi,ui, and m denote T × 1 vectors with elements yti,uti, and mt
respectively, Zi denotes a T × li matrix of observations on a set of li ex-

planatory variables which are specific for the dependent variable in the ith
category, and βi denotes a li×1 vector of parameters βij . Although the case

mt = 1 for all t is the most important case encountered in practice, the case

of varying mt is also interesting, for example, in macro-economic systems,

where consumption plus savings must be equal to income, which varies over

time (Weverbergh et al., 1981). According to Weverbergh (1976), the case of

constant mt can be easily generalized to the case of variable mt by normal-

izing the equations. That is, divide (5.2.1) bymt , so that the constant term is

replaced by the regressor 1/mt with parameter αi, and the dependent vari-

ables sum to one again. However, this normalization causes heterogeneity

of the disturbance term which in turn causes other difficulties. We therefore

start with the most general case of non-constant mt and we will show how

the results simplify in case the mt are constant.

As already discussed in section 4.4 and subsection 5.2.2, by summing

equation (5.2.8) over i and taking expectations, it follows that

n∑
i=1

(αiιT + Ziβi) =m (5.2.9)

and
n∑
i=1

ui = 0.

Here, we assumed that the regressors are nonstochastic, or at least indepen-

dent of the disturbances. If we define the T × (l+ 1) matrix Z by

Z =
(
Z1 Z2 · · · Zn ιT

)
(5.2.10)

and the (l + 1) × 1 vector β∗ = (β′1, . . . , β′n, ι′nα)′ , where α = (α1, . . . , αn)
′,

then (5.2.9) can also be written as

Zβ∗ =m. (5.2.11)



150 Chapter 5. Sum-constrained Linear Models

Equation (5.2.11) is the basis for all our results on logical consistency. We can

interpret (5.2.11) in two ways. Given a set of regressors Z , the vector of pa-

rameters β∗ must satisfy particular constraints in order to satisfy (5.2.11).

On the other hand, given a set of parameters, the regressors Z must be

constrained to make sure that equation (5.2.11) holds. In practice, the data

will often be given, and the question is how the parameters should be con-

strained such that (5.2.11) will be satisfied. However, in the data collection

process, it is probably taken into account that particular attention has to

be paid to the choice of independent variables. In the context of ‘logical

consistency’, we are looking for (necessary and sufficient) conditions on

both the regressors and the parameters simultaneously to guarantee that

the dependent variables are sum-constrained. The interaction between the

number of constraints on regressors and parameters is apparent from equa-

tion (5.2.11). If there are many restrictions on the parameters, then the re-

gressors have somewhat more freedom to move in order to satisfy (5.2.11),

and vice versa. In the following, we will make a distinction between logi-

cal data-consistency and logical predictor-consistency, as defined in subsec-

tion 5.2.2.

Logical data-consistency

Let Z = (Z1, . . . , ZT )
′, where the (l + 1) × 1 vectors Zt, t = 1, . . . , T denote

the rows of the matrix Z . Note the slight abuse of notation with respect to

Zi and Zt , where the former denotes the T × li matrix of regressors and the

latter denotes the tth row of Z . We assume that the index (category versus

time) clarifies the meaning of the notation. According to equation (5.2.11),

logical data-consistency requires Z′tβ
∗ =mt for t = 1, . . . , T .

If the rank of Z equals l + 1, then β∗ is uniquely determined, so that

equation (5.2.11) has a nontrivial solution if and only if rank(Z) < l + 1.

Moreover, equation (5.2.11) has a solution if and only if

rank(Z) = rank(Z,m), (5.2.12)

or, in other words, m must be part of the column space of Z . Summarizing,

we proved the following theorem.

Theorem 5.2.1. Necessary and sufficient conditions relating constraints on

parameters and on explanatory variables, such that the sum-constrained lin-

ear model defined by (5.2.7) and (5.2.8) is logically data-consistent, are given

by

Zβ∗ =m, (5.2.13)
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and

rank(Z) = rank(Z,m), (5.2.14)

with Z as defined in (5.2.10), and β∗ = (β′1, . . . , β′n, ι′nα)′.

If T > l+ 1, then the rank of Z is smaller than or equal to the number of

columns of Z . Equation (5.2.13) shows that in this case, the rank of Z must

be smaller than l+1, for if Z is of full (column) rank, that is rank(Z) = l+1,

then β∗ is uniquely determined according to theorem 5.2.1. Therefore, for

the sum-constrained model to be meaningful in this case, regressors should

be dependent, for example because they are sum-constrained across equa-

tions (regressors of type (iv) to be described in section 5.2.4), or because they

are the same across equations (the homogeneous type (iii) regressors to be

described in section 5.2.4). It is important to note that theorem 5.2.1 does

not exclude regressors other than type (iii) or (iv) beforehand. This is in con-

trast to the results of McGuire and Weiss, who claimed that regressors must

be either sum-constrained or homogeneous. In subsection 5.2.5, we will give

an example of a logically (data- or predictor-) consistent sum-constrained

model with a regressor that is neither homogeneous, nor sum-constrained.

Condition (5.2.13) implies linear restrictions on the parameters of the

model. These restrictions can be imposed when estimating the model to

ensure logical consistency. Suppose that there are p independent rows in Z ,

so that rank(Z) = p < l + 1. These independent rows can be collected in a

p × l matrix R so that the restrictions take the familiar form Rβ = r . Note

that, although (5.2.13) implies that there are T restrictions Z′tβ
∗ =mt , some

of these restrictions will be redundant, so that effectively there will only be

p restrictions.

Now consider the case T ≤ l+1, then rank(Z) ≤ T ≤ l+1. Theorem 5.2.1

still applies, however, so again the regressors and the parameters must be

such that the equations (5.2.13) and (5.2.14) are satisfied. The restrictions

Rβ = r to be imposed when estimating the model follow directly from equa-

tion (5.2.13). If we assume that the rank of Z equals p, then, effectively,

there will be p restrictions Z′tβ
∗ = mt , so that the matrix R will have p

rows, p ≤ T ≤ l+ 1.

In most applications, m = ιT , that is, the dependent variables sum to

one. In the somewhat more general case where m = cιT , it is easy to prove

the following corollary.

Corollary 5.2.1. Necessary and sufficient conditions relating constraints on

parameters and on explanatory variables, such that the sum-constrained lin-
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ear model defined by (5.2.7) and (5.2.8), with m = cιT , is logically data-

consistent, are given by

β∗ = Λλ, (5.2.15)

where β∗ = (β′1, . . . , β′n, ι′nα − c)′,Λ is an (l+ 1) × ν matrix, whose columns

form a basis for the null space of Z as defined in (5.2.10), and where λ is a

ν × 1 vector of proportionality factors.

Proof. With β∗ = (β′1, . . . , β′n, ι′nα − c)′, equation (5.2.9) can also be written

as

Zβ∗ = 0. (5.2.16)

Therefore, the vector β∗ must be a solution to the system of homogeneous

linear equations

Za = 0, (5.2.17)

where a is a vector of dimension (l+1)×1. If β∗ = Λλ is a linear combination

of vectors satisfying (5.2.17), then β∗ also satisfies (5.2.16), which proves

the sufficiency of the conditions. To prove necessity, suppose there exists

a solution β∗. Because β∗ is a solution of (5.2.16), it must belong to the

null space of Z . Therefore, β∗ can be written as a linear combination of the

columns of Λ.

Corollary 5.2.1 resembles the main result of Weverbergh et al. (1981).

Whereas these authors stated that this result only holds if T > l + 1, we

emphasize that corollary 5.2.1 also applies T ≤ l+ 1.

We will now show that we can derive the number of parameter restric-

tions from the rank of the matrix Z . Let T : V → W be a linear transforma-

tion, where V andW are vector spaces, and letK(T) denote the kernel or the

null space of T , andR(T) the range or image of T . If V is finite-dimensional,

then it is well known that

dimK (T)+ dimR (T) = dimV,

see, e.g., Friedberg et al. (1992). Applied to corollary 5.2.1, it follows that for

the linear transformation Z : Rl+1 → RT , the equality

ν + rank(Z) = l+ 1 (5.2.18)

must hold. If we define p = rank(Z), then it follows from corollary 5.2.1

that there is one sum restriction on the constant terms, and that there are

p−1 restrictions on the l parameters βij . The number of degrees of freedom

on the vector β∗ is therefore equal to ν (e.g., Weverbergh, 1976). Note that
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these results are consistent with the above result that the matrix R, which is

used for the parameter restrictions Rβ = r in the estimation process, has p
rows.

