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Chapter 3

Inferring a stochastic
finite-state model

In chapter 2 an overview was given regarding methods of finite-state approx-
imation of context-free grammars. Considering that in the current research
the intended source grammar is part of a wide-coverage parsing system for
Dutch, several reasons were presented in favor of an alternative approach,
the alternative method being that of grammatical inference, or learning a
model from linguistic data instead of constructing it directly from the rules
of a grammar. This method will be described in detail in this chapter. The
basic idea of grammatical inference will be presented, followed by the case of
inference leading to n-gram models, which are a type of finite-state model.
Several other methods also leading to finite-state models will be briefly dis-
cussed. The n-gram method will be used in this research in the form of the
hidden Markov model, which is described in detail.

3.1 Grammatical inference

Grammatical inference consists of deducing a grammar from a sample of
language. Thus, given a set of sentences, the goal of grammatical inference is
to find a set of grammatical rules, or equivalently an automaton, that models
the patterns present in the example sentences.

On the topic of learning a language from a sample of that language, many
researchers note the work by Gold [42]. Gold investigated the learnability of
different classes of language. A distinction is made between two methods of
presenting information to the learner. One possibility is to present the learner
with a text. The text contains only sentences that are part of the language
to be learned. This is also called a positive sample. The other method is to

33



34 Chapter 3. Inferring a stochastic FSM

provide an informant. The informant can tell the learner whether a given
sentence is part of the target language, and as such provides the learner with
a complete sample containing positive as well as negative examples. Gold con-
cluded that regular languages, as well as context-free and context-sensitive
languages, are impossible to learn from a sample containing only positive ex-
amples. Instead, a complete sample is needed. If such a sample is provided
the language can be identified in the limit: after a finite number of changes
in the hypothesis regarding the language, the target language will have been
identified. However, although children have little or no access to negative
examples of the language they are acquiring [39, 60], they are successful in
this task. Chomsky [30] suggested an explanation for this observation in
which essential aspects of language are innate, as opposed to something that
has to be learned. This explanation is not investigated further in this work;
instead, another explanation is considered that concerns the possibility to
learn a language from a positive sample if this sample is based on a prob-
ability distribution. It was shown in [7], as cited for instance in [21], that
the stochastic information enclosed in such a sample makes up for the lack
of explicit negative data.

3.2 Inferring n-gram models

Based on the idea that a language can be learned from a stochastic sample,
the n-gram model is now introduced for this task. The n-gram model was
already briefly discussed in chapter 2 in the context of approximating a
stochastic context-free grammar. Now it will be discussed in relation to
inference.

3.2.1 Estimating probabilities through counting

N-gram models are probabilistic finite-state models. A probabilistic model
of a language on the level of its words can be constructed by counting the
occurrences of words in a corpus. If |K| is the size of a corpus K in words,
and C(w) denotes the count of occurrences of word w in corpus K, the prob-
ability of a word at a random position in K being w can be computed as
P (w) = C(w)

|K|
. Although using this equation the exact probability for see-

ing word w in corpus C can be computed, it provides only an estimate of
the probability of seeing this word in a new sample of the language used in
corpus K. A collection of probabilities for words can be seen as a language
model for the language used in the corpus. The model would be a crude
approximation since the occurrences of words are modeled without consider-
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ing their surroundings. This can be improved upon by considering not just
occurrences of single words, but sequences of words. Sequences of words of
length n are called word n-grams. In this terminology the model described
thus far is a unigram model since n = 1. In a bigram model, n = 2, the
probability of a word is based on the previous word, and in a trigram model,
n = 3, the previous two words are taken into account. In general, using an
n-gram model the probability of a word wn based on its preceding context
w1,n−1 can be estimated from corpus n-gram counts as follows:

P (wn|w1,n−1) ≈
C(w1,n)

C(w1,n−1)
(3.1)

This estimates the probability of wn based on its context by considering how
often the prefix w1,n−1 occurred and how many times out of these the prefix
was extended into the n-gram w1,n.

3.2.2 Markov assumptions

The resulting n-gram model is also called a Markov model (introduced in 1913
by mathematician A. A. Markov in work on stochastic analysis of literary
texts [62]). The Markov model is a stochastic finite-state automaton in which
the states directly represent the observations. In the case of the language
model this means that the states correspond to words. A Markov model
complies with the two Markov assumptions:

1. The history of the current state is fully represented by the single pre-
vious state.

2. The state transition probabilities are invariant over time.

In providing more formal descriptions of the assumptions, the random
variable Xt represents the state of the model at time t. The first assumption,
as formalized in equation 3.2, states that the probability of visiting state qi

at time t given all states visited until time t−1, is equal to the probability of
visiting state qi at time t given only the state that was visited at time t− 1.

