
 

 

 University of Groningen

Particle Transport in Fluidized Beds
Dechsiri, Chutima

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2004

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Dechsiri, C. (2004). Particle Transport in Fluidized Beds: Experiments and Stochastic Models . [Thesis fully
internal (DIV), Groningen]. s.n.

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 24-05-2023

https://research.rug.nl/en/publications/7f4d1bdf-812e-459a-a462-4777336923a9


Rijksuniversiteit Groningen 
 
 
 
 

Particle Transport in Fluidized Beds 
Experiments and Stochastic Models 

 
 

Proefschrift 
 
 

ter verkrijging van het doctoraat in de 
Wiskunde en Natuurwetenschappen 
aan de Rijksuniversiteit Groningen 

op gezag van de 
Rector Magnificus, dr. F. Zwarts, 
in het openbaar te verdedigen op 

vrijdag 5 november 2004 
om 16.15 uur 

 
 
 
 

door 
 
 
 
 
 

Chutima Dechsiri 
 

geboren op 22 december 1973 
te Pattani, Thailand 

 



 

 
Promotores:   Prof.dr.H.G.Dehling 
    Prof.dr.A.C.Hoffmann 
 
Beoordelingscommissie: Prof.dr.A.R.Dabrowski 
    Prof.dr.R.K.Eckhoff 
    Prof.dr.ir.L.P.B.M.Janssen 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
ISBN 90-367-2154-7 



Contents 
 

Chapter 1 Introduction and Guide to the Thesis 
1.1 Background          1 
1.2 Aim and Framework of this Thesis      2 
1.3 List of Publications and References      4 
1.4 References         5 

Chapter 2 Introduction to Fluidization 
2.1 Introduction         7 
2.2 Review of Fluidization Basics      7 
2.3 Fluidization Regimes       8 
2.4 Geldart’s Classic Classification of Powders     9 
2.5 Bubbling Fluidized Beds                             11 
 2.5.1 Minimum Fluidization Velocity                       11 
 2.5.2 Bubble Size                 12 
 2.5.3 Bubble Wake                 13 
 2.5.4 Bubble Rise Velocity                 14 
 2.5.5 Bubble Flow Rate and the Two-Phase Theory             15 
 2.5.6 The Davidson Model                15 
 2.5.7 Flow Pattern of Fluidization Bubbles              16 
 2.5.8 Bed Expansion                 17 
2.6 Particle Transportation                 18 
 2.6.1 Solid Circulation                             19 
 2.6.2 Dispersion                 19 
 2.6.3 An Alternative Concept: Solid Exchange between the Wake 
          and the Emulsion                        20 
2.7 Particle Mixing and Segregation                22 
2.8 Notation                   24 
2.9 References                   25 

Chapter 3 Introduction to Stochastic Models and 
Markov Chains 
3.1 Mathematical Modeling                 29 
3.2 Deterministic vs. Stochastic Modeling               30 
3.3 Historical Remarks                              31 
3.4 Markov Processes                  34 
3.5 From Stochastic to Deterministic Modeling                           35 



 

3.6 A Discrete Stochastic Model for Fluidization                           40 
3.7 A Continuous Stochastic Model for Fluidization              45 
3.8 Outlook                   48 
3.9 References                                49 

Chapter 4 Freely Batch Fluidized Bed: Model 
Validation 
4.1 Description of a Stochastic Model for Freely Bubbling Batch  
Fluidized Bed                   51 
4.2 Background of the Experiments                57 
4.3 Experiments and Data Analysis                58 
 4.3.1 Experimental Set-Up                58 
 4.3.2 Experimental Procedure and Plan                           61 
 4.3.3 Data Output and Analysis                            63 
4.4 Experimental Results and Discussion               64 
 4.4.1 Pulse Experiments                             65 
 4.4.2 Single Particle Experiments               71 
4.5 Comparison with the Model and Further Discussion                          80 
4.6 Concluding Remarks                 85 
4.7 Notation                   86 
4.8 References                   87 
Appendix 4A                   90 
Appendix 4B                 104 

Chapter 5 A Stochastic Model for Fluidized Beds 
with Baffles 
5.1 Introduction                             107 
5.2 Description of the Model               108 
5.3 Markov Chain Model               111 
5.4 Modeling of Segregation and the Effect of Baffles                        111 
5.5 Quantification of the Physical Parameters                         112 
5.6 Numerical Simulations and Comparison with Experiments                       112 
5.7 Conclusions                             118 
5.8 Notion                 118 
5.9 References                 119 

Chapter 6 Stochastic Model for Slugging Fluidization 
6.1 Slugging Fluidized Beds               123 
6.2 Mixing and Segregation in Slugging Fluidized Beds                        124 



 

6.3 Modeling                 125 
 6.3.1 Description of the Model                          125 
 6.3.2 Discrete Markov Chain Model             129 
 6.3.3 Modeling of Segregation Effects                         132 
6.4 Numerical Simulation and Comparison with Experiments                       133 
6.5 Conclusions                             137 
6.6 Notation                 138 
6.7 References                 139 

Chapter 7 Interacting Particle Model for Segregation 
in Fluidized Beds 
7.1 Introduction                             141 
7.2 Particle Exchange Model for Diffusion             141 
7.3 Invariant Density for a Large Number of Particles                        143 
7.4 Comparison with Data               147 
7.5 Particle Model for Diffusion and Wake Flow                         148 
7.6 References                 149 

Chapter 8 Fluidization with Vibrating Baffles 
8.1 Introduction                             151 
8.2 Fluidization and Separation                           151 
8.3 Fluidization with Baffles                                       153 
8.4 Fluidization with Vibrating Baffles                          155 
8.5 Metallic Powder Separation Using Fluidized Beds with Vibrating 
Baffles                              155 
 8.5.1 Aim and Scope               155 
 8.5.2 Material, Equipment and Experimental Technique                       156 
 8.5.3 Results and Discussion              159 
8.6 Conclusions                             162 
8.7 References                 164 
 
Summary                167
                
Samenvatting                171 
 
Acknowledgement                 175 
 



Chapter 1  

Introduction and Guide to the 
Thesis 
1.1 Background 
 
The operation of the world’s first large-scale, commercial, fluidized bed reactor 
was started by Fritz Winkler for the gasification of powdered coal in 1926. Since 
then fluidized beds have been developed vigorously for different physical and 
chemical operations, such as transportation systems and chemical reaction 
processes. As the demand for petrol rose in the Second World War, research in 
catalytic cracking of heavy oils was desperately needed. At this time, a group of 
researchers at the Massachusetts Institute of Technology had proposed and 
confirmed experimentally that a completely pneumatic circuit consisting of 
fluidized beds and transport lines could be operated stably for a satisfactory 
catalytic cracking process (Kunii and Levenspiel, 1991). Esso engineers 
concentrated on this idea and built a large-scale pilot plant of an up-flow cracking 
unit (Geldart, 1986). The Fluid Catalytic Cracking (FCC) process was then on 
track.  
 