Logical predictor-consistency

We showed above that a model is logically data-consistent if and only if the T
restrictions Z′tβ

∗ =mt are satisfied for t = 1, . . . , T . This does not guarantee,

however, that Z′T+1β
∗ = mT+1 will also hold if we add an observation for

t = T + 1 (irrespective of T ≤ l + 1 or T > l + 1). Therefore, the model

need not be logically predictor-consistent. However, we can derive a result

analogous to theorem 5.2.1. Define

Z =
(
Zobs
Zpred

)
, (5.2.19)

where the T × (l+1) matrix Zobs = (Z1, . . . , ZT )
′ contains the observed data,

and the s × (l+ 1) matrix Zpred = (ZT+1, . . . , ZT+s)
′ contains the unobserved

data, used for prediction. Moreover, Zobs and Zpred are defined in a similar

way as in (5.2.10). The number of unobserved observations s can be arbitrar-

ily large, the unobserved part of the matrix of regressors Zpred is supposed

to capture all possible values of the regressors. Similarly, define

m =
(
mobs
mpred

)
. (5.2.20)

For logical predictor-consistency, equation (5.2.11) must hold for both Zobs

(so that the model is logically data-consistent) and for Zpred, so that the sum

constraint is also satisfied for predicted values of the dependent variable.

Moreover, the restrictions on β∗ which guarantee that Z′tβ
∗ = mt for the

observed data t = 1, . . . , T are not allowed to change if we add the restric-

tions Z′tβ
∗ = mt for t = T + 1, . . . , T + s for the unobserved data. This

means that the rows ZT+1, . . . , ZT+s must be linear combinations of the rows

Z1, . . . , ZT . We have now proven the following theorem.

Theorem 5.2.2. Necessary and sufficient conditions relating constraints on

parameters and on explanatory variables, such that the sum-constrained lin-

ear model defined by (5.2.7) and (5.2.8) is logically predictor-consistent, are

given by (
Zobs
Zpred

)
β∗ =

(
mobs
mpred

)
, (5.2.21)
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and

rank(Z) = rank(Zobs) = rank(Zobs,mobs) = rank(Z,m), (5.2.22)

with Z andm as defined in (5.2.19), resp. (5.2.20), and β∗ = (β′1, . . . , β′n, ι′nα)′.

The discussion whether T ≤ l + 1 or T > l + 1 is not relevant in this

context, because the matrix Z does not only capture the values of the ob-

served regressors, but also all possible future observations. Therefore, we

can always assume that the number of rows of Z exceeds the number of

columns.

An interesting question is when the conditions implied by theorem 5.2.2

differ from those implied by theorem 5.2.1. As long as values of the un-

observed regressors ZT+1, . . . , ZT+s and the constants mT+1, . . . ,mT+s are a

linear combination of the observations Z1, . . . , ZT resp. the constant terms

m1, . . . ,mT , the restrictions on the parameters implied by theorem 5.2.2 will

be the same as the conditions that follow from theorem 5.2.1. If T > l+1, we

will show in subsection 5.2.5 that in most situations adding a row to the ma-

trix Z will not change its rank. In this case, logical data-consistency and log-

ical predictor-consistency lead to the same conditions. Note, however, that

even if T > l+ 1, it is possible that adding a row to the matrix Z changes its

rank. In case T < l + 1, it becomes more likely that adding an observation

to the matrix Z leads to an additional restriction on the parameters, so that

theorem 5.2.1 will give conditions different from theorem 5.2.2.

In case m = cιT , we can derive a result analogous to corollary 5.2.1. The

proof of corollary 5.2.2 is similar to the proof of corollary 5.2.1.

Corollary 5.2.2. Necessary and sufficient conditions relating constraints on

parameters and on explanatory variables, such that the sum-constrained lin-

ear model defined by (5.2.7) and (5.2.8), with m = cιT , is logically predictor-

consistent, are given by

β∗ = Λλ, (5.2.23)

where β∗ = (β′1, . . . , β′n, ι′nα − c)′,Λ is an (l+ 1) × ν matrix, whose columns

form a basis for the null space of Z as defined in (5.2.19), and where λ is a

ν × 1 vector of proportionality factors.

As long as the values of the unobserved regressors ZT+1, . . . , ZT+s are a

linear combination of the observations Z1, . . . , ZT , corollary 5.2.2 leads to the

same conditions on the parameters as corollary 5.2.1, or, stated differently,

as long as the rank of Z as defined in (5.2.10) does not change if we add
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additional observations. In this case, the null space of Z will remain the

same, so that β∗ as defined in (5.2.23) will not change either.

In many applications of sum-constrained models, the null space of the

matrix Z is apparent, and corollary 5.2.1 or corollary 5.2.2 can be used to

find the conditions on the parameters to ensure logical data-consistency and

logical predictor-consistency respectively. In subsection 5.2.5, we give a few

examples to demonstrate how to exploit these corollaries. The corollaries

are particularly illustrative if T > l + 1, since in this case, we can explicitly

derive the conditions on β∗. For the case T ≤ l + 1, we discuss the difficul-

ties, and the distinction between the two definitions of logical consistency as

discussed above will then also become clear. To be able to compare our re-

sults with earlier results, we first summarize the results of Naert and Bultez

and the results of McGuire and Weiss in subsection 5.2.4. In subsection 5.2.5

we show by means of some examples that indeed, our results are consistent

with the earlier results.

5.2.4 Relation to the existing literature

In our notation with li = k for all i, Naert and Bultez (1973) stated the

following conditions for the linear model defined by (5.2.7) and (5.2.8) to

predict sum-constrained dependent variables as necessary and sufficient:

n∑
i=1

ztij = cjt for all j and t; (5.2.24)

βij = βj for all i and j; (5.2.25)

n∑
i=1

αi +
k∑
j=1

βjcjt =mt for all t. (5.2.26)

It is important to note that the cjt as defined in (5.2.24) cannot take on any

arbitrary values, yet should satisfy the constraint (5.2.26). That is, the regres-

sors and the parameters must simultaneously satisfy (5.2.26). It is easy to

check that these conditions are indeed sufficient, however, equation (5.2.24)

is not necessary at all. Naert and Bultez only allowed for sum-constrained

regressors as described by (5.2.24), and failed to recognize other regressors,

for example so-called homogeneous regressors described below.

McGuire and Weiss (1976) were the first authors who explicitly distin-

guished different types of explanatory variables. Consider the model as de-

fined by (5.2.1) and (5.2.2) with mt = 1 for all t. In our notation, McGuire

and Weiss assumed that each regressor must be one of the following four
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types:

(i) Constant. There may be one constant term, which implies that every

equation has the same intercept.
(ii) Equation dummies. Equation dummies are variables which allow an

equation for a certain category to have its own intercept.
(iii) Homogeneous variables. A homogeneous variable has the property

that the ratio of this variable in any pair of equations is constant across

all observations, although the value of this ratio is identical for differ-

ent pairs of equation.
(iv) Other variables. This category of explanatory variables includes all

variables which do not belong to one of the foregoing three classifi-

cations.

The variables of type (i) are not very interesting, and usually, they are com-

bined with the variables of type (ii). In our notation, the term αi, i = 1, . . . , n,
captures the variables of both type (i) and type (ii). Homogeneous variables,

variables of type (iii), occur very frequently, and according to McGuire and

Weiss, this type of variable had been overlooked by Naert and Bultez. This

type of variable was also overlooked by McGuire et al. (1968) themselves.

Homogeneous variables ztij can be written in the form

ztij = aijwjt,

for i = 1, . . . , n and t = 1, . . . , T , so that each homogeneous variable is ex-

pressed as the product of an equation-specific factor (aij) and an obser-

vation-specific factor (wjt). Homogeneous variables have the property that

the ratio of this variable in any pair of equations is constant across all ob-

servations, although the value of this ratio may vary for different pairs of

equations (McGuire and Weiss, 1976):

ztij
ztkj

= aij
akj
,

independent of time. In many applications, aij = 1 for all i and j, so that

ztij = wjt for all i, which means that this regressor is the same in every

equation but it varies over time. McGuire and Weiss now derived the fol-

lowing necessary and sufficient conditions for the model defined by (5.2.1)

and (5.2.2), with mt = 1 for all t, to predict sum-constrained dependent

variables:
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• if variable j is a homogeneous variable of type (iii), that is, ztij =
aijwjt, for i = 1, . . . , n and t = 1, . . . , T , then

a1jβ1j + a2jβ2j + · · · + anjβnj = 0. (5.2.27)

• if variable j is of type (iv), then it is sum-constrained, that is
∑n
i=1 ztij =

1 for all t, and the corresponding response parameters are homoge-

neous across equations, that is,

βij = βj for all i, with
∑
j
βj = 1−

n∑
i=1

αi. (5.2.28)

Whereas it is easy to check that these conditions are sufficient, it is not clear

they are necessary. McGuire and Weiss did not give a full proof of their re-

sults and they also assumed that ‘each explanatory variable must be one of

the four types described or some linear combination of a set of variables

of the same dimensionality each of which is one of these four types’. Note

that, although the definition of the type (iv) variable by McGuire and Weiss

covers ‘all other variables’, they claimed that these variables must be sum-

constrained for the model to predict sum-constrained dependent variables.

Thus, McGuire and Weiss only allowed homogeneous and sum-constrained

regressors. Although in practice the explanatory variables will often be of

one of these two types, it is important to observe that this is not a conse-

quence of the fact that the model must be sum-constrained. By means of an

example (example 3), we will show in the next subsection that it is possible

that an explanatory variable is of another type. So, McGuire and Weiss did

recognize the fact that logical consistency imposes a restriction on both pa-

rameters and explanatory variables, yet they only considered two extremes:

a regressor is either the same in each equation (except for a constant), so that

the corresponding response parameters are sum-constrained, or a regressor

is sum-constrained, which implies that the corresponding response param-

eters are equal across equations. We showed in theorem 5.2.1 and 5.2.2 that

this dual relation between constraints on parameters and on explanatory

variables is somewhat more sophisticated.