P (Xt = qi|X1,t−1) = P (Xt = qi|Xt−1) (3.2)

Computing the probability of a sentence w1,n using a model to which this
assumption is not applied would involve combining the probabilities for the
separate words and their respective histories, as follows:
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P (w1,n) = P (w1)P (w2|w1)P (w3|w1,2) . . . P (wn|w1,n−1) (3.3)

=
n
∏

i=1

P (wi|w1,i−1) (3.4)

It would be problematic to estimate the necessary probabilities from a corpus,
since they concern long sequences that might not occur in the corpus even
once. However, according to the first Markov assumption, which is also
called the limited horizon assumption, the immediate history of a word is
representative for the whole of the word’s history, leading to the following
computation in case of a bigram model:

P (w1,n) = P (w1)P (w2|w1)P (w3|w2) . . . P (wn|wn−1) (3.5)

=
n
∏

i=1

P (wi|wi−1) (3.6)

The second Markov assumption states that the probability of a transition
from one state to another state will be the same irrespective of time. Thus
for all times t, a transition from state qi to qj will have the same probability,
as expressed in equation 3.7.

P (Xt = qj|Xt−1 = qi) = P (Xt+1 = qj|Xt = qi) (3.7)

Natural language does not adhere to the two Markov assumptions. In cre-
ating the n-gram model it is assumed the target language can be described
by a Markov model, resulting in an finite-state model of the language. For
larger values of n, larger amounts of history are incorporated into the in-
dividual states and the model becomes more accurate with respect to the
corpus the n-gram model was based on.

Markov models are called first-order models when the single previous state
is used to represent the total history, second-order when the two previous
state are used, and so on. The same terminology can be adopted to an
approach where the relevant parts of history are combined into one state, as
was assumed above. For instance, a second order model is then a model in
which the history of a given state is fully represented by the single previous
state, which contains information on the previous two words. The n-gram
language models described here will be constructed in this manner.
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3.2.3 Examples

To illustrate the construction of a Markov model of language, two models of
different orders are constructed based on a small set of utterances. Figure 3.2
and figure 3.3 show bigram and trigram Markov models respectively, with
transition probabilities estimated according to equation 3.1 from the four
utterances that make up the sample in figure 3.1.

this is a car
this was a car
this was a bike
this car is black

Figure 3.1: Sample text.

this car

is black

was

a bike
1

1
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1
4

1
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2

1
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3

1
3

Figure 3.2: Bigram Markov model based on sample in figure 3.1.

(In these models, as well as in the hidden Markov model to be defined in
section 3.3, all states are final states.) By comparing the models in figures 3.2
and 3.3 in relation to the text that was used to construct them, the effect
of using higher-order models can be observed. The unigram model (which is
not shown) would assign a probability of 3/16 to an occurrence of the word
car. The bigram model will assign a probability of 2/3 to the bigram a car.
It uses information about the previous word to decide the likeliness of an
occurrence of the word car. If car is preceded by a word other than a or this,
a probability of zero would be assigned using this bigram model, which would
judge such a combination to be outside of the language. While the bigram
model would still be able to assign a probability to the sequence this is a bike,
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Figure 3.3: Trigram Markov model based on sample in figure 3.1.

the trigram model only recognizes this was a bike. In general, a higher-order
model will result in a more accurate representation of the sample, rendering
generalizations impossible that are acceptable to lower order models.

3.2.4 Visible versus hidden states

In the Markov model of language, a sequence of words is equivalent to a
sequence of states. As such, the sequence of states responsible for a sequence
of words is directly visible to the observer. There is also a more complex type
of model for which this is not the case. In the hidden Markov model (HMM),
the observed symbols are produced by an underlying system of hidden states.
As the same observation symbol may be produced by different states, an
observation does not automatically determine a unique state sequence in the
case of the HMM. One typical application of HMMs in language models the
language using words as output symbols and part-of-speech tags (POS tags)
as states. The HMM will be presented in detail in section 3.3.