The world’s first Fluid Catalyst Cracking unit was constructed at the Baton Rouge 
refinery in Louisiana in 1942, and this type of reactor remains a fundamental and 
essential reactor in the field of process engineering. Currently a FCC unit is a 
standard component in the production of gasoline and other fuels from heavy oil 
components, and is at the heart of practically every oil refinery in the world. The 
FCC unit is an example application of fluidized bed reactors that have had a major 
impact on industrial processes. In fact, fluidized bed reactors are already utilized 
for a wide range of applications where contact between gas and particulate solids is 
required together with good solids mixing and heat transfer, for example mixing of 
powders, coating, heat exchange, drying and classifying materials. 
 
The complexity of solid movement within the beds depends on a number of 
parameters such as the geometry of the bed and physical properties of particles. A 
small difference in those parameters can cause a severe change in terms of the 
efficiency of fluidized bed reactors. To make sure that a fluidized bed reactor is at 
optimum efficiency, normally either a small or large pilot model is made and 
investigated to test the proposed fluidized bed. Even though the experiments and 
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pilot model were tested before building a real unit, problems have often occurred 
when attempting to construct and operate the large-scale unit.  
 
Since the availability of computers has significantly increased, the use of 
mathematical models to predict the performance and efficiency of an existing or 
newly designed fluidized bed also has increased. A number of mathematical 
models have been proposed for fluidized beds. Most of the models used in 
chemical engineering and also in fluidization have been deterministic differential 
equation models based on conservation equations. Stochastic models have been 
much less popular in the past, though they have been successfully used to describe 
flow systems and to compute their residence time distributions. 
 
In this thesis the stochastic modeling approach is investigated. As this model 
concentrates on the motion of individual particles, we also refer to it as a 
microscopic approach. In contrast, traditional deterministic models concentrate on 
macroscopic quantities such as concentrations of marked particles. The stochastic 
approach is conceptually simple and can be formulated directly from ideas about 
the physical transport of individual particles. The stochastic model has been 
proposed in a series of papers by Dehling, Hoffmann and co-authors e.g., Dehling 
et al. (1999), and successfully applied to the computation of residence time 
distributions in continuously operated fluidized beds. In this thesis we explore the 
stochastic approach for a variety of other experimental situations. The original 
Dehling-Hoffmann model is suitably modified for each case. 

1.2 Aim and framework of this thesis 
 
This thesis project was conducted under the collaborative supervision of 
Mathematics and Chemical Engineering departments. The main goal of this 
research project was to develop and adapt stochastic modeling approaches to 
certain fluidized bed reactors, and to experimentally determine the true flow 
characteristics of particles in these kinds of fluidized beds. The data for verifying 
the stochastic models came both from our own experiments and from other 
research groups. The work in this thesis comprises two main aspects: the first 
aspect focuses on using a stochastic approach to model different types of fluidized 
beds; the second aspect deals with the experiments and analyzing the data from 
each experiment. 
 
A review of the available literature about fluidization is given in Chapter 2. These 
sections also introduce some of the basic concepts and definitions that will be used 
throughout the thesis, such as the physical properties of particles and the 
mechanisms of transportation of particles in fluidized beds.  
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Chapter 3 provides an introduction to a mathematical model, which is based on a 
stochastic approach and Markov chain processes. The concepts and the history of 
stochastic models in fluidized beds are also described here.  
 
A stochastic model is presented in Chapter 4 for freely bubbling fluidized beds that 
was verified by a number of experiments using a hi-tech detector, Positron 
Emission Tomography (PET). Miniature fluidized beds were built to accommodate 
the dimension limitation of the PET scanner, 10 and 15 cm in diameter with a 
height of 83 cm in total.  
 
Two main types of experiments were conducted; one was a single tracer 
experiment and the other was a pulse tracer experiment. On the basis of the pulse 
tracer experimental results, a one-dimensional stochastic model has been 
developed to describe the concentration of marked particles in fluidized beds in 
different heights and positions in the bed. The dispersion coefficient was calculated 
and also the wake flow rate. The stochastic model indicated that the radial 
dispersion was very small in comparison to the vertical dispersion and thus can be 
neglected. Experimental data and model results are also compared in this chapter. 
The results show the vertical particle transport to far exceed that expected in 
bubble wakes. This is attributed to “gulf streaming”. In spite of this, the model 
accounts qualitatively for all the observed phenomena. 
 
In Chapter 5, the stochastic model is extended to incorporate a fluidized bed with 
“baffles” (sieve-line horizontal screens spanning the bed cross-section). The 
segregation mechanism of binary mixtures of particles inside a fluidized bed 
incorporating a series of baffles was studied and modeled. The resulting model is 
found to describe the trend-line of mixing and segregation of binary mixtures 
satisfactorily. The experimental fluidized bed used to obtain the data for modeling 
was the same as that used in Chapter 8 for the classification of metal powders.  
 
Chapter 6 introduces a sophisticated stochastic approach to another kind of 
fluidized bed namely a slugging fluidized bed. The results from the stochastic 
model were compared with experimental data from Abanades and Atarés (1998) 
and were found to be in satisfactory agreement. The application of the stochastic 
model to slugging fluidization demonstrated its effectiveness for modeling various 
types of processes involving particles. 
 
Chapter 7 introduces a model for mixing and segregation in a batch fluidized bed 
of binary mixtures. This model is completely different from the models studied in 
the other chapters in that it takes interaction of particles into account. 
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A case study of classified particle mixtures based on density differences is 
explained in Chapter 8. An attempt to use a new set-up, a fluidized bed equipped 
with vibrating internal baffles, is investigated. The experiment and results are 
described and discussed. 

1.3 Lists of publications in support of this thesis 
 
The following papers were published in support of this thesis:  
 

• Dechsiri, C., Abanades, J.C., Dehling, H.G., Hoffmann, A.C. and Wright, 
P.C."A Stochastic Model for Mixing and Segregation in Slugging 
Fluidized Beds" Récents Progrés en Génie des Procédés , 75, 14 (2000), 
Proceedings of the 3rd European Conference on Fluidization, Toulouse, 
May 2000, 631-641. 

• Dechsiri, C., Bosma, J.C., Hoffmann, A.C., Hui, G. and Dehling, H.G."A 
Stochastic Model for Particle Mixing and Segregation in Fluidized Beds 
with Baffles" Proceedings PARTEC 2001 International Congress for 
Particle Technology, Nürnberg, March 2001. 

• Dechsiri C., van der Zwan E., Bosma, J.C, Paans A.M.J. and Hoffmann 
A.C. "Positron Emission Tomography (PET) for fluidization" Proceedings 
WCPT4, the Fourth World Congress on Particle Technology, Sydney, 
2002.  

• Dechsiri C., Dehling, H.G. and Hoffmann A.C. "Stochastic model for 
fluidization" Proceedings WCPT4, the Fourth World Congress on Particle 
Technology, Sydney, 2002.  