5.2.5 Some examples

In this subsection, we give some examples that illustrate the use of corol-

lary 5.2.1 to determine the relations between the constraints on parameters

and explanatory variables implied by logical data-consistency. We address



158 Chapter 5. Sum-constrained Linear Models

the differences between T ≤ l+ 1 and T > l+ 1. Subsequently, we consider

what happens if we want to adopt definition B of logical consistency, so that

we need to use corollary 5.2.2. We show when differences in interpretation

of logical consistency may arise. Moreover, we also show how our results

compare to those of McGuire and Weiss, as described in subsection 5.2.4.

The first two examples are derived from Weverbergh et al. (1981) and are

intended to demonstrate the most common situations of homogeneous and

sum-constrained regressors. The third example shows that it is possible to

consider other types of regressors, and this is therefore a counterexample

to the results of McGuire and Weiss. Finally, we go back to the examples of

section 5.1, and we examine how they fit into our framework.

Example 1

A well-known application of a sum-constrained model is the market share re-

sponse function (also see the first example of section 5.1), where the market

share is a function of lagged market share and advertising share (Beckwith,

1972, Leeflang and Reuyl, 1982). Consider three brands whose market shares

yti are affected by two variables ztij , i = 1,2,3, j = 1,2, and t = 1, . . . , T .

Let zti1 denote the advertising share of brand i in the market at time t, and

let zti2 denote lagged market share mt−1,i, i = 1,2,3. Let Zij denote the jth
column of Zi, i = 1,2,3, j = 1,2. Then we can write

yi = αiιT + Zi1βi1 + Zi2βi2 +ui
for i = 1,2,3 with

3∑
i=1

yi = ιT ,

because market shares should sum to one. The regressors satisfy the restric-

tions
3∑
i=1

Zi1 =
3∑
i=1

Zi2 = ιT . (5.2.29)

Therefore, our matrix Z becomes

Z =
(
Z11 Z12 Z21 Z22 Z31 Z32 ιT

)
. (5.2.30)

Because of the sum constraints (5.2.29), the rank of Z equals at most five.

In most cases, the rank of Z will indeed equal five as long as the number of

rows (T ) exceeds the number of columns (l+1). We will assume that the rank
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of Z is equal to five. According to corollary 5.2.1, a necessary and sufficient

condition for the model to be logically data-consistent is that the vector

β∗ =
(
β11, β12, β21, β22, β31, β32, (α1 +α2 +α3 − 1)

)′
is of the form β∗ = Λλ, where Λ is an 7 × ν matrix, whose columns form a

basis for the null space of Z , and where λ is a ν×1 vector of proportionality

factors. We know from (5.2.18) that ν = 7 − 5 = 2, and it is easy to check

that the columns of the matrix

Λ =



1 0
0 1
1 0
0 1
1 0
0 1

−1 −1


(5.2.31)

form a basis for the null space of Z , because

ZΛ = ( 3∑
i=1

Zi1 − ιT ,
3∑
i=1

Zi2 − ιT ) = (0,0).

Therefore,

β∗ = Λλ =



λ1
λ2
λ1
λ2
λ1
λ2

−λ1 − λ2


, (5.2.32)

so that we have the following restrictions on the parameters:

β1j = β2j = β3j = λj
for j = 1,2, and

3∑
i=1

αi + λ1 + λ2 − 1 = 0.

Note that the number of restrictions on the βij equals rank(Z)− 1 = 4, and

that there is one restriction on the sum of the constant terms, as mentioned

in subsection 5.2.3.

The above results are the same as the results obtained by McGuire and

Weiss (1973) as described in subsection 5.2.4. Because both Zi1 and Zi2 are
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sum-constrained, we are dealing with regressors of type (iv), which in turn

implies that βij = βj for all i and j, with
∑2
j=1 βj = 1−∑3

i=1αi.
If the rank of Z is smaller than five because T < 5, similar arguments

can be used to derive necessary and sufficient conditions for logical data-

consistency. That is, find the vectors spanning the null space of Z , and use

a linear combination of these vectors to find the restrictions on the vector

of parameters. If, for example, T = 3, so that Z only has three rows (which

we assume to be independent), then the dimension of the null space equals

7 − 3 = 4 according to (5.2.18). The matrix Λ then contains four columns.

The first two columns are equal to the columns of the matrix Λ as defined

in (5.2.31), yet there will be two additional columns. The parameter vector β∗

now is a linear combination of four vectors (the vectors spanning the null

space of Z) and will therefore be less restricted than the vector we found

in (5.2.32), which is a combination of two vectors.

To derive necessary and sufficient conditions for the model to be logi-

cally predictor-consistent, observe that future observations of the regressors

ztij will also be sum-constrained, i.e.,
∑
i ztij = 1, i = 1, . . . , n, j = 1,2, and

t = T + 1, . . . , T + s. Adding rows to the matrix Z as defined in (5.2.30) will

therefore not change the rank of Z in case T > 5. Therefore, the null space

of the matrix Z will stay the same, so that the matrix Λ found in (5.2.31)

can also be used in corollary 5.2.2. Therefore, the restrictions on the pa-

rameters will be the same as for logical data-consistency. In case T < 5, we

showed above that the necessary and sufficient conditions for logical data-

consistency will become less stringent. These conditions will then be neither

sufficient nor necessary for logical predictor-consistency.

Example 2

Now consider a variation of example 1 with the second explanatory variable

(lagged market share) replaced by another variable which is the same for

each brand, that is, Zi2 = Z∗2, i = 1,2,3. The variable Z∗2 is a so-called

homogeneous variable, as described in section 5.2.4. The matrix Z is now

equal to

Z =
(
Z11 Z∗2 Z21 Z∗2 Z31 Z∗2 ιT

)
, (5.2.33)

so that Z now has a rank of at most four. If we assume that the rank of Z is

exactly equal to four (so that T ≥ 4), then it is easy to see that the columns
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of the matrix

Λ =



1 0 0
0 1 1
1 0 0
0 −1 0
1 0 0
0 0 −1
−1 0 0


form a basis for the null space of Z , for

ZΛ = ( 3∑
i=1

Zi1 − ιT , Z∗2 − Z∗2, Z∗2 − Z∗2) = (0,0,0).

There will be one restriction on the sum of the constant terms, and rank(Z)−
1 = 3 restrictions on the βij . Because

β∗ = Λλ =



λ1
λ2 + λ3
λ1
−λ2
λ1
−λ3
−λ1


, (5.2.34)

it follows that the parameters are restricted as follows:

β11 = β21 = β31 = λ1

β12 + β22 + β32 = 0,

and
3∑
i=1

αi + λ1 − 1 = 0.

Note once more that these results are in accordance with the results of

McGuire and Weiss. In the notation of subsection 5.2.4, the homogenous

variable Z∗2 has elements zti2 = ai2wt2 = wt2, for i = 1,2,3, and t =
1, . . . , T , that is, a12 = a22 = a32 = 1. Therefore, β12 + β22 + β32 = 0. For the

sum-constrained variable Zi1, a similar argument holds as in example 1, so

that βi1 = β1 for all i, with β1 = 1−∑3
i=1αi.

As in example 1, if T < 4, then the rank of Z will also be smaller than

four, and β∗ will become less restricted. If, for example, T = 2 such that

rank(Z) = 2, then the dimension of the null space equals ν = 7 − 2 = 5, so

that the matrix Λ will have two additional columns. The parameter vector

β∗ now is a linear combination of five vectors and will therefore be less
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restricted than the vector we found in (5.2.34), which is a combination of

three vectors.

As far as logical predictor-consistency is concerned, a similar situation

as in example 1 occurs. For additional observations ztij, t = T + 1, . . . , T + s,
the first regressor will still be sum-constrained, i.e.

∑n
i=1 zti1 = 1, and the

second regressor will also be homogeneous, i.e. zti2 = zt∗2 for all i. It is

easy to check that in this case, the rank of Z as defined in (5.2.33) will not

change if we add these future observations. Therefore, the necessary and

sufficient conditions found for logical data-consistency in case T > 4 are also

necessary and sufficient for logical predictor-consistency. In case T < 4, the

conditions for logical data-consistency will again differ from the conditions

for logical predictor-consistency.

Example 3

Consider the model of example 2, yet with advertising share replaced by the

expenditures on advertising, so that we do not have the restriction Z11+Z21+
Z31 = ιT anymore. That is, we have two regressors, the first one is allowed

to move freely, the second one is homogeneous. The matrix Z is the same as

in example 2, yet the matrix Λ is different. Because the first regressor is not

sum-constrained anymore, the rank of Z will be at most five. If we assume

that it equals five, then the dimension of the null space of Z equals two, and

we must delete the first column of Λ as in example 3. We can see that in this

case

β∗ = Λλ =



0 0
1 1
0 0

−1 0
0 0
0 −1
0 0


(
λ1
λ2

)
=



0
λ1 + λ2

0
−λ1

0
−λ2

0


,

so that βi1 = 0 for i = 1,2,3, which implies that advertising share cannot

be a part of the model in this way. This example therefore shows that the

conditions from corollary 5.2.1 sometimes indicate which regressors are not

possible.