3.3 Hidden Markov models of language

In chapter 2 the advantages of the use of finite-state models in language
processing were presented. These include practical advantages to the use
of finite-state models in general, as well as more theoretical aspects related
specifically to their use in language processing:

• Input is processed with linear complexity.
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• Finite automata may be combined in various ways and the result will
be another finite automaton.

• Human language processing shares certain aspects with finite-state pro-
cessing, making finite-state models interesting candidates for models of
human language processing.

The model to be described in this section and that will be used in com-
ing chapters is the hidden Markov model. This is a nondeterministic and
stochastic finite-state model. There exist algorithms, to be discussed in sec-
tion 3.5, that allow for efficient use of the HMM.

3.3.1 Informal definition

The HMM is a stochastic finite-state automaton in which both state trans-
itions as well as the production of output symbols are governed by probab-
ility distributions1. The two types of probabilities are referred to as state
transition probabilities and symbol emission probabilities respectively. In
generating a sequence of symbols, a path along the model’s state transitions
is followed, producing a symbol from every state that is visited.

Different approaches to defining and representing HMMs are to be found
in the literature. A set of output symbols may be directly related to a state
in the automaton, or, equivalently, they may be related to transitions leading
to that state. Consequently, the emission probabilities may be represented
separately, or they may be combined with transition probabilities. In the
next section, an example of both approaches will be provided. In the rest of
this work the method will be used in which probabilities are combined and
related to transitions.

Another point in which definitions of the HMM may differ is in the defin-
ition of the initial state. One possibility is to assign a single initial state,
another possibility is to define a set of initial state possibilities that defines
for every state the probability of it being used as the initial state. These two
approaches may also be regarded as equivalent, since the set of initial state
probabilities may be replaced by a single initial state featuring transitions to
all original states, with transition probabilities corresponding to the initial
state probabilities. In this work, a single initial state will be defined.

If a language sample is available in which the observations are annotated
with the labels corresponding to the HMM states from which the observa-
tions were produced, the probabilities needed in the HMM can be derived
from the sample by counting. Probabilities of state transitions and output

1HMMs are a special case of the graphical model formalism [37, 56].
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production are then computed directly from the relevant frequencies. This
approach was presented for the case of the state transitions of the Markov
model in section 3.2.1. For the HMM additional output probabilities have to
be computed in a similar way. This approach is presented in more detail in
section 3.5.1.

3.3.2 Examples

The HMMs in figure 3.5 and figure 3.6 are derived from the sample text in
figure 3.4. In this sample, words are labeled with part-of-speech tags. The
tags used are N for noun, V for verb, D for determiner, P for pronoun and A
for adjective. In the case of the Markov model, states corresponded to words;
in the HMM in this example, the hidden states correspond to part-of-speech
tags, while words are the emitted symbols. This is a more accurate model of
language than the Markov model in that it shares with natural language the
concept of an underlying syntactic structure (the part-of-speech tags) and
a visible surface structure (the words). This particular application of the
HMM is known as the POS-tagging model, which will be described in more
detail in section 3.4.

this/P is/V a/D car/N
this/P was/V a/D car/N
this/P was/V a/D bike/N
this/D car/N is/V black/A

Figure 3.4: Sample text annotated with part-of-speech tags.

Figure 3.5 shows the HMM with state transitions separated from the
emission of symbols at each state. The transition arcs and output arrows are
labeled with transition probabilities and emission probabilities respectively.
Figure 3.6 shows the HMM with transitions and emissions combined. In
converting the first HMM to the second one, as many incoming transitions are
added as necessary to account for the possible outputs at a given state, and
they are labeled with the corresponding output symbols. The probabilities
are the products of the relevant transition and emission probabilities. This
way of representing HMMs, combining the two probability distributions, is
used in [24] and will be used in this work as well.
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Figure 3.5: Bigram HMM of sample in figure 3.4 with separate state
transitions and symbol emissions.

3.3.3 Formal definition

In order to facilitate the explanation in section 3.5 of a set of related al-
gorithms, this section presents a formal definition of the HMM.

The hidden Markov model (HMM) is a special case of the weighted non-
deterministic finite-state automaton (WNFSA) featuring separate probabi-
lity distributions for state transitions on the one hand, and emission of sym-
bols from states on the other. One state is the initial state, and all states are
final states. The initial state does not emit any symbols.