• Makkawi, Y.T., Wright, P. C., Meeyoo, V., Dechsiri, C., Zwan, E., Paans, 
A.M.J. and Hoffmann A.C. "Observation of Cross-Sectional Non-
Uniformity in Fluidized Beds using Two Different Imaging Techniques" 
Proceedings WCPT4, the Fourth World Congress on Particle Technology, 
Sydney, 2002.  

• Ritherdon, J., Dechsiri, C., Jones, A.R., Hoffmann, A.C. and Wright, I.G. 
"Separation of metallic powders using a novel fluidized bed technique" 
Powder Technology, (submitted). 

• Dechsiri, C., Dehling, H.G., Hoffmann A.C. and Wright P.C., “Stochastic 
model for fluidization-A case study: Mixing and segregation in slugging 
fluidized beds” Chem.Eng.Sci., (submitted). 

• Dechsiri, C., van der Wiel, F., Dehling, H.G., Paans, A.M.J. and 
Hoffmann, A.C., “Positron Emission Tomography applied to Fluidization 
engineering” Proceedings 3rd World congress on Industrial Process 
Technology, Canada, 2003.  
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• Hoffmann, A.C., Dechsiri, C., Ghione, A., Paans, A.M.J., van der Wiel F. 
and Dehling, H.G., “Tracking individual particles in a fluidized bed using 
a medical PET-camera” Proceedings 3rd World Congress on Industrial 
Process Technology, Canada, 2003.  

• Hoffmann, A.C., Dechsiri, C., van de Wiel, F. and Dehling, H.G., “PET 
investigation of the motion of a fluidized particle: spatial and temporal 
resolution and short term motion”, (submitted). 

• Dechsiri, C., van der Zwan, E.A., Dehling, H.G. and Hoffmann, A.C.,  
“The dispersion of particle pulses in fluidized beds measured by PET”, 
(accepted for publication in AIChE Journal). 

• Hoffmann, A.C., Dechsiri, C. and Dehling, H.G., “Tracking of a fluidized 
particle with Positron Emission Tomograpy”, (submitted). 

• Dechsiri, C., Ghione, A., van der Wiel, F., Dehling, H.G., Paans, A.M.J. 
and Hoffmann, A.C., “Positron Emission Tomography applied to 
Fluidization engineering”, Canadian journal of chemical engineering, 
(submitted). 

1.4 References 
 
Abanades, J.C. and S. Atarés, “Investigation of solid mixing in a deep fluidized 
bed of coarse particles by image analysis”, Proceedings of the World Conference 
on Particle Technology 3, Brighton, UK, 1998. 
 
Dehling, H.G., Hoffmann A.C. and Stuut H.W., “Stochastic models for transport in 
a fluidized bed”. SIAM J. Appl. Math., 60(1999), 337-358. 
 
Geldart, D. (ed.), Gas fluidization technology, John Wiley & Sons Ltd., Chichester, 
1986. 
 
Kunii, D. and Levenspiel, O., Fluidization engineering, 2nd ed., Butterworth-
Heinemann, Boston, 1991. 



Chapter 2  

Introduction to Fluidization 
2.1 Introduction 
 
“The arrival time of a space probe traveling to Saturn can be predicted more 
accurately than the behavior of a fluidized bed chemical reactor!.” Even though the 
above quotation (Geldart, 1986) is almost 20 years old it remains true in the new 
millennium of fluidization engineering. The difficulties in prediction stem in part 
from the complexity and ambiguity in defining the fundamental parameters such as 
size, shape and density of the particles. These parameters play an important role in 
the calculation and prediction of dynamic behavior in fluidized beds. Most physical 
properties of the particles are estimated indirectly, such as estimating particle shape 
by the bed voidage. All factors are explicitly and implicitly significant in the 
estimation of the behavior of fluidization operations. Although new technology is 
helping us to understand and give more precise prediction in fluidization, more 
research is still needed.  
 
Either a gas or a liquid can fluidize a bed of particles. In this thesis, the focus is 
purely on gas-solid fluidization. This chapter is a short literature survey of 
fluidization, which will cover mainly the topics that are relevant to this work. More 
information about fluidization processes can be found in the references. 

2.2 Review of Fluidization Basics 
 
Fluidization is a process in which solids are caused to behave like a fluid by 
blowing gas or liquid upwards through the solid-filled reactor. Fluidization is 
widely used in commercial operations; the applications can be roughly divided into 
two categories, i.e.,  
 

• physical operations, such as transportation, heating, absorption, mixing of 
fine powder, etc. and  

• chemical operations, such as reactions of gases on solid catalysts and 
reactions of solids with gases etc.  

 
The fluidized bed is one of the best known contacting methods used in the 
processing industry, for instance in oil refinery plants. Among its chief advantages 
are that the particles are well mixed leading to low temperature gradients, they are 
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suitable for both small and large scale operations and they allow continuous 
processing. There are many well established operations that utilize this technology, 
including cracking and reforming of hydrocarbons, coal carbonization and 
gasification, ore roasting, Fisher-Tropsch synthesis, coking, aluminum production, 
melamine production, and coating preparations. The application of fluidization is 
also well recognized in nuclear engineering as a unit operation for example, in 
uranium extraction, nuclear fuel fabrication, reprocessing of fuel and waste 
disposal.  

2.3 Fluidization Regimes 
 
When the solid particles are fluidized, the fluidized bed behaves differently as 
velocity, gas and solid properties are varied. It has become evident that there are 
number of regimes of fluidization, as shown in Figure 2.1. When the flow of a gas 
passed through a bed of particles is increased continually, a few vibrate, but still 
within the same height as the bed at rest. This is called a fixed bed (Figure 2.1A). 
With increasing gas velocity, a point is reached where the drag force imparted by 
the upward moving gas equals the weight of the particles, and the voidage of the 
bed increases slightly: this is the onset of fluidization and is called minimum 
fluidization (Figure 2.1B) with a corresponding minimum fluidization velocity, 
Umf. Increasing the gas flow further, the formation of fluidization bubbles sets in. 
At this point, a bubbling fluidized bed occurs as shown in Figure 2.1C. As the 
velocity is increased further still, the bubbles in a bubbling fluidized bed will 
coalesce and grow as they rise. If the ratio of the height to the diameter of the bed 
is high enough, the size of bubbles may become almost the same as diameter of the 
bed. This is called slugging (Figure 2.1D). If the particles are fluidized at a high 
enough gas flow rate, the velocity exceeds the terminal velocity of the particles. 
The upper surface of the bed disappears and, instead of bubbles, one observes a 
turbulent motion of solid clusters and voids of gas of various sizes and shapes. 
Beds under these conditions are called turbulent beds as shown in Figure 2.1E. 
With further increases of gas velocity, eventually the fluidized bed becomes an 
entrained bed in which we have disperse, dilute or lean phase fluidized bed, which 
amounts to pneumatic transport of solids. 
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A: Fixed bed B: Minimum
fluidization