The above shows that the first regressor should also be restricted in some

way. Therefore, suppose that the advertising share of the third brand is al-

ways equal to the sum of the advertising shares of the first two brands, that

is,

Z11 + Z21 = Z31. (5.2.35)
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The matrix Z is again the same as in example 2, yet with the new restric-

tions (5.2.35) on the regressors, the rank of Z will now be equal to four at

most. If we assume that the rank equals four, the the dimension of the null

space of Z equals three, and it is easy to see that the columns of the matrix

Λ =



1 0 0
0 1 1
1 0 0
0 −1 0
−1 0 0

0 0 −1
0 0 0


form a basis for the null space of Z . Therefore,

β∗ = Λλ =



λ1
λ2 + λ3
λ1
−λ2
−λ1
−λ3

0


, (5.2.36)

it follows that the parameters are restricted as follows:

β11 = β21 = −β31 = λ1

β12 + β22 + β32 = 0,

and
3∑
i=1

αi − 1 = 0.

The advertising share restricted as in (5.2.35) is a regressor that is neither

homogeneous nor sum-constrained, according to the definitions of subsec-

tion 5.2.2. Therefore, this example clearly illustrates the fact that for a model

to be logically data-consistent or logically predictor-consistent, the regressor

need not be homogeneous or sum-constrained (as defined by McGuire and

Weiss, see section 5.2.4). The discussion regarding the difference between

logical data-consistency and logical predictor-consistency is analogous to

the discussions in example 1 and example 2.

The examples of section 5.1

We now go back to the examples given in section 5.1. In the first example

of the demand system as defined in (5.1.3), it is clear that all regressors are
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homogeneous. Every equation contains a constant term and n regressors,

which are the same across equations. If we assume that the regressors are

independent, then the rank of Z as defined in (5.2.10) equals n+1. Using sim-

ilar arguments as above in example 2, it can be shown that if T > n+ 1, the

restrictions (5.1.4) indeed follow from corollary 5.2.1. These restrictions are

necessary and sufficient for the model to be logically data-consistent. This

also conforms to the result on homogeneous regressors, as stated in sec-

tion 5.2.4. If T ≤ n+ 1, a situation that is not unlikely, the conditions (5.1.4)

are sufficient, but not necessary in all cases. In the model of De Boer and

Martinez, n = 11 and T = 13, so that T > n + 1 = 12. If we assume that

the 11 homogeneous regressors are independent, then the rank of Z equals

12, so that the rows of Z must be dependent. The restrictions (5.1.4) on the

parameters will be necessary and sufficient for logical data-consistency (and

also for logical predictor-consistency). Note that the number of parameter

restrictions equals rank(Z) = 12. If T would have been equal to 10, for exam-

ple, then the rank of Z would have been equal to 10. The restrictions (5.1.4)

would then be sufficient for logical data-consistency, but not necessary. Ac-

cording to corollary 5.2.1, there would now be rank(Z) = 10 restrictions on

the parameters, so that if only logical data-consistency is considered, the

parameters would have somewhat more freedom as compared to (5.1.4).

In the second example of the market share model, each equation contains

two regressors, and both regressors are sum-constrained. If both regressors

are independent, the rank of Z as defined in (5.2.10) will equal 2n− 1 (note

that there is no constant term). Therefore, if T > 2n − 1, the response pa-

rameters should be homogeneous across equations just as in example 1,

as stated in (5.1.7). In this application, n = 5 and T = 35, so that indeed,

T > 2n− 1 = 9. The restrictions (5.1.7) on the parameters will be necessary

and sufficient for logical data-consistency (and also for logical predictor-

consistency). Note that the number of restrictions on the parameters equals

rank(Z) = 9. Again, if T would have been equal to 5, for example, then the

rank of Z would have been equal to 5. The restrictions (5.1.7) would then be

sufficient for logical data-consistency, but not necessary. According to corol-

lary 5.2.1, there would now be rank(Z) = 5 restrictions on the parameters,

so that if only logical data-consistency is considered, the parameters would

have somewhat more freedom as compared to (5.1.7).
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5.2.6 Conclusions

In this section, we presented two (related) definitions of logical consistency,

namely, logical data-consistency and logical predictor-consistency. We de-

rived necessary and sufficient conditions corresponding to each of the two

definitions and showed where and when differences may occur. Weverbergh

et al. (1986) derived comparable results, yet only considered the case T >
l + 1. We showed that the results also hold in case T ≤ l + 1, but that in

this case some caution is needed concerning the interpretation of logical

consistency. We also presented the conditions of McGuire and Weiss (1976),

which, as from that moment, were generally accepted to be necessary and

sufficient for ‘logical consistency’. In both of our definitions of logical con-

sistency, the conditions of McGuire and Weiss are sufficient, yet not always

necessary. Moreover, we presented an example that clearly shows that the

conditions of McGuire and Weiss are not necessary at all. We also demon-

strated by means of an example that the conditions for logical consistency

sometimes can be used to show that a particular regressor cannot be a part

of the model. As far as the difference between logical data-consistency and

logical predictor-consistency is concerned, we showed that in most cases,

the conditions will be the same if T > l + 1. In case T ≤ l + 1, the condi-

tions for logical predictor-consistent are often more restrictive than those

for logical data-consistency.

5.3 Identifiability

An underexposed subject in the literature on sum-constrained linear models

is identifiability. Identifiability of a parameter θ ∈ Θ means that distinct val-

ues of θ correspond to distinct probability distributions, so that knowledge

about the unknown θ can be inferred from knowledge of the probability dis-

tribution which is estimable. Formally, identifiability requires that for any

two distinct elements θ1 and θ2 in Θ, there exists at least one measurable

set B in the sample space such that

Pθ1
(Y ∈ B) �= Pθ2

(Y ∈ B).
With respect to the sum-constrained model defined by (5.1.1) and (5.1.2), we

are interested in identifiability of the parameter vector β and the covariance

matrix of the disturbances Ω.

We adopt the notation for the general sum-constrained linear model as

presented in section 5.1. In matrix notation, the model can be represented
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by the following system of linear equations

yi = Ziβi +ui (i = 1, . . . , n) (5.3.1)

and
n∑
i=1

yi =m, (5.3.2)

where yi,ui and m denote T × 1 vectors with elements yti,uti, and mt
respectively, Zi denotes a T × ki matrix of observations on a set of ki ex-

planatory variables which are specific for the dependent variable in the ith
category, and βi denotes a ki×1 vector of parameters βij . We emphasize that

this section uses standard notation which differs from the notation used in

section 5.2. In the above notation, the constant term is included in the ma-

trix of regressors, that is, the first column of the matrix Zi is a column of

ones. The matrices Zi and the vectors βi in this section are therefore not the

same as those in section 5.2. Intrinsically, the models (5.2.7) and (5.3.1) are

the same, with ki = li+1. In order to avoid cumbersome notation, we define

the k× 1 vector β as

β =
(
β′1 . . . β′n

)′
and the T × k matrix Xi as

Xi =
(
0 . . . 0 Zi 0 . . . 0

)
, (5.3.3)

where k = ∑n
i=1 ki and the T × kj zero blocks correspond to the subvectors

βj with j �= i, so that (5.3.1) can be written as

yi = Xiβ+ui (i = 1, . . . , n).

Define u′ = (u′1, . . . , u′n), then we assume that u ∼N nT (0,Ω⊗ IT ), with

Ω = diag(d)− 1
ι′nd

dd′, (5.3.4)

where d ∈ Rn, also see the discussion in chapter 4.

First, we focus on identifiability of the vector of parameters β. We assume

that the restrictions (5.3.2) are accommodated by imposing the constraints

R1β = r1 on the vector of parameters β, where R1 denotes a p × k matrix

of full row rank and r1 represents a p-dimensional vector. Recall that the

dependent variables yi and the regressors Xi are also restricted in some

way, see section 5.2. Furthermore, additional restrictions may be available,
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which take the form R2β = r2, where we assume that R2 is a (q − p) × k
matrix. We only consider linear parameter restrictions. If we define

R =
(
R1
R2

)
and r =

(
r1
r2

)
, (5.3.5)

then we can combine all the parameter constraints in the equation Rβ = r .

We assume that the q×kmatrix R is of full row rank. Because we require log-

ical consistency of the model, we have to take the restrictions R1β = r1 into

account, and possibly these restrictions are extended by other restrictions

R2β = r2.