The HMM can be defined as a 5-tuple M = (Q, Σ, A, B, q1), where Q is
the finite set of states, Σ is the finite output symbol alphabet, A = {aqiqj

=
P (Xt = qj|Xt−1 = qi)} is the set of state transition probabilities, B = {bqiok

=
P (Ot = ok|Xt = qi)} is the set of symbol emission probabilities, and q1 is the
initial state. All states in Q are final states.

The HMM defines a stochastic language over its alphabet. The language
consists of observations that have a certain probability of being produced.
The probability of an observation O1,n given M is the probability that in
traversing a state sequence (or path) of length n+1 this sequence of emissions
is produced. In order to compute this probability, first pm is defined in
equation 3.8 as the set of possible paths of length m through M .

pm = {X|X ∈ Qm, X1 = q1} (3.8)

The probability of a particular path in pn+1 generating O1,n is computed by
multiplying at every time step the probabilities of the corresponding state
transition and symbol emission, and taking the product of these multipli-
cations for the whole path. The probability of O1,n is then the sum of the
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Figure 3.6: Bigram HMM of sample in figure 3.4 with combined
state transitions and symbol emissions.

probabilities associated with the paths in pn+1 producing O1,n, as defined in
equation 3.9.

P (O1,n|M) =
∑

X∈pn+1

n
∏

i=1

aXiXi+1
· bXi+1Oi

(3.9)

Furthermore, the model is probabilistic, requiring that the summed probab-
ility of all possible observations of length n is one:

∑

O1,n∈Σ∗

P (O1,n|M) = 1 (3.10)

3.4 POS-tagging model

The probabilistic model of language that plays a central role in this and
following chapters is the HMM used for part-of-speech tagging, the POS-
tagging model. As mentioned earlier, the hidden states and visible emission
symbols of the HMM form an appropriate model for language as a system
in which a hidden syntactic structure gives rise to an observed sequence of
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words. In the n-gram POS-tagging model, the states correspond to sequences
of n − 1 tags. The emission symbols correspond to single words. It will now
be explained how a probabilistic definition of the most likely sequence of
tags for a sequence of words is defined in terms of the hidden Markov model.
First, the expression of interest in part-of-speech tagging is formula 3.11.

argmax
t1,n

P (t1,n|w1,n) (3.11)

Thus the goal is to find the most probable sequence of POS tags t1,n given
a sequence of words w1,n. Using Bayes’ rule, the probability that is to be
maximized can be rewritten as in equation 3.12.

argmax
t1,n

P (t1,n|w1,n) = argmax
t1,n

P (w1,n|t1,n)P (t1,n)

P (w1,n)
(3.12)

For all possible sequences of tags, the sequence of words will be the same.
Since the goal is to find the highest probability, dividing by a constant value
will not alter the result. Using this idea, equation 3.12 is simplified as shown
in equation 3.13.

argmax
t1,n

P (t1,n|w1,n) = argmax
t1,n

P (w1,n|t1,n)P (t1,n) (3.13)

The chain rule is applied to both the probabilities P (w1,n|t1,n) and P (t1,n),
resulting in equation 3.14.

argmax
t1,n

P (t1,n|w1,n) = argmax
t1,n

n
∏

i=1

P (wi|w1,i−1, t1,n)P (ti|t1,i−1) (3.14)

At this stage a number of assumptions are applied, resulting in a hid-
den Markov model. In accordance with the Markov assumption of limited
horizon, the sequence of tags considered in computing the probability of a
given tag ti is reduced from all previous tags t1,i−1 to just the two previous
tags ti−2 and ti−1. (This renders the model a trigram model, with a single
state corresponding to two tags.) Two assumptions are applied to simplify
the term that corresponds to the probability of the output of word wi. This
word is assumed to be unrelated to previous words, and only related to tag
ti. The resulting POS-tagging model is given in equation 3.15.

argmax
t1,n

P (t1,n|w1,n) ≈ argmax
t1,n

n
∏

i=1

P (wi|ti)P (ti|ti−2, ti−1) (3.15)
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In the next section, four techniques related to HMMs are presented. These
include methods for learning the transition and emission probabilities, as
well as an efficient method for solving equation 3.15. In section 3.5.1, the
POS-tagging model is used to illustrate the estimation of HMM parameters
from observations annotated with state sequences. The other techniques are
explained in more general terms of states, transitions, and observations, but
they also apply to the POS-tagging model.