C: Bubbling
bed

D: Slugging
bed

E: Turbulent
bed

F: Pneumatic
transport

gas gas

gas

gasgas

gas  
Figure  2.1 Schematic representation of fluidized beds in different regimes (based on 

Kunii and Levenspiel, 1991) 

2.4 Geldart’s Classic Classification of Powders 
 
Not every particle can be fluidized. The behavior of solid particles in fluidized 
beds depends mostly on their size and density. A careful observation by Geldart 
(1973, 1978) is shown in Figure 2.2 in which the characteristics of the four 
different powder types were categorized as follows: 
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• Group A is designated as ‘aeratable’ particles. These materials have small 
mean particle size (dp < 30 µm) and/or low particle density (<~1.4 g/cm3). 
Fluid cracking catalysts typically are in this category. These solids fluidize 
easily, with smooth fluidization at low gas velocities without the formation 
of bubbles. At higher gas velocity, a point is eventually reached when 
bubbles start to form and the minimum bubbling velocity, Umb is always 
greater than Umf.  

• Group B is called ‘sandlike’ particles and some call it bubbly particles. 
Most particles of this group have size 150 µm to 500 µm and density from 
1.4 to 4 g/cm3. For these particles, once the minimum fluidization velocity 
is exceeded, the excess gas appears in the form of bubbles. Bubbles in a 
bed of group B particles can grow to a large size. Typically used group B 
materials are glass beads (ballotini) and coarse sand. 

• Group C materials are ‘cohesive’, or very fine powders. Their sizes are 
usually less than 30 µm, and they are extremely difficult to fluidize 
because interparticle forces are relatively large, compared to those 
resulting from the action of gas. In small diameter beds, group C particles 
easily give rise to channeling. Examples of group C materials are talc, 
flour and starch.  

• Group D is called ‘spoutable’ and the materials are either very large or 
very dense. They are difficult to fluidize in deep beds. Unlike group B 
particles, as velocity increases, a jet can be formed in the bed and material 
may then be blown out with the jet in a spouting motion. If the gas 
distribution is uneven, spouting behavior and severe channeling can be 
expected. Roasting coffee beans, lead shot and some roasting metal ores 
are examples of group D materials. 

 
Geldart’s classification is clear and easy to use as displayed in Figure 2.2 for 
fluidization at ambient conditions and for U less than about 10·Umf. For any solid of 
a known density ρs and mean particle size dp this graph shows the type of 
fluidization to be expected. It also helps predicting other properties such as bubble 
size, bubble velocity, the existence of slugs etc. 
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Figure  2.2 Diagram of the Geldart classification of particles (Geldart, 1973) 

2.5 Bubbling Fluidized Beds 
 
When talking about a fluidized bed, mostly one refers to a bubbling fluidized bed 
type as shown in Fig. 2.1C. Gas fluidized beds are characterized by the ‘bubbles’ 
which form at superficial gas velocities only slightly higher than that required to 
just fluidize the particles. This type of fluidization has been called ‘aggregative 
fluidization’, and under these conditions, the bed appears to be divided into two 
phases, the bubble phase and the emulsion phase. The bubbles appear to be very 
similar to gas bubbles formed in a liquid and they behave in a similar manner. The 
bubbles coalesce as they rise through the bed. 
 
The movement of particles in fluidized beds is known to depend largely on bubbles 
rising through the bed. Therefore, special attention is paid to bubbles and their 
properties. To give an impression of the processes occurring inside a fluidized bed 
reactor, the principles of fluidization, the formation of bubbles, their path through 
the bed, the way they transport particles concerning gas fluidized bed and 
important parameters are described below.  

2.5.1 Minimum Fluidization Velocity 
 
The superficial gas velocity at which the bed of powder is just fluidized, is 
normally called the minimum fluidization velocity or designated by Umf . This state 
of incipient fluidization can be described by an equation giving the pressure drop in 
a gas flowing through a packed bed, such as the so-called Ergun equation: 
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2 2

3 2 3

(1 ) (1 )
150 1.75

( )
mf mf mf g mf

s pmf s p mf

U UP
L dd

ε µ ε ρ
φε φ ε

− −∆
= + , (2.1) 

 
in which ∆P is equal to the bed weight per unit cross-sectional area, and the 
particle sphericity, φs, is defined as the surface area of a volume equivalent sphere 
divided by the particle’s surface area.  
 
When applying the Ergun equation, one has to know the minimum fluidization 
voidage, εmf, although it is frequently an unknown. Wen and Yu (1966) developed 
an expression for the minimum fluidization velocity for a range of particle types 
and sizes by assuming the following approximations to hold based on experimental 
data: 
 

2 3 3

1 111and 14mf

mf mf

ε
φ ε φε
−

. 

 
They combined these with the Ergun equation and obtained the relation: 
 

( )3
2

2Re 33.7 0.0408 33.7p g s gp mf g
mf

d gd U ρ ρ ρρ
µ µ

⋅ ⋅ − ⋅⋅ ⋅
= = + − . (2.2) 

 
Leva (1959) obtained empirically another widely used expression: 
 
 1.82 0.883 0.947.90 10 ( )pmf s f fU d ρ ρ µ −−= × −  (2.3) 
 
This equation is valid for Re 10mf ≤ , whereas for higher values of a 
correction factor must be applied. 

Remf

2.5.2 Bubble Size 
 
The mean size of the bubble population in fluidized beds increases with height 
above the distributor plate due to coalescence of bubbles. Researchers have 
attempted to predict the size of bubbles, not only the variation in mean size, but 
also the distributions of the diameters and volumes.  
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As far as the mean size is concerned, Geldart (1972) used the expression of Kato 
and Wen (1969) for the initial bubble size at the gas distributor. He asserted that a 
porous plate distributor behaves as a distributor plate with 1 hole per 10 cm2, and 
added his own empirical expression for the bubble growth with bed height due to 
coalescence: 
 

 
0.42

0.94
0.2

0

( )1.43 2.05( )
4
mf bed

B m
U U D

fD U U h
Ng
π −

 = + −
 
 

 (2.4) 

 
where DB is the bubble diameter, Dbed is the diameter of the bed and N0 is the 
number of holes in the distributor plate.  
 
A number of other relationships have been proposed since then, some of which will 
be given and used in later chapters. 

2.5.3 Bubble Wake 
 
When a bubble rises, it carries some amount of solids inside as seen in Fig. 2.3. 
This is called ‘wake’. The formation of a wake follows directly when the bubble 
forms. Hence, the bubble picks up most of its solids at the bottom of the bed as it 
leaves the distributor plate. An idealized bubble has an upper surface that is 
approximately spherical, with a radius of curvature r, and a wake at the bottom, 
with wake angle as shown in Figure 2.3.  wθ
 

θw
Bubble volume

Wake volume

Bubble diameter

Radius of Curvature

 
Figure  2.3 A ideally spherical bubble (Geldart, 1962) 
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The bubble size is often expressed in terms of the volume equivalent diameter, Deq, 

and can be calculated as 

1
36 b

eq
VD
π

 =  
 

, where Vb is a bubble volume.  