Theorem 5.3.1. The parameter vector β in the sum-constrained model de-

fined by (5.3.1) and (5.3.2) subject to Rβ = r is identified if and only if

rank


X1
...
Xn
R

 = k. (5.3.6)

Proof. Let y = (y ′1, . . . , y ′n)′ and X = (X′1, . . . , X′n)′, then y ∼ N nT (Xβ,Ω ⊗
IT ). Let β1, β2 ∈ Rk. Identifiability of β subject to Rβ1 = Rβ2 = r requires

that

µ = E


y1
...
yn

 =

X1
...
Xn

β1 =


X1
...
Xn

β2, (5.3.7)

implies β1 = β2. If we combine the parameter restrictions with (5.3.7) then

β is identified if and only if 
X1
...
Xn
R

β1 =


X1
...
Xn
R

β2 (5.3.8)

implies β1 = β2. Therefore, it follows that β is identified if and only if

rank(X′1, . . . , , X
′
n,R

′)′ = k.

It follows from theorem 5.3.1 that a necessary condition for identifiability

is that nT + q ≥ k. Recall that Xi = (0, . . . ,0, Zi,0, . . . ,0), so that if all Zi are

of full column rank (an assumption that is usually made), then (5.3.6) will be

satisfied, so that β is identified. However, this rank condition on Z1, . . . , Zn
is too strong. If one or more of the Zi are not of full-column rank, then the

additional restrictions Rβ = r may still identify β. Note the analogy with



168 Chapter 5. Sum-constrained Linear Models

the requirement of logical consistency of the sum-constrained linear model

which induces constraints on both parameters and regressors, as discussed

in section 5.2.

As far as the covariance matrix Ω is concerned, suppose that n > 2 and

that the (nonzero) diagonal elements of Ω are given. Then we know from

theorem 4.6.1 that if there exists a solution for d such that the parameteri-

zation (5.3.4) exists, then it is unique. Therefore, if n > 2 and

Ω = diag(d1)−
1
ι′nd1

d1d
′
1 = diag(d2)−

1
ι′nd2

d2d
′
2,

then d1 = d2, so that the vector of parameters d is identified. This proves

the following theorem.

Theorem 5.3.2. The parameter vector d parameterizing the covariance ma-

trix (5.3.4) corresponding to the sum-constrained model defined by (5.3.1)

and (5.3.2) is identified for n > 2.

If n = 2, theorem 4.6.1 shows that d is not identified. Fortunately, the

case n = 2 is not very interesting in practice. Moreover, the matrix Ω =
diag(d)−(d1+d2)

−1dd′ is identified, and this is what we are really interested

in.

5.4 Maximum likelihood estimation

As already noted in section 4.5, one of the major difficulties in estimating

sum-constrained linear models is caused by the fact that the method of max-

imum likelihood is very demanding with respect to the number of obser-

vations that is required (De Boer and Harkema, 1984). Maximum likelihood

procedures fail or produce unstable estimates if the number of observations

is too small, even when only a few categories are considered. This problem

is often solved by imposing constraints on the contemporaneous covariance

matrix of disturbances Ω. A well-known example is Ω = σ 2(In − n−1ιnι
′
n)

(e.g., McGuire et al., 1968). A disadvantage of this specification is that all the

variances in the different categories are assumed to be equal, which is not

very plausible in many situations. The more flexible specification

Ω = diag(d)− 1
ι′nd

dd′, d ∈ Rn, (5.4.1)

suggested by De Boer and Harkema allows for n parameters to be estimated

freely and has the pleasant property that it is not very demanding with re-

spect to the number of observations (De Boer and Harkema, 1997).
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In this section, we derive the maximum likelihood estimators for β and

d. It appears to be difficult to maximize the likelihood as a function of β
and d simultaneously, but relatively easy to maximize the likelihood as a

function of β given d (subsection 5.4.2) and as a function of d given β (sub-

section 5.4.3). In this case it is convenient to adopt a zig-zag iterative proce-

dure as suggested in subsection 5.4.4. We start, however, with some prelim-

inary analyses in the next subsection. In this section, we only consider log-

ically consistent sum-constrained linear models which are identified, since

we think that estimation only makes sense if the sum-constrained linear

model is both logically consistent and identified.

5.4.1 Some preliminary analyses

In this subsection, we use the same notation as in section 5.3. We emphasize

once more that this subsection uses standard notation which differs from

the notation used in section 5.2. To estimate the sum-constrained linear

model, De Boer and Harkema chose to delete one arbitrary category, and

without loss of generality, they chose to delete the last one. Let Ωn−1 denote

the reduced covariance matrix obtained by deleting the last row and column

of Ω. De Boer and Harkema showed that the likelihood function

L(β,Ωn−1) = (2π)−T(n−1)/2|Ωn−1|−T/2 ×
× exp

{
− 1

2
[(y1 −X1β)

′ · · · (yn−1 −Xn−1β)
′]×

×[Ω−1
n−1 ⊗ IT ][(y1 −X1β)

′ · · · (yn−1 −Xn−1β)
′]′

}
(5.4.2)

can also be written as

L(β,Ωn−1) = (2π)−T(n−1)/2

(ι′nd)−1
n∏
i=1

di

−T/2 ×
× exp

−1
2

n∑
i=1

[d−1
i (yi −Xiβ)′(yi −Xiβ)]

 , (5.4.3)

so that it is indeed invariant with respect to the category that is deleted,

a result which is due to Barten (1969). Recall from theorem 3.9.1 that Ω
as defined in (5.4.1) is positive semi-definite if and only if all di’s are pos-

itive or at most one di is negative with
∑n
i=1 di being negative as well. The

vector of dependent variables yi satisfies (5.3.2), and we know from sec-

tion 5.2 that this implies that the Xi are also restricted. Together with the
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parameter constraints Rβ = r , we can then ensure logical consistency and

identifiability of the parameter β. Note that the constraints Rβ = r may

also include other prior knowledge about the parameters. According to De

Boer and Harkema (1997), given d1, . . . , dn, we can apply standard restricted

maximum likelihood theory to maximize (5.4.3) subject to Rβ = r , leading

to their expression (16) on page 77 for β̂. Note, however, that the quadratic

form in (5.4.3) can be negative because one of the di is allowed to be nega-

tive. The argument for finding β̂ in De Boer and Harkema is therefore more

subtle. Because Ωn−1 > 0, the quadratic form in (5.4.2) is strictly convex in

β, and we can find a unique vector β̂ so that (5.4.2) is maximized. This im-

plies that this is also true for (5.4.3), disregarding the fact that the matrix

D = diag(d) can be indefinite.

It is not necessary to remove one category, though. By taking the ob-

servations for all categories together, that is by considering the model for

each time-point separately, we stay closer to the original problem. Instead

of deleting one category and continuing with the usual analysis, as De Boer

and Harkema did, we analyze all categories together. By arranging the data

this way, we are able to use the theory on normal densities restricted to

affine subspaces developed in chapter 2. Except for the theoretical appeal

of analyzing the full problem, another advantage is that distributions differ-

ent from the normal distribution are more easily incorporated. If normality

of the disturbance terms is not a realistic assumption, for example because

the tails of the distribution are heavier, our generic approach is also effec-

tive as long as we know the probability density function of this distribution

restricted on the suitable affine subspace. Finally, if there are missing obser-

vations among the categories for some of the regressors, then imputation

methods are often used to estimate the model. Imputation is much easier

in the full system than in the system where one of the categories is deleted.

In the former, we only have constraints on the parameters when imputing

the missing data, while in the latter, additional constraints on the data must

be taken into account. Therefore, we adopt similar notation as in subsec-

tion 5.2.2:

yt = Xtβ+ut (5.4.4)

where

Xt =


z′t1 0 · · · 0
0 z′t2 · · · 0
...

. . .
...

0 0 · · · z′tn

 (5.4.5)
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so that Xt is n × k with ι′nXtβ = mt , where k = ∑n
i=1 ki. The only differ-

ence with the notation of subsection 5.2.2 is that the constant term is now

included in the matrix of regressors. Observe the slight abuse of notation.

We use Xi for the matrix defined by (5.3.3) and Xt for the matrix defined

by (5.4.5). We assume that the subscript of X (category versus time) indicates

to which definition we refer. Now we assume that the ut are i.i.d. N n(0,Ω)
with Ωιn = 0 and Ω = diag(d)− 1

ι′nd
dd′.

Define

L = {λιn|λ ∈ R},
so that L⊥ has dimension n−1. Furthermore, yt has outcomes in the hyper-

plane

At = {yt ∈ Rn|ι′nyt =mt}.
Because mt

1
nιn ∈ At , we see that

At =mt
1
n
ιn + L⊥.

As a matter of fact, instead of mt
1
nιn, we can choose every arbitrary vector

at ∈ At as the support vector of At . The nice thing about the vector mt
1
nιn

is that it is orthogonal to L⊥, because this vector lies in L.

We know from chapter 2 that the probability density function of yt with

respect to the Lebesgue measure on At is

ft(yt) = (2π)−
1
2 (n−1)[detn−1 Ω]− 1

2 × exp
(
−1

2
(yt −Xtβ)′Ω+(yt −Xtβ)

)
,

so that the likelihood function equals

L(β,Ω) = (2π)−
1
2T(n−1)

[
detn−1 Ω]− 1

2T ×

× exp

−1
2

T∑
t=1

(yt −Xtβ)′Ω+(yt −Xtβ)
 . (5.4.6)

Note that Xtβ ∈ At because ι′nXtβ =mt , so that yt −Xtβ ∈ L⊥.