3.5 Tasks related to HMMs

This section will be concerned with methods for constructing and using an
HMM. Although there exist approaches to HMM construction that aim at
determining an optimal number of states, and thus the amount of information
to be stored in individual states, and the topology of the state network, here
a fixed model topology corresponding to the n-gram POS tagging model is
assumed. This constitutes a fully connected network of states, where single
states represent a fixed amount of underlying structure and in which every
state is capable of producing all of the symbols in the alphabet related to
the model. (In the examples, this fully connected structure is not shown:
transitions that are associated with a probability of zero are not drawn, in
order to avoid overly complex pictures.) In this context, the following tasks
are discussed:

1. Given a set of observation sequences annotated with state sequences,
construct the HMM that explains the data best.

2. Given an HMM and an observed sequence, compute forward and back-
ward probabilities for a given state at a given time.

3. Given an HMM, compute the probability of an observed sequence.

4. Given an HMM and an observed sequence, find the most likely corres-
ponding sequence of states.

The first task is concerned with learning the transition and emission prob-
abilities, which is also referred to as learning the HMM parameters, or train-
ing the HMM. The probabilities are extracted from an annotated language
sample. If such an annotated sample is not available, the Baum-Welch al-
gorithm [9] for unsupervised learning is typically used. This algorithm will
not be discussed here, but the computation of forward and backward prob-
abilities, which feature in the Baum-Welch algorithm, will be used in the
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second task. They provide information on the likeliness of individual states
being part of the sequence of states that produced an observation. The third
task is about using the HMM to judge the likeliness of an observation with
respect to the language represented by the HMM. The fourth and last task
in this set can be seen as finding an explanation for an observation, in the
form of the sequence of hidden states that most probably produced it. These
four tasks will now be discussed.

3.5.1 Learning an HMM from annotated observations

The first task concerns the learning of an HMM from a sample of language.
The HMM under consideration has a fixed topology as described at the be-
ginning of this section. Provided that a language sample is available in which
observations are annotated with the corresponding state sequences, the state
transition probabilities and the symbol emission probabilities necessary for
completing the HMM can be extracted from the sample in the manner de-
scribed for Markov models in section 3.2: the two types of probabilities are
estimated from state n-gram counts and counts of combinations of states
and emission symbols respectively. In the context of the POS-tagging model
described in section 3.4, this concerns n-gram tag probabilities and probabil-
ities of words given tags. Equation 3.16 defines the estimation of n-gram tag
probabilities, and equation 3.17 defines the estimation of word production
probabilities.

P (tn|t1,n−1) ≈
C(t1,n−1tn)

C(t1,n−1)
(3.16)

P (w|t) ≈
C(w, t)

C(t)
(3.17)

In the case of counting n-gram frequencies for elements at the beginning of
a sentence, their history is the empty string. In figures 3.5 and 3.6, and
also earlier in figures 3.2 and 3.3 for the case of the Markov model, this
was reflected by the initial states receiving an empty label. In the case of
the trigram model in figure 3.3, the state immediately following the initial
state showed a label consisting of just a single tag instead of the expected
two for a trigram model, as the single tag is in fact preceded by the invisible
empty string. In the more practical setting of creating a POS-tagging model,
markers are added to the beginning of every sentence so that counting can
be performed without having to deal with this special case. The marking
consists of a <dummy> word annotated with an S. For the sample text used
so far, preparing it for the bigram case results in the sample in figure 3.7.
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In general, in preparing the data for extraction of information for an n-gram
model, sequences of n− 1 dummy words are added at the beginning of every
sentence.

<dummy>/S this/P is/V a/D car/N
<dummy>/S this/P was/V a/D car/N
<dummy>/S this/P was/V a/D bike/N
<dummy>/S this/D car/N is/V black/A

Figure 3.7: Sample text annotated with part-of-speech tags and
with dummy words at the beginning of every utterance.

Figure 3.8 shows the HMM based on figure 3.7. The arcs show the corres-
ponding POS-tagging expressions based on the above equations. The actual
probability values are the same as those in figure 3.6.

S D V

N

P

A

P (P |S)P (this|P )

P (D|S)P (this|D)

P (D|S)P (a|D)

P (V |P )P (is|V )

P (V |P )P (was|V )

P (N |D)P (bike|N) P (N |D)P (car|N)

P (D|V )P (a|D)

P (D|V )P (this|D)

P (V |N)P (was|V )

P (V |N)P (is|V )

P (A|V )P (black|A)

Figure 3.8: Bigram POS-tagging HMM of sample in figure 3.4.