 
Several researchers, for example Rowe and Widmer (1972) and Rowe and Yacono 
(1976) investigated the relationship of wake volume of a bubble as a function of its 
parameters, such as a bubble diameter, wake angle etc. by using X-ray techniques. 
The wake angle was also estimated by Naimer et al. (1982) who gave an empirical 
relation for the variation of the wake angle with the bubble diameter. Hoffmann 
(1983) proposed an improved equation for wake angle calculation: 
 
 ( )160 160exp 60w BDθ = − −  (2.4) 
 
where DB is the bubble diameter and θw is expressed in degrees. In some 
symposium publications (Hoffmann, 1991), a constant value of 55 is used instead 
of 60 in Equation 2.4, although the quality of the fit to the experimental data is 
essentially the same for the two constants. Equation 2.4 will be applied throughout 
this thesis. 
 
The other important parameter is the ratio of the volumes of the wake and the 
sphere and this is called the wake fraction fw: 
 

 3
3
4

w
w

Vf
rπ

=  (2.5) 

 
The wake volume, Vw can be calculated as a function of θw, DB and r. Vw is taken as 
the volume of that part of the circumscribing sphere not occupied by the bubble 
void for an approximation. Generally, moving from group A through group B to 
group D, the wake fraction decreases and therefore the volume of particulate phase 
transported per unit bubble volume decreases (Geldart, 1986). The wake of the 
bubble in beds of spherical material is roughly 30% of the bubble volume (Yates, 
1983). 

2.5.4 Bubble Rise Velocity 
 
The rise velocity of a large spherical cap bubble in a liquid is dependent on the 
radius of curvature at the nose of the bubble as described by Davies and Taylor 
(1950): 
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 0.667bU g r= ⋅ . (2.6) 
 
A semi-empirical relation in terms of the volume-equivalent diameter is: 
 
 0.711bU g D= ⋅ eq . (2.7) 

 
This expression is widely used for calculations of the velocity of rise of single 
bubbles in fluidized beds.  

2.5.5 Bubble Flow Rate and the Two-Phase Theory 
 
According to the two-phase theory of fluidization proposed by Toomey and 
Johnstone (1952) and developed by Davidson and Harrison (1963), all gas in 
excess of that needed for minimum fluidization passes through the bed as bubbles. 
The particulate phase remains at minimum fluidizing conditions, which means that 
the voidage, not counting the bubbles, remains practically εmf. The visible flow rate 
in a fluidized bed Qb, defined as the rate at which bubble volume crosses any 
section A in the bed, is then approximately equal to the excess gas flow above that 
required for minimum fluidization (Davidson and Harrison, 1963): 
 

 b
mf

Q U U
A

= −  (2.8) 

2.5.6 The Davidson Model 
 
The movement of both gas and solid caused by the rise of bubbles can be described 
by the Davidson model (Davidson, 1961), assuming that the bubble is solid free 
and spherical, that particles behave like an incompressible fluid of bulk density 
ρs(1-εmf) and that the gas in the emulsion phase flows as an incompressible viscous 
fluid that obeys Darcy’s law.  
 
Davidson (1961) described the gas flow in terms of a stream function and found 
that the bubble velocity affects the geometry of the stream function. If the bubble 
moves slower than the gas in the emulsion phase, this gas uses the bubble as a 
shortcut, entering the bubble at the bottom and leaving it at the top. Some gas 
circulates with the bubble, moving upward with it. This circulation increases with 
the bubble rise velocity. If the bubble moves faster than the gas in the emulsion 
phase, all gas entering the bubble circulates and a “cloud” of recirculating gas is 
formed around the bubble, while the rest of the gas in the bed moves past it without 
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mixing. The gas in the bubble and the cloud is then essentially isolated from the 
rest of the gas in the bed except for dispersion mass transfer. 
 
Other extensions to the Davidson model can be made; for example, some workers 
claim that some particles fall through the bubble due to a thin, unstable layer of 
larger voidage around the upper boundary of the bubble, but this may be a feature 
of two-dimensional beds only. Another property of bubbles in dense beds is their 
break-up when they become too large. If the rise velocity of the bubble exceeds the 
terminal velocity of the particles (their free-fall velocity), the bubble becomes 
unstable and will break up into smaller bubbles. There are other models for the 
bubble movement in fluidized beds, which are more realistic than Davidson’s 
model for example, by Jackson (1963) and Murray (1965). However, the simple 
treatment of Davidson’s model is still essentially applied in many circumstances. 

2.5.7 Flow Pattern of Fluidization Bubbles 
 
As bubbles rise through the bed, they coalesce to form bigger bubbles and when 
they become too large, they split (see Figure 2.4). The average bubble size 
equilibrates at about the maximum stable size. The location in the bed where the 
equilibrium size is attained depends on the kind of particles. For group A particles, 
the maximum stable diameter is relatively small, therefore the average bubble size 
stabilizes close to the distributor plate and remains constant through the rest of the 
bed. The maximum stable diameter for group B particles is larger and the 
equilibrium is reached typically only in the upper levels of the bed. The bubbles in 
group D particle beds behave differently; they do not rise as individual bubbles, but 
as horizontally associated swarms.  
 
Bubbles can coalesce in two ways, by incorporating a bubble in front or by moving 
side-wards into the track of another bubble and then incorporating it. At the wall of 
the bed, bubbles can only move inwards, while other bubbles can move in any 
horizontal direction. The result is an active zone away from the wall, which 
intensifies and moves closer to the axis with increasing distance from the 
distributor plate. Solid particles are dragged up by the bubbles and, by continuity, 
will move downwards in regions with lower bubble densities. 
 
As a consequence of fewer bubbles being close to the wall, there is a 
predominantly downward flow of particles near the wall, which, once established, 
maintains the tendency for bubbles to move inwards. The overall circulation is 
upwards near the axis and downwards near the wall in higher regions; the converse 
seems to be the case in the lower regions. 
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Figure  2.4 A freely bubbling fluidized bed and bubble coalescence modes.  

 
The circulation pattern can be modified by internals, like tubes or baffles or 
disturbed by mal-distribution at the distributor plate. Apart from the mal-
distribution caused by the plate that disturbed the flow pattern, Merry and 
Davidson (1973) found a phenomenon called gulf streaming. The gulf streaming 
phenomenon is caused by a cross-sectionally non-uniform bubble flow, causing a 
general upward material flow in one part of the bed, and downward in the other. 
Due to this effect much more material is brought to the top of the bed by the bubble 
flow than would be expected on basis of the flow in the wake phase itself, and thus 
the downward flow in the bulk is also higher. Gulf-streaming will cause the 
fluidization bubbles to move faster than one would expect from the single bubble 
velocity. On the other hand, a certain slip between the bubbles and the dense phase 
in the region of upward motion can be expected. Gulf-streaming will always take 
place in a fluidized bed to some extent. More discussions about gulf-streaming 
effects can be found in Chapter 4. 