If we want to maximize (5.4.6) as a function of β and d, we can first max-

imize this likelihood with respect to d considering β as given. This way, we

obtain d(β), assuming that this function exists. The next step is to maxi-

mize the ‘concentrated likelihood function’ L(β,d(β)) as a function of β.

In general, this solution is difficult to obtain analytically. By examining the

expression (5.4.6) it is clear that L(β,d(β)) is quite complicated, especially
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since the parameterspace of d is disconnected. Moreover, we also have to

take the a priori restrictions Rβ = r into account. Therefore, we will pro-

ceed with an iterative estimation procedure which will be described below.

5.4.2 Estimating β for known d1, . . . , dn

We first concentrate on finding the maximum likelihood estimator for β for

known d1, . . . , dn. We know from subsection 3.9.1 that

detn−1Ω = n
n∏
i=1

di
/ n∑
i=1

di,

so that according to (5.4.6), given d1, . . . , dn, we have to maximize

L(β;d) = (2π)−
1
2T(n−1)

(
n

∏n
i=1 di
ι′nd

)− 1
2T

×

× exp

−1
2

T∑
t=1

(yt −Xtβ)′Ω+(yt −Xtβ)
 ,

which comes down to minimizing

T∑
t=1

(yt −Xtβ)′Ω+(yt −Xtβ) (5.4.7)

subject to Rβ = r . Standard GLS theory suggests to premultiply the model

defined by (5.4.4) with Ω− 1
2 and then to apply OLS, while taking the param-

eter restrictions into account. However, because Ω is singular, this strategy

is not possible so we have to adopt a different approach.

The quadratic form in (5.4.7) is convex, but not strictly convex. To see

this, consider the Hessian matrix
∑T
t=1X

′
tΩ+Xt , and suppose that

T∑
t=1

α′X′tΩ+Xtα = 0

⇒ Xtα ∈K(Ω) for all t

⇒ Xtα = ctιn for all t

⇒ z′tiα = ct for all t, i. (5.4.8)

If there is a constant term in every category, that is z′ti = (1, zti1, . . . , ztiki)′,
then we can take α′i = (1,0, . . . ,0) and ct = 1 for all t, so that equation (5.4.8)
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is satisfied. This implies that in general, (5.4.7) is not strictly convex in-

deed. If we take the restrictions Rβ = r into account, however, we will now

show that (5.4.7) has a unique maximum given the matrix Ω (that is, given

d1, . . . , dn).

Theorem 5.4.1. The quadratic form

Q(β) =
T∑
t=1

(yt −Xtβ)′Ω+(yt −Xtβ) (5.4.9)

is strictly convex in β, where β satisfies the constraint Rβ = r .

Proof. Let Rβ1 = r and Rβ2 = r , with β1 �= β2. Consider λ ∈ (0,1) and

define βλ = λβ1 + (1 − λ)β2. Now Q(β) is strictly convex on Rβ = r if and

only if

λQ(β1)+ (1− λ)Q(β2) > Q(βλ)

� λ(1− λ)(β1 − β2)
′
 T∑
t=1

X′tΩ+Xt

 (β1 − β2) > 0

� β1 − β2 ∉K
 T∑
t=1

X′tΩ+Xt

 .
If β1 − β2 ∈ K

(∑T
t=1X

′
tΩ+Xt

)
, then we would have Xt(β1 − β2) ∈K(Ω) for

all t, and hence Xt(β1−β2) = ctιn for certain constants ct, t = 1, . . . , T . From

the identification of β we know that Rβ1 = Rβ2 = r implies that Xβ1 �= Xβ2.

Hence, for some t, Xtβ1 �= Xtβ2. Thus, we also have ct �= 0 for some t. In

that case, we observe that ι′nXt(β1 − β2) = nct �= 0, but this is impossible

because of logical consistency: ι′nXtβ1 = ι′nXtβ2 = mt for all t. From this

contradiction, it follows that β1 − β2 ∉K
(∑T

t=1X
′
tΩ+Xt

)
.

Theorem 5.4.1 implies that there is a unique minimum of the quadratic

form in (5.4.7) subject to Rβ = r . We can find this minimum using the

Lagrange multipliers technique. With Ω as defined in (5.4.1), the quadratic

form (5.4.7) can also be written as

T∑
t=1

(yt −Xtβ)′D−1(yt −Xtβ). (5.4.10)

By using the same argument as De Boer and Harkema did implicitly, we can

easily find the restricted maximum likelihood estimator of β. That is, be-

cause the quadratic form in (5.4.7) subject to Rβ = r is strictly convex in



174 Chapter 5. Sum-constrained Linear Models

β, so is the quadratic form in (5.4.10), and we can find a unique vector β̂
such that the likelihood function is maximized. To find the maximum likeli-

hood estimator of β for known d1, . . . , dn, we thus have to minimize (5.4.10)

subject to Rβ = r . A Lagrangian for this problem is

L = 1
2

T∑
t=1

(yt −Xtβ)′D−1(yt −Xtβ)+ λ′(Rβ− r),

where λ is a T × 1 vector of Langrange multipliers. Applying the rules of

matrix differentials, we obtain

dL =
 T∑
t=1

β′X′tD
−1Xt −y ′tD−1Xt + λ′R

 (dβ)+ (Rβ− r)′(dλ).
From dL = 0 we derive the first order conditions

T∑
t=1

X′tD
−1Xtβ−

T∑
t=1

X′tD
−1yt + R′λ = 0

Rβ− r = 0.

Writing the system in matrix notation yields
T∑
t=1

X′tD
−1Xt R′

R 0


(
β
λ

)
=


T∑
t=1

X′tD
−1yt

r

 , (5.4.11)

or

Wγ = v, (5.4.12)

which is a system of k+q linear equations in k+q unknowns β and λ. It has

a unique solution if rank(W) = k+q. We emphasize that the solution of this

system of equations defines the restricted least squares estimator, which is

also equal to the restricted maximum likelihood estimator in this case. Note

that

T∑
t=1

X′tD
−1Xt =


d−1

1 Z
′
1Z1 0

. . .

0 d−1
n Z

′
nZn


and

T∑
t=1

X′tD
−1yt =


d−1

1 Z
′
1y1

...
d−1
n Z

′
nyn

 .



5.4. Maximum likelihood estimation 175

If the matrixM =∑T
t=1X

′
tD

−1Xt is nonsingular, or equivalently, if
∑T
t=1X

′
tXt

is nonsingular, then we can solve (5.4.11) for β using the well-known formula

for the inverse of a partitioned matrix, leading to the familiar expression

β̂ = β̃−M−1R′(RM−1R′)−1(Rβ̃− r), (5.4.13)

where

β̃ = M−1
T∑
t=1

X′tD
−1yt =

 T∑
t=1

X′tXt

−1  T∑
t=1

X′tyt

 . (5.4.14)

Equation (5.4.13) is exactly the expression found by De Boer and Harkema.

Note that β̃ as in (5.4.14) is the unrestricted ordinary least squares, indepen-

dent of d. Obviously, M is nonsingular if and only if the T × ki matrices Zi
are of full column rank, that is, if and only if the ki regressors in category

i are linearly independent. While this full rank assumption is often made,

it is not necessary for the existence of the restricted least estimator. It is

possible that the matrix W in (5.4.12) is nonsingular even though
∑T
t=1X

′
tXt

is singular. In this case, β̂ follows from the direct solution of the first order

conditions

(
β̂
λ̂

)
=


T∑
t=1

X′tD
−1Xt R′

R 0


−1 

T∑
t=1

X′tD
−1yt

r


= W−1v. (5.4.15)

The next theorem shows that the matrix W is nonsingular if and only if β is

identified.

Theorem 5.4.2. The restricted maximum likelihood estimator β̂ which follows

from the first order conditions (5.4.15) exists if and only if β is identified.

Proof. We first observe that

T∑
t=1

X′tD
−1Xt + R′R =

(
X′1 · · · X′T R′

)(
D−1 ⊗ IT 0

0 Iq

)
X1
...
XT
R

 .
Therefore,

rank

 T∑
t=1

X′tD
−1Xt + R′R

 = rank(X′1, · · · , X′T , R′)

= rank(X′1, · · · , X′n,R′), (5.4.16)
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which, according to theorem 5.3.1, is of rank k if and only if β is identified.