3.5.2 Computing forward and backward probabilities

A set of computations of interest in the rest of this chapter and in coming
chapters is that of the forward and backward probabilities. The forward
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probability αi(t) is defined in equation 3.18 (where Xt is the HMMs state
at time t and ot the observation symbol at time t) as the probability of the
HMM being in state qi at time t after having seen the observation symbols
until that point. The backward probability βi(t) is defined in equation 3.19
as the probability of being in state qi at time t and seeing all observation
symbols from time t until the last one at time T .

αi(t) = P (Xt = qi|o1,t) (3.18)

βi(t) = P (Xt = qi|ot,T ) (3.19)

Since the sequence of states corresponding to an observation is unknown,
computing the forward probability for a given state at time t means taking
into account all possible state sequences ending in that state at time t and
summing their probabilities. For an HMM of |Q| states and an output se-
quence of length n, the number of possible state sequences is |Q|n. Typically,
this number will be too big for all sequences to be considered individually.
An efficient approach to computing the summed probabilities of all paths is
the forward algorithm. The backward probabilities can be computed using
the reverse variant of this algorithm, the backward algorithm.

Forward algorithm. The forward algorithm is an example of dynamic
programming. Dynamic programming entails solving a problem by solving
increasingly large sub-problems: the solution of the larger problem is defined
in terms of smaller and more easily solved problems.

Equation 3.20 provides the initial step in the algorithm by stating that
the forward probability for the initial state at time t = 0 is 1. The probability
of the HMM being in its initial state after not having seen any input yet is
1 since there is only one initial state.

Equation 3.21 defines recursively the forward probabilities for states at
time t > 0. Here, N is the total number of states in the HMM and qi

ot−→ qj

represents a transition from state qi into qj associated with the observed
symbol at time t. The forward probability of state j at time t is the sum of
the probabilities of all paths leading to state j at time t. The probability of
a path to state j at time t that came through state i at time t− 1 is defined
recursively as the forward probability of state i at time t− 1 multiplied with
the probability of the transition from state i to state j.

α1(0) = 1 (3.20)
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αj(t) =
N
∑

i=1

αi(t − 1)P (qi
ot−→ qj), 0 < t ≤ T (3.21)

This computation can be visualized as a trellis that represents the states
through time. In this trellis, the horizontal axis represents time, and the
vertical axis represents the states. Figure 3.9 is an example of such a trel-
lis. Note that the first column, representing time t = 0, only contains the
single start state q1. Transitions related to the computation of the forward
probability for state q2 at time t are shown. The forward probability for this
state is computed using the forward probabilities of the states from which
the transitions originate and the probabilities of the transitions, following
equation 3.21.

q1 q1

q2

...

qN

α1(t − 1)

α2(t − 1)

αN (t − 1)

q1

q2

...

qN

α2(t)

q1

q2

...

qN

P (q1
ot−→ q2)

P (q2
ot−→ q2)

P (qN
ot−→ q2)

time: 0 . . . t − 1 t . . . T

Figure 3.9: A trellis visualizing the forward algorithm: α2(t) is com-
puted as the sum of products αi(t − 1)P (qi

ot−→ q2) for 1 ≤ i ≤ N .

Backward algorithm. The backward algorithm is similar to the forward
algorithm, except that it works from the back of the trellis to the front.
Backward probabilities of states visited at time t + 1 are used in computing
the backward probabilities of states at time t.

Equation 3.22 is the initialization step in which all states at time t = T
receive the initial backward probability of 1, this being the probability of
seeing no further observation symbols once they have all been seen.

Equation 3.23 defines recursively the computation of the backward prob-
abilities for states at time t < T . The backward probability of state i at time
t is the sum of the probabilities of all paths leading from state i at time t to
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a (final) state at time t = T . The probability of such a path that visits state
j at time t + 1 is defined recursively as the backward probability of state j
at time t + 1 multiplied with the probability of the transition from state i to
state j.