2.5.8 Bed Expansion 
 
With an average bubble velocity <Ub> the average fraction of the bed area 
occupied by bubbles can be given as: 
 

 b
b

bed b

Q
A U

ε =
⋅ < >

. (2.9) 

 
Assuming that the void fraction of the particulate phase equals the void fraction at 
minimum fluidization, hence all gas in excess of that needed for minimum 
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fluidization passes through the bed as bubbles, the height h of the bed can be 
derived: 

 
0

h
b

mf
bed b

Qh h dz
A U

− =
⋅ < >∫ . (2.10) 

 
If the assumption can be made that the bubble velocity is constant throughout the 
bed, the bed height can be estimated from: 
 

 mf mf

mf b

h h U U
h U
− −

= . (2.11) 

 
The expansion of the bed then equals the fraction of the bed consisting of bubbles: 
 

 mf
b

h h
h

ε
−

= . (2.12) 

 
In practice, the bubble fraction is a bit lower than this theoretical value. 

2.6 Particle Transportation  
 
Several mechanisms have been proposed to describe the movement of particles 
through a fluidized bed. Mechanisms governing the vertical particle transport 
processes in batch freely bubbling fluidized beds were first proposed by Rowe and 
Partridge (1962): 
 

• Transport upwards in the wakes of fluidization bubbles and deposition on 
the bed surface  

• Transport down to compensate for this (the combination of these two they 
called 'circulation') and  

• Dispersion due to disturbance of the bed material by fluidization bubbles.  
 
In addition, the wake and drift exchange solids with the emulsion phase from 
experimental findings of Gibilaro and Rowe (1974), Chiba and Kobayashi (1977), 
Chiba et al. (1979) and Nienow and Chiba (1985). 
 
Mixing of solids occurs in both axial and radial directions. However, vertical solid 
mixing is generally many times faster than that due to lateral motion (Kunii and 
Levenspiel, 1991). More details of each mechanism are described below. 
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2.6.1 Solid Circulation 
 
Solid circulation is mainly determined by the gas velocity. At low gas velocities 
solids circulation is negligible. In more vigorously bubbling beds, circulation 
becomes appreciable and the absolute upward gas velocity through the emulsion 
phase does not equal the minimum fluidizing velocity anymore. Here, the velocity 
of the downward flowing solids has to be taken into account.  
 
Not only gas velocity, but also particle properties like shape, size, density, 
stickiness, and size distribution influence the mechanisms of axial and radial 
transport of particles within the bed. As mentioned previously, solids move in the 
vertical direction largely by being carried up by bubbles and carried down to the 
distributor by the bubble-free flow of particulate phase material. The upward 
movement is rapid (with the velocity of the bubbles) and the downward movement 
relatively slow.  

2.6.2 Dispersion 
 
Dispersion is one of the mechanisms of solids mixing in a fluidized bed. It occurs 
due to the disturbance of the bed material caused by the motion of the bubbles. 
Although it is thus a discrete process, linked to the motion of each individual 
bubble, it can be described as a continuous dispersion process and modeled using 
the diffusion equation: 
 

 
2

2
c
t

c
x

∂ ∂
=

∂ ∂
D  (2.13) 

 
This equation is called Fick’s second law of diffusion or the diffusion equation, 
where  is a dispersion coefficient and c the concentration of the diffusing species 
is a function of both x and t. 

D

D
 
In this thesis, the method for calculating the dispersion coefficient  is by 
calculating the number and size of fluidization bubbles going through a given 
cross-section of the bed during a given time interval of t seconds and using 
empirical literature data for the particle drift caused by a single bubble.  
 
From equation 2.13, the solution to the one-dimensional diffusion of particles, the 
concentration of which initially forms a Dirac delta function in x = 0 is: 
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−
= D , where c(x,t) is the normalized particle concentration. 

c(x,t)dx can, in the case of particles dispersing from a plane, be seen as the fraction 

of the particles with position 1 1
2 2

x dx x x dx+ < < −  at time t. 

2

4
x

tD

When comparing this with the density of the normal distribution, 

1( )
2

c u e σ

σ π
=

−
D

c u
∞

−∞
∫

, )x dx

D

, we see that the two are the same with σ2 = 2 t. 
2

22
u

Since the mean is zero, the variance σ2 is the expected value of u2: , so 

that:  or in other words: 2 t is the expected value of x

2( )u du

22 (t c x t
∞

−∞

= ∫D D 2, which 

is also the mean square particle displacement at time t. 
 
In what follows, we will use the mean square particle displacement per second, D = 
2 , as a measure of dispersion. This is in line with what is common in the 
mathematical literature, but not in the engineering literature. 
 
After that we calculate the particle displacement caused by one bubble from the 
empirical profiles given by Chiba et al. (1976) and then calculate the cross-
sectional mean of the square displacement. Taking t as the reciprocal of the bubble 
frequency at the given level in the bed, the dispersion coefficient used in our 
stochastic model is thus calculated.  
 
Only axial dispersion is taken into account. Horizontal and vertical diffusion differ, 
the axial, or vertical, dispersion coefficient being appreciably higher than the radial 
dispersion coefficient.  
 
An alternative to the above outlined concepts and method for estimating D is based 
on the notion of particle flow in and out of the bubble wake. This concept and the 
resulting expressions for the radial and axial dispersion coefficients are described 
below. 
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2.6.3 An Alternative Concept: Solid Exchange Between 
the Wake and the Emulsion 

 
According to the extensions of bubbling bed model (the Davidson model), particles 
travel upwards in a wake and downwards in the particulate phase. As described 
before, the idealized bubble carries up solids in a closed wake, with the solids 
circulating within it. However, models have been proposed that include 
interchange of solids between the wake and the particulate phase. It was suggested 
that in beds of fast rising bubbles, the downward moving particles in the cloud 
around the bubble are swept into the wake and are fluidized there by the circulating 
gas. In the wake they are uniformly mixed by circulation and, by continuity, 
particles leave the wake at the same rate. 
 
The coefficient of interchange of solids between the cloud-wake region and the 
particulate phase, based on bubble size, was derived by Yoshida and Kunii (1968): 
 

 
( )

( )
3 1

1
mf mf

w
b mf b

U
K

D

ε

ε ε

⋅ −
= ⋅

− ⋅
. (2.14) 

 
The circulation in the wake gives rise to radial mixing of solids. Solids farther from 
the bubble move aside somewhat as the bubble passes by and then return close to 
their original position; for them, radial mixing can be neglected. 
 