It follows from (5.4.11) that (5.4.15) is equivalent with the existence of a

unique solution of

(
Ik R′

0 Iq

)
T∑
t=1

X′tD
−1Xt R′

R 0


(
β
λ

)
=

(
Ik R′

0 Iq

)
T∑
t=1

X′tD
−1yt

r

 ,
or 

T∑
t=1

X′tD
−1Xt + R′R R′

R 0


(
β
λ

)
=


T∑
t=1

X′tD
−1yt + R′r
r

 . (5.4.17)

If β is identified, then it follows from (5.4.16) that the matrix on the left-hand

side of equation (5.4.17) is nonsingular and β is well-defined. On the other

hand, if the matrix on the left-hand side of (5.4.17) is nonsingular, then
T∑
t=1

X′tD
−1Xt + R′R R′

R 0


(
β
λ

)
= 0

implies β = 0 and λ = 0. For β to be identified, we have to prove that

rank

 T∑
t=1

X′tD
−1Xt + R′R

 = k,
according to (5.4.16). Therefore, we must show that T∑

t=1

X′tD
−1Xt + R′R

β = 0 (5.4.18)

implies β = 0. Equation (5.4.18) is equivalent with

(
β′X′1 · · · β′X′T β′R′

)(
D−1 ⊗ IT 0

0 Iq

)
X1β

...
XTβ
Rβ

 = 0,

which means that Xtβ = 0 for t = 1, . . . , T , and Rβ = 0. Therefore, if we

choose λ such that R′λ = 0, then (5.4.18) can also be written as
T∑
t=1

X′tD
−1Xt + R′R R′

R 0


(
β
λ

)
= 0.

Since the matrix on the left-hand side of this equality is nonsingular, it fol-

lows that β = 0 and λ = 0.
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According to theorem 5.4.2, in case
∑T
t=1X

′
tXt is singular but β is iden-

tified, we can derive β̂ from (5.4.17) using the well-known formula for the

inverse of a partitioned matrix. If we define

C =
T∑
t=1

X′tD
−1Xt + R′R,

this leads to the following expression

β̂ = C−1

 T∑
t=1

X′tD
−1yt + R′r

+
−C−1R′

[
RC−1R′

]−1

RC−1

 T∑
t=1

X′tD
−1yt + R′r

− r
 .

We see that it is the combination of the restrictions and the regressors that

is relevant for the estimator to exist (Greene and Seaks, 1991). As for logi-

cal consistency (section 5.2) and for identifiability (section 5.3) of the sum-

constrained linear model, it is the combination of (restrictions on) regressors

and parameters that is of interest.

In practice, the more general approach for finding the restricted least

squares estimator can be very convenient. The simple linear regression model

with dummy variables, for example, can only be estimated if a restriction is

imposed. Usually one dummy variable is omitted, leading to a restriction on

the corresponding parameter αi (i.e. αi = 0). A restriction such as
∑
i αi = 0

is often more easy to interpret. When explicitly taking this restriction into

account in the estimation process, the restricted least squares estimator can

be easily obtained.

5.4.3 Estimating d1, . . . , dn for known β

We will now concentrate on estimating Ω for known β. With ut = yt −
Xtβ, t = 1, . . . , T , the likelihood function (5.4.6) can also be written as

L(d;β) = (2π)−
1
2T(n−1)

[
detn−1 Ω]− 1

2T ×

× exp

−1
2

T∑
t=1

(yt −Xtβ)′Ω+(yt −Xtβ)
 .
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= (2π)−
1
2T(n−1)

[
n

∏n
i=1 di∑n
i=1 di

]− 1
2T

etr

−1
2
D−1

T∑
t=1

utu
′
t


= (2π)−

1
2T(n−1)

[
ndetD

trD

]− 1
2T

etr
(
−1

2
TD−1dg(S)

)
,

(5.4.19)

where

S = 1
T

T∑
t=1

utu
′
t,

so that Sιn = 0, and dg(S) denotes the diagonal matrix containing the diag-

onal elements of S. Note that the last step in (5.4.19) follows from the fact

that tr(D−1 ∑T
t=1utu

′
t) only depends upon the diagonal elements of D and

S. Let (
1
T

∑T
t=1u

2
t1 . . . 1

T
∑T
t=1u

2
tn

)′ ≡ (
s11 . . . snn

)′
.

Assume without loss of generality that s11 ≥ . . . ≥ snn. It follows from (5.4.19)

that the first order conditions with respect to the parameters di can be writ-

ten as

sii = di −
d2
i∑n

i=1 di
,

which leads us to the idea that Ω̂ must satisfy

diag(Ω̂) = diag(S) (5.4.20)

with Ω̂ = D̂ − 1

ι′nd̂
d̂d̂′

and D̂ = diag(d̂). According to theorem 4.6.1, the system of equations (5.4.20)

can be solved for n > 2 if

sii > 0 for all i, (5.4.21)

and

s11 �=
n∑
i=2

sii, (5.4.22)

and √
s11 <

n∑
i=2

√
sii. (5.4.23)

We first focus on (5.4.21). To prevent that

sii =
1
T

T∑
t=1

u2
ti = u′iui = 0,

we must have that ui �= 0 for i = 1, . . . , n.
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Proposition 5.4.1. Let ui = yi − Xiβ denote the residuals corresponding to

the sum-constrained linear model defined by (5.3.1) and (5.3.2). Then ui �= 0

with probability one for i = 1, . . . , n if and only if

rank

(
Xi
R

)
< T + q (5.4.24)

for all i.

Proof. Let i = 1, . . . , n. It is easily seen that ui �= 0 with probability one if

and only if

{Xiβ|Rβ = r} �= RT . (5.4.25)

We can write

β = R+r + (Ik − R+R)γ
for some γ ∈ Rk if Rβ = r . In this situation

Xiβ = XiR+r +Xi(Ik − R+R)γ.

Since

Xi(Ik − R+R) : Rk → RT

we must have

rank[Xi(Ik − R+R)] < T , (5.4.26)

which is equivalent to (5.4.25). Suppose that (5.4.24) holds. The dimension

of the rowspace of (X′i , R
′)′ is smaller than T + q. Hence there exist vectors

ξ ∈ RT , η ∈ Rq such that

ξ′Xi + η′R = 0 (5.4.27)

with ξ �= 0. Note that ξ = 0 implies η = 0, because rank(R) = q. If we

postmultiply (5.4.27) with Ik − R+R, we obtain

ξ′Xi(Ik − R+R) = 0

for some 0 �= ξ ∈ RT . Therefore, equation (5.4.26) follows. Suppose, con-

versely, that (5.4.26) holds. Then there exists a vector ξ ∈ RT with ξ �= 0

such that ξ′Xi(Ik − R+R) = 0. Let η′ = −ξ′XiR+, then ξ′Xi + η′R = 0. Hence

rank(X′i , R
′)′ < T + q .

De Boer and Harkema (1997) stated that T >maxi{ki} is needed in order

to estimate the parameters d. If T > ki for all i, then (5.4.24) is satisfied, yet

this is not necessary according to proposition 5.4.1. Even if T < ki for an i,
the restrictions in the matrix R can assure that the rank condition (5.4.24) is
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satisfied. Once more, it is the combination of the regressors and the param-

eter restrictions that is of importance.

As far as (5.4.23) is concerned, we will now derive an upper bound for s11

by using a similar approach as De Boer and Harkema (1997). It follows from

the inequality of Cauchy-Schwarz that

1
T

T∑
t=1

ut1uti ≥ −s1/2
11 s

1/2
ii , i = 2, . . . , n. (5.4.28)

If we sum (5.4.28) over i = 2, . . . , n and substitute
∑n
i=2uti = −ut1, we obtain

n∑
i=2

√
sii
s11

≥ 1, (5.4.29)

which shows that, except for the equality sign, condition (5.4.23) is satisfied.

Because the cases s11 =
∑n
i=2 sii and

√s11 =
∑n
i=2

√sii occur with probabil-

ity zero, we see that the conditions (5.4.22) and (5.4.23) are satisfied with

probability one. Therefore, the conditions of proposition 5.4.1 are satisfied

with probability one, and theorem 4.6.1 shows that, for n > 2, there exists a

unique vector d̂ such that (5.4.20) is satisfied, which means we can replace

S by Ω̂ in (5.4.19).

For n = 2, we know from theorem 4.6.1 that d̂1 and d̂2 exist if and only

if s11 = s22. Because u1 +u2 = 0,

s11 =
1
T

T∑
t=1

u2
t1 =

1
T

T∑
t=1

(−ut2)2 = s22 ≡ h,

so that we can always find d̂1 and d̂2 such that (5.4.20) is satisfied. However,

theorem 4.6.1 also tells us that d̂ is not unique, that is, all d̂1 and d̂2 such

that
d̂1d̂2

d̂1 + d̂2

= h

satisfy (5.4.20). This non-uniqueness does not alter the following derivations

yet should be kept in mind.

The above shows that we ‘see’ the solution, that is, Ω̂ must satisfy (5.4.20).

We also know that this estimator for Ω exists if the conditions (5.4.21)-

(5.4.23) are satisfied. We still have to show, however, that Ω̂ is also the

maximum likelihood estimator. To show that Ω̂ is the maximum likelihood

estimator, we proceed as follows. It follows from theorem 3.5.2 that

Ω+ =
(
In −

1
n
ιnι

′
n

)
D−1

(
In −

1
n
ιnι

′
n

)
.
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Because λi(Ω+) = 1/λi(Ω) for i = 1, . . . , n− 1, and

tr(D−1Ω̂) = tr
[
D−1Ω̂ (

In −
1
n
ιnι

′
n

)]
= tr

[(
In −

1
n
ιnι

′
n

)
D−1Ω̂]

= tr
[(
In −

1
n
ιnι

′
n

)
D−1

(
In −

1
n
ιnι

′
n

) Ω̂]
= tr(Ω+Ω̂),

maximizing (5.4.19) comes down to maximizing

F(Ω) = log[detn−1 Ω+]− tr(Ω+Ω̂)
on

D =
{Ω|Ω = D − 1

ι′nd
dd′,Ω ≥ 0

}
.