βi(T ) = 1, 1 ≤ i ≤ N (3.22)

βi(t) =
N
∑

j=1

βj(t + 1)P (qi

ot+1

−−→ qj), 1 ≤ i ≤ N, 0 ≤ t < T (3.23)

3.5.3 Computing the probability of an observation

Given an HMM the probability of an observed sequence o1,T can be determ-
ined. As the actual state sequence underlying the observation is not known,
all possible paths through the HMM’s network of states that are of the same
length (plus one, the initial state) as the output must be considered. The
forward algorithm that was described in section 3.5.2 is used to recursively
compute the sum of the probabilities of all possible paths with respect to
the observed sequence. The probability of an observation o1,T is defined in
equation 3.24 as the sum of the forward probabilities for all states at time
t = T .

P (o1,T ) =
N
∑

i=1

αi(T ) (3.24)

Equivalently, the backward algorithm may be used. In equation 3.25 the
probability of observation o1,T is defined as the backward probability of initial
state q1 at time t = 0.

P (o1,T ) = β1(0) (3.25)

3.5.4 Finding the sequence of hidden states

Given an observed sequence o1,T and an HMM, the sequence of hidden states

X̂0,T that most likely produced the observation can be computed. To find
the best path, all possible paths through the HMM must be evaluated, but
considering them all individually would be computationally expensive. There
exists an efficient algorithm for computing the most likely sequence of states
that produced an observed sequence of output symbols, called the Viterbi
algorithm [98].
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The Viterbi algorithm is an application of dynamic programming, similar
in this respect to the forward algorithm. The problem of finding an optimal
path for a complete output sequence is defined in terms of optimal sub-paths.
The algorithm is carried out on a trellis as used for the forward algorithm.
In the case of the Viterbi algorithm it is not the sum of all paths leading to
a particular state that is of interest, but rather the probability of the most
likely path leading to that state.

The key idea behind the Viterbi algorithm is that the best paths ending
in states at time t can be computed based on the best paths ending in states
at time t − 1, without the need to enumerate all possible paths separately.

The probability of the most likely path leading to state i at time t is
defined as the probability δi(t) that is recursively computed using the Viterbi
algorithm. Equation 3.26 defines the probability of the most likely path
leading to the first state q1 at time t = 0 of the HMM as 1. Equation 3.27
defines the probability of the most likely path leading to state j at time t > 0
in terms of paths ending in states i at time t− 1 and continuing into state j
using the transition P (qi

ot−→ qj).

δ1(0) = 1 (3.26)

δj(t) = max
0≤i≤N

δi(t − 1)P (qi
ot−→ qj), 0 < t ≤ T (3.27)

In order to be able to reconstruct the actual path, backtrack pointers have
to be maintained for every state at every time step (except the first). For
time step t, the backtrack pointer φj(t) is made to point at state i at time
t − 1 from which the most likely path continued into state j, as defined in
equation 3.28.

φj(t) = argmax
0≤i≤N

δi(t − 1)P (qi
ot−→ qj) 0 < t ≤ T (3.28)

Once the application of the Viterbi algorithm has been completed, these
backtrack pointers can be used to find the states that make up the best
state sequence X̂0,T by following the pointers from right to left through the

trellis. Equation 3.29 defines X̂T , and equation 3.30 recursively defines X̂t

for 0 ≤ t < T .

X̂T = argmax
0≤i≤N

δi(T ) (3.29)

X̂t = φX̂t+1
(t + 1), 0 ≤ t < T (3.30)
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3.6 Other approaches to inference

In this section, several other approaches to inference leading to finite-state
models are briefly described.

3.6.1 Merged prefix tree

Through application of the Markov assumption of limited horizon, the to-
pology of the models described so far in this chapter has been defined be-
forehand. The algorithm described below does not impose a topology on the
model but tries to find both an optimal topology as well as optimal settings
for the model’s parameters.

The ALERGIA algorithm [21] first constructs a prefix tree automaton
(PTA) based on a sample of the target language. The PTA is a stochastic
automaton representing all prefixes found in the sample, where each trans-
ition is given a probability according to the number of times it is traversed
during construction of the PTA. Through merging of states in the PTA, the
algorithm generates a PDFA (a weighted deterministic finite-state automaton
in which the weights are probabilities) that captures not only all the strings
found in the sample, but also strings from the language that were not part of
the sample. This is done in linear time with respect to the size of the sample
set. States in the PTA are merged if they are considered equivalent: they
are prefixes that lead to the same suffixes, or subtrees, in the PTA. Since the
PTA is a stochastic automaton, a number of statistical tests can be used in
deciding whether two states are equivalent.