Using terms of the bubbling bed model and the solids interchange model from 
Kunii and Levenspiel, 1991 , the following axial and radial dispersion coefficient, 
Dsa and Dsr respectively, can be found: 
 

 
2 2( (1 ))
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w b mf b
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f U
D
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ε ε

ε ε ε
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− −

 (2.15) 

 
substituting Kw from equation 2.14 and simplifying, thus; 
 

 
2

2

3
w mf b

sa B
mf

f
bD D U

U
ε ε

= . (2.16) 

 
The above model for the solid exchange, Equation (2.14), was refined in the light 
of experimental results by Chiba et al. (1976, 1979). They have developed the 
following equations: 
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2

mf
w
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U
K

Dε
=  for a 3-dimensional bubble (2.18) 

 
Solid mixing in a freely bubbling fluidized bed is caused not only by the vertical 
movement of bubbles and bursting of bubbles at the bed surface, but also by the 
lateral motion of bubbles as a result of the interaction and coalescence of 
neighboring bubbles. However, the lateral mixing of solids which is augmented by 
the lateral motion of bubbles is relatively small compared to the vertical motion of 
solids. Our stochastic model is one-dimensional at the present time, and we 
therefore do not consider the issue of radial mixing. 
 
This a different concept in that the dispersion coefficient accounts for dispersion 
both due to the bubble's stirring action and due to take-up of particles in the bubble 
wake. The approach used in this thesis is to calculate a dispersion coefficient only 
on basis of the stirring action, and take the transport in bubble wakes into account 
in jumps to the bed surface. In the latter approach the material exchange between 
the bubble wake and bulk is assumed to be zero, although the model can easily be 
modified to take exchange with the bulk into account. 

2.7 Particle Mixing and Segregation 
 
Until now we have implicitly assumed that the bed particles are uniform. However, 
if the bed particles differ in physical properties, notably size and density, then 
segregation can take place. 
 
Segregation of a binary mixture of particles occurs when there is a substantial 
difference between their drag per unit weight. A high drag per unit weight makes 
the particles move upwards, whereas particles with a low drag per unit weight will 
tend to sink to the bottom. These two types of particles are called flotsam and 
jetsam, respectively.  
 
A quantitative measure for segregation is given by Tanimoto et al. (1981) in terms 
of the segregation distance Y, made dimensionless with the radius of the 
fluidization bubble. It characterizes the distance over which the jetsam particles 
sink as a single bubble passes by. The segregation distance was modified by 
Hoffmann and Romp (1991) to ensure that Y becomes zero when the bed particles 
are uniform: 
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 (2.19) 

 
This shows that the particle density difference is more dominant in segregation 
than the size difference. The superficial segregation velocity depends on the 
segregation distance as follows: 
 

 ( )3
4segr mfv Y U U= ⋅ ⋅ −  (2.20) 

 
The competitive mechanisms of segregation and mixing occur simultaneously 
producing equilibrium through the bed. Radial distribution is essentially uniform 
and axial distribution varies with height (Gibilaro and Rowe, 1973). As the gas 
velocity increases, the segregation pattern changes from a pure jetsam layer at the 
bottom through a gradient in jetsam concentration to a uniform mixture. 
 
As the composition of the mixture of particles varies with bed height, so does the 
minimum fluidization velocity. In some cases, segregation leads to defluidization 
in the bottom of the bed. The segregating fluidized bed containing two types of 
particles has been modeled by Gibilaro and Rowe (1974), who recognized four 
physical mechanisms: overall particle circulation, interchange between bulk and 
wake phases, axial spreading and a relative segregating flow rate. The first three 
are modes of mixing and only the last mechanism distinguishes jetsam and flotsam. 
Segregation, like mixing, depends almost solely on bubbles.  
 
Naimer et al. (1982) suggested a segregation mechanism where jetsam can 
overtake flotsam by falling rapidly through bubbles. Jetsam particles also descend 
faster through the temporarily disturbed region with lower density below each 
bubble. This mechanism is illustrated in Fig. 2.5, where a jetsam layer is disturbed 
by a bubble moving through it.  
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Figure  2.5 Descent of jetsam caused by bubble passage. 

 
Hartholt et al. (1996) found by visual observation that jetsam particles, which are 
not fully supported by the gas stream, rest on a grid-like structure formed by 
flotsam particles due to their lasting contacts. These structures are sheared as 
bubbles pass, resulting in a downward migration of the jetsam. It was found that 
the effect of interchange between the bulk phase and the wake phase is very small 
and can generally be neglected. Axial spreading was found to be only important at 
high gas velocities or in weakly segregating systems. At high jetsam 
concentrations, the bubble momentum can carry the jetsam-rich wake through the 
flotsam to the top of the bed and deposits the jetsam on the surface. 
 
Inserting horizontal baffles in the fluidized bed enhances segregation of larger and 
especially denser particles, and causes a decrease in the axial mixing of particles 
(Hartholt et al., 1996, 1997). Experiments showed that as a bubble passes through a 
baffle, part of the wake material is left underneath the baffle (van Dijk et al., 1998). 
For vigorous fluidization, sometimes down-flow through the baffles is insufficient, 
causing the bed to become multi-stage fluidized. At low velocities the baffles have 
no significant influence on the mean bubble size or velocity. More details about 
fluidized beds with baffles can be found in Chapters 5 and 8. 

2.8 Notation 
 
A = cross-sectional area 
Abed = bed vessel cross-sectional area 
Cs = solid concentration 
DB = effective bubble diameter 
D = dispersion coefficient 
Dbed = bed diameter 
Dsa  = axial dispersion coefficient 
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Dsr = radial dispersion coefficient 
Deq  =  the diameter of a volume equivalent sphere 
dp = particle diameter 

pd  = mean particle diameter 
fd = drift fraction 
fw = wake fraction  
h =  height in the bed 
hmf = height of the bed at Umf 
Kw = solid exchange coefficient between wake and emulsion phase 
L = bed height 
N0 = number of holes of a distributor plate 
∆P = pressure drop 
Qb = visible gas flow rate in a fluidized bed  
r = radius of curvature of the bubble front 
Remf = Reynolds number of particle at minimum fluidization condition 
Reb  =  Reynolds number of bubbles 
t = time 
U = velocity 
<U> =  average bubble velocity 
Ub = bubble velocity 
U0 =  superficial fluid velocity 
Umf =  superficial fluid velocity at minimum fluidizing conditions 
vsegr = superficial segregation velocity  
Vb  = a bubble volume 
Vw = a wake volume 
Y = dimensionless segregation distance 
 
Greek symbols: 
 
µ  = viscosity of fluid 
ε  = void fraction 
εb = fraction of bed occupied by bubbles 
εmf  = void fraction at minimum fluidization condition 
θw = wake angle 
ρ = density 
ρf = flotsam density 
ρj = jetsam density 
ρs = solid density 
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Chapter 3  

Introduction to Stochastic Models 
and Markov Chains 
 
The main topic of this thesis is the investigation of particle transport in various 
types of fluidized bed reactors. We propose to study transport phenomena with the 
help of mathematical models for the motion of individual particles. This motion is 
complex and depends on the interaction with a large number of other particles in 
the reactor, so that a deterministic model is not feasible. In this situation we 
advocate the use of stochastic models. This chapter gives an overview of the 
mathematical models used in chemical engineering and a discussion of the 
stochastic modeling approach used in this thesis. 

3.1 Mathematical Modeling 
 
The power of present-day computers and the progress in the area of numerical 
algorithms is such that the formerly long and tedious procedure of numerical 
calculation now takes only seconds. This has led to an increasing popularity of 
mathematical modeling of processes in engineering science. The great advantage of 
mathematical modeling lies in its potential to partially replace the costly and time 
consuming process of the actual construction of a test system. Normally a process 
model of a real system on a smaller scale is built so the scientist can observe the 
behavior in a replica for which she/he can control all the variables. The 
mathematical model that results from these small-scale experiments is then a 
reasonable and quantitative description of these observations, and in some cases a 
mathematical model can replace the small-scale physical model itself.  
 
In general a mathematical model is not able to represent all the details of an actual 
process but is able to describe the most important and relevant observable features 
of the system, which constitutes sufficient knowledge. Also, modeling is an 
adaptive procedure in which information gained from each experimental trial is 
used to improve the next generation model. This flexibility is one of the features of 
the modeling process. The modeling process usually involves several stages, 
 

• select a mathematical model,  
• match the model to data,  
• remodel the model, and  
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• possibly additional experiments,  
 
until the scientist is satisfied that she/he understands the system. 

3.2 Deterministic vs. Stochastic Modeling 
 
Mathematical models can roughly be divided into two categories, namely 
deterministic and stochastic models. Deterministic models are usually expressed in 
terms of differential equations that, together with initial and boundary conditions, 
exactly predict the development of a system. Stochastic models are given by 
random variables whose outcomes are uncertain and where we can only compute 
the probabilities of possible outcomes. Though useful, the division line between 
deterministic and stochastic modeling approaches is far from being sharp. Research 
in the area of nonlinear dynamical systems has shown that deterministic models 
can exhibit seemingly stochastic behavior. On the other hand, stochastic models 
can have deterministic behavior when viewed at the right scales or when 
computing aggregate quantities. 
 
Mathematical models are tools to describe physical reality, and on this level the 
distinction between stochastic and deterministic phenomena is again not as sharp as 
it might look at first sight. The way it is often taught in elementary courses, that 
random experiments have an unpredictable outcome whereas classical 
deterministic experiments have a predictable outcome, is an oversimplification. For 
illustration, we consider two examples. Throwing fair dice is an experiment that is 
usually regarded as a prime example of a random experiment, to be modeled by a 
random variable that takes values 1, …, 6 with equal probability. On the other 
hand, a die is a solid body whose motion follows Newton’s laws of mechanics and 
which can be described by a system of differential equations. The outcome of a 
toss can be perfectly predicted if we know the initial conditions and the external 
forces that act on the dice. That the latter are almost always impossible to 
determine with a sufficient degree of accuracy, is the main reason for the 
prevalence of stochastic models for tossing of dice. As a second example, we look 
at the motion of molecules in a fluid. The motion of an individual molecule follows 
classical mechanical laws. There are however so many forces acting on any 
molecule, as a result of collisions with the other molecules, that it is practically 
impossible to predict the path of an individual particle. Thus a stochastic model, in 
this case Brownian motion, is the only reasonable approach. When studying 
particle motion at a macroscopic level, we find again deterministic phenomena 
such as diffusion transport that can very well be modeled by differential equations. 
For this case we argue that a full understanding of diffusion transport can only be 
obtained from models for the random motion of individual particles. This link has 
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been made in Albert Einstein 1905 paper on Brownian motion, which was one of 
two papers that were cited in the laudation for Einstein’s Nobel prize award. 
 
When modeling particle transport in chemical reactors, the choice between a 
deterministic and a stochastic approach amounts to a choice between a 
macroscopic and a microscopic approach. In a microscopic approach, the object of 
study is the random path of a single particle through the reactor. In contrast, in a 
macroscopic approach we investigate the evolution of densities of a large number 
of marked particles. Traditional models in chemical engineering are macroscopic 
models, given by particle differential equations such as the diffusion 

equation
2

2( , ) ( , )p t x D p t x
t x
∂ ∂

=
∂ ∂

which governs the transport of marked particles 

in a liquid at rest. 
 
Whether a deterministic or a stochastic model is preferable, depends among other 
things on the nature of the process to be modeled. Some indicators for the use of a 
stochastic modeling strategy can be given along the following lines: 
 

• The process has a strong element of random motion of material particles. 
For such processes, stochastic modeling is intuitively appealing, and 
consistent with the nature of the process. A stochastic model also gives 
more information about statistical uncertainties involved in the process 
than a deterministic model. 

• The process is complex, and involves many discrete events. Formulating 
deterministic models demands that the process is converted to one which is 
continuous in time and space. This is often not possible, or it involves 
sweeping assumptions. For a stochastic model this is not necessary, and the 
model can be formulated directly. The processes discussed in this thesis 
provide examples. 

 
Fortunately, there are many works and examples that can guide model selection. 
Different approaches can lead to the same solution via different ways. All of them 
have the same goal, which is to simulate and to understand the real system as well 
as possible. The final analysis of which model should be selected involves 
considering which is most likely to lead to the aspect in which one is interested, 
and how much time and money is available for a description of the system. 

3.3 Historical Remarks 
 
Many mathematical models have been proposed for describing transport of 
particles in fluidized beds.  
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Early studies of solids mixing in fluidized beds were related to axial solid 
dispersion, i.e. May (1959), Rowe and Sutherland (1964), Wollard and Potter 
(1968) and Schügerl (1976) or radial solid dispersion, i.e. Cranfield (1978), Shi et 
al. (1985) and Tomeczek et al. (1992). The vast majority of the literature 
mentioned above is concerned with so-called diffusion or dispersion models by 
which the diffusion or dispersion coefficient have been estimated by fitting a 
dispersion equation to the data obtained experimentally. 
 
Sitnai (1981) proposed a convection model for vertical solids mixing in one 
dimensional fluidized beds, with properties of bubbles, with the convection 
coefficient being constant. Sitnai’s convection model bears close similarities with 
the countercurrent backing model of Freyer and Potter (1978) and Kunii and 
Levenspiel (1969). Throughout years of development, most of fluidized bed 
models are based on the convection-diffusion model’s concept. 
  
For mixing and segregation fluidized beds, the best known model was proposed by 
Gibilaro and Rowe (1974). The model was extended by Naimer et al. (1982) and 
several groups of researchers (Chiba et al. 1976, 1979; Chen, 1980; Tanimoto et 
al., 1981; Hoffmann et al., 1990, 1993 etc.). More details of the Gibilaro and Rowe 
model can be found in Chapter 5. 
 
The literature concerned with the residence time distribution (RTD) of particles in 
continuous fluidized beds is also extensive. A number of researchers have tried to 
identify and model the physical