Let

λ1 ≥ λ2 ≥ · · · ≥ λn−1 > λn = 0

denote the eigenvalues of Ω. Note that Ω̂ ∈ D and

F(Ω̂) = − log[detn−1 Ω̂]− (n− 1),

because λi(Ω̂+) = 1/λi(Ω̂) and Ω̂+Ω̂ = In − 1
nιnι

′
n. Furthermore, becauseΩ̂ ≥ 0,

F(Ω) = log

n−1∏
i=1

λi(Ω+)

− tr(Ω̂ 1
2 Ω+Ω̂ 1

2 )

= log

n−1∏
i=1

λi(Ω̂+Ω̂ 1
2 Ω̂ 1

2 Ω+Ω̂ 1
2 Ω̂ 1

2 Ω̂+)

− tr(Ω̂ 1
2 Ω+Ω̂ 1

2 ).

It now follows from theorem H.1.a (p. 247) of Marshall and Olkin (1979) that

F(Ω) ≤ log

n−1∏
i=1

λi(Ω̂+Ω̂ 1
2 )λi(Ω̂ 1

2 Ω+Ω̂ 1
2 )λi(Ω̂ 1

2 Ω̂+)

− tr(Ω̂ 1
2 Ω+Ω̂ 1

2 ). (5.4.30)

Let Ω̂ = U∆U ′ be an eigenvalue decomposition of Ω̂, where the matrix ∆ =
diag(δ1, . . . , δn) is diagonal with the eigenvalues of Ω̂ along its diagonal, and

U = (u1, . . . , un−1,
1√
n
ιn),



182 Chapter 5. Sum-constrained Linear Models

with u′iιn = 0, i = 1, . . . , n − 1, such that U ′U = In . Because Ω̂ιn = 0, we

know that one eigenvalue of Ω̂ equals zero: δn = 0. It is easy to derive that

n−1∏
i=1

λi(Ω̂+Ω̂ 1
2 ) =

n−1∏
i=1

λi(Ω̂ 1
2 Ω̂+) =

n−1∏
i=1

λi(∆+∆ 1
2 ) =

n−1∏
i=1

1√
δi
. (5.4.31)

By substituting (5.4.31) into (5.4.30), we obtain

F(Ω) ≤ log

n−1∏
i=1

λi(Ω̂ 1
2 Ω+Ω̂ 1

2 )

+ log

n−1∏
i=1

1
δi

− tr(Ω̂ 1
2 Ω+Ω̂ 1

2 )

=
n−1∑
i=1

{
log

[
λi(Ω̂ 1

2 Ω+Ω̂ 1
2 )

]
− λi(Ω̂ 1

2 Ω+Ω̂ 1
2 )

}
+

− log

n−1∏
i=1

λi(Ω̂)
 . (5.4.32)

Because

logx − x ≤ −1 for all x > 0,

where equality holds if and only if x = 1, it follows that

F(Ω) ≤ −(n− 1)− log[detn−1 Ω̂] = F(Ω̂).
Thus, equality holds in (5.4.32) if and only if λi(Ω̂ 1

2 Ω+Ω̂ 1
2 ) = 1 for i =

1, . . . , n − 1. Because Ω̂ 1
2 Ω+Ω̂ 1

2 is also symmetric, we know that it is idem-

potent, that is Ω̂ 1
2 Ω+Ω̂Ω+Ω̂ 1

2 = Ω̂ 1
2 Ω+Ω̂ 1

2 . (5.4.33)

Moreover, because Ω̂ 1
2 ιn = U∆ 1

2U ′ιn = 0, the matrix Ω̂ 1
2 Ω+Ω̂ 1

2 is a projection

matrix of rank n− 1 that projects on the space orthogonal to ιn, hence

Ω̂ 1
2 Ω+Ω̂ 1

2 = In −
1
n
ιnι

′
n. (5.4.34)

It now follows from (5.4.34) that

Ω̂Ω+Ω̂ = Ω̂ 1
2

(
In −

1
n
ιnι

′
n

) Ω̂ 1
2 = Ω̂, (5.4.35)

so that Ω̂+Ω̂Ω+Ω̂Ω̂+ = Ω̂+Ω̂Ω̂+ = Ω̂+. (5.4.36)

Because Ω̂+Ω̂ = Ω̂Ω̂+ = In −n−1ιnι
′
n, equation (5.4.36) is equivalent with(

In −
1
n
ιnι

′
n

)Ω+
(
In −

1
n
ιnι

′
n

)
= Ω̂+,
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which implies that Ω+ = Ω̂+. Therefore, it now follows that (5.4.19) is maxi-

mized for Ω = Ω̂.

The above proof is based upon the derivation of the maximum likeli-

hood estimator of the covariance matrix of a normal distribution by Muir-

head (1982). The nice thing about the proof is that it is elementary and

avoids differentiation of the likelihood.

5.4.4 An iterative procedure

We have seen that estimation of β for known d and vice versa is relatively

easy, and that direct maximization with respect to both parameters is diffi-

cult. In this situation, it is common to exploit a zig-zag iterative procedure

suggested by Oberhofer and Kmenta (1974). However, in order to apply this

iterative procedure, some conditions must be satisfied. Although De Boer

and Harkema stated that the procedure of Oberhofer an Kmenta converges

under some ‘very mild conditions’, we have not been able (yet) to show that

all the conditions are met. It is not too difficult to show that the likelihood

function increases at each step. One of the problems, however, is to show

that the likelihood function is bounded. This problem is mainly caused by

the fact that the parameter space of d is disconnected. Whereas Oberhofer

and Kmenta proved that, under certain conditions, their algorithm converges

to a solution of the first-order maximizing conditions, this solution may or

may not correspond to the absolute maximum of the likelihood function.

Therefore, even if the conditions to assure convergence of the algorithm

of Oberhofer and Kmenta are satisfied, we still have to find out whether

we found the maximum of the likelihood function. This last problem is ad-

dressed by Magnus (1978). Based on results by Dhrymes (1970), Magnus

showed that if the estimators for β and Ω are consistent at each step of

the iterative procedure, then the root of the maximum likelihood equations

is consistent and it is the unique maximum likelihood estimator. Magnus

also derived conditions under which the maximum likelihood estimates are

consistent, asymptotically normal, and asymptotically efficient. We do not

further elaborate on these topics.

5.5 Related models

The sum-constrained linear model discussed in this chapter is related to

several other fields of research. In psychometrics, for example, the analysis
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of ipsative data has received ample attention. A set of variables is called ip-

sative when the summed scores for each individual are the same. Ipsative

data may result from forced choice item formats, or they may be obtained

from non-ipsative data by subtracting the individual mean score from all

scores per individual (Ten Berge, 1999). Ten Berge (1999) examined the im-

plications of the use of component analysis of ipsatized variables. Chan and

Bentler (1996) noted a degeneracy problem in maximum likelihood factor

analysis of ipsatized variables, and offered a restricted maximum likelihood

solution to deal with it.

The class of sum-constrained linear models is also linked to so-called

time budget models. Time budgets summarize how the time of objects is

distributed over a number of categories and are usually collected in object

by category matrices with the property that rows of this data matrix add

up to one. Several methods for the analysis of this type of data have been

introduced, for example, correspondence analysis (see, e.g., De Leeuw et al.,

1985) and a latent time-budget model (De Leeuw et al., 1990).

An important step forward in the analysis of time budget data was made

by Aitchison (1986). He studied the analysis of a broader class of data,

namely compositional data, of which time-budget data are a special case (De

Leeuw et al., 1990). Compositions are vectors whose components are the pro-

portions of some whole and therefore subject to a sum constraint. Aitchison

recognized the importance of compositional data and discussed several sta-

tistical methods using examples from, for instance, geology, economics and

industry.

5.6 Conclusions

In the previous sections, we discussed several aspects of sum-constrained

linear models. First of all, we gave two (related) definitions of logical consis-

tency of such a model, which showed that caution is needed when using the

term logical consistency. These definitions also clarified some differences

and obscurities that have been present in the literature on this topic. We de-

rived necessary and sufficient conditions for a sum-constrained linear model

to be logically consistent. Our results showed that some generally accepted

results are not correct. Subsequently, we derived necessary and sufficient

conditions for identifiability of the sum-constrained linear model. Finally,

we paid attention to maximum likelihood estimation of the sum-constrained

linear model. We showed that simultaneous estimation of the response pa-
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rameters β and the covariance matrix Ω is difficult. Estimation of β given Ω
and vice verse, however, is relatively easy. One of the main conclusions of

this chapter is that the interaction between (constraints on) regressors and

parameters is important for logical consistency, for identifiability, and for

estimation of the linear sum-constrained model.