An algorithm that is in many ways similar to the ALERGIA algorithm
is the Minimal Divergence Inference (MDI) algorithm [84]. It uses a differ-
ent learning criterion (or merging criterion) in which the Kullback-Leibler
measure of divergence [55] is used. It is noted in [84] that the ALERGIA
algorithm does not provide the means to bound the divergence between the
distribution as defined by the PDFA produced by the algorithm and the
training set distribution, as the merging operation operates locally on pairs
of states. The learning criterion of the MDI algorithm does not have this
problem. During construction of the probabilistic PDFA, the algorithm con-
stantly trades off between the divergence from the training sample (which
should be as small as possible) and the difference in size between the current
and the new automaton (which should be as large as possible, resulting in a
smaller automaton). Empirical results show the MDI approach outperforms
the ALERGIA method.

In the context of the research described here, an experiment was per-
formed in which the MDI algorithm was used to create models for recognizing
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types of subcategorization in sentences. To this end, separate models were
build for each subcategorization frame occurring in a set of sentences, using
as data only the POS tags of those sentences. Afterwards, a given model
was tested to see if it would assign the highest probability to a sentence
featuring the subcategorization frame on which the model had been trained,
which would mean success, or to a copy of that sentence in which the sub-
categorization frame had been replaced by another one, which would mean
failure. Preliminary results of this approach were below those attained using
a simple unigram model. The automata created by the algorithm were quite
small, suggesting that overgeneralization had taken place. The idea was
abandoned at this point, but more research into this direction might lead
to better results; one possible way of improving the models is by including
lexical information in addition to POS tag information.

3.6.2 Merged hidden Markov model

The technique of first constructing a model that fits the sample data and
afterwards merging equivalent parts of the model is also applied in [82]. Here
the target construction is a hidden Markov model. The initial model differs
from the DFA used in the ALERGIA algorithm in that it is not a prefix tree
automaton, but an HMM in which every string from the sample set is stored:
the start state has as many outgoing transitions as there are strings in the
sample.

The process of state merging is in this case guided by Bayesian analysis.
According to Bayes’ rule the posterior model probability P (M |x) can be
rewritten as in equation 3.31, where M is the model and x is a data sample.

P (M |x) =
P (x|M)P (M)

P (x)
(3.31)

As the probabilities computed for different models are compared, the di-
vision by P (x) can be ignored since this will be the same in all computations,
leading to equation 3.32.

P (M |x) ≈ P (x|M)P (M) (3.32)

Thus the posterior model probability P (M |x) is proportional to the product
of the prior probability of the model, P (M), and the likelihood of the data,
P (x|M). When states in the model are merged, the likelihood of the data
is bound to decrease since the model moves away from the perfect repres-
entation of the sample data. However, the prior probability of the model
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increases, since one of the implications of the way in which P (M) is com-
puted is that there is a bias towards smaller models. As long as the loss
in likelihood is outweighed by the prior probability of the model, merging
continues. It is reported that the method is good at finding the generating
model, using only a small number of examples.

3.6.3 Neural network based DFA

In [38] it is shown how neural networks are used to learn finite automata.
So called Elman recurrent neural networks are trained on positive examples
created by an artificial, small grammar. Next, the DFA is extracted from the
network to see what kind of automaton the network has learned. The net-
work, when trained on the prediction task (predicting the word following the
current input) tends to encode an approximation of the minimum automaton
that accepts only the sentences in the training set. When trained on a small
language, the training set DFA is indeed recovered. When the network is
trained on a larger language, both correct and incorrect generalizations are
introduced.

In [20] a similar method is described. They show that the difference
between the probability distribution as predicted by the extracted automaton
and the true distribution is smaller than the difference between the true
distribution and the distribution as predicted by the neural network itself.
They also show that both these differences are smaller than the difference
between the sample’s distribution and the true distribution, which indicates
that the inference method using neural networks has the ability to generalize.

3.7 Conclusion

In this chapter the idea of inference was described. The focus has been on
n-gram models, and in particular the hidden Markov model. It was explained
how an HMM can be learned from an annotated sample, which constitutes an
instance of inference. This particular way of inferring a model for a language
will be used in the next chapter as part of a process of approximation. As
a practical application, the HMM resulting from this process will be used
in a part-of-speech tagger, which is applied as a part-of-speech filter in the
parser that is being approximated. The HMM conforms to the POS-tagging
model described in this chapter, and several of the methods described here
for working with HMMs are used in the tagger.
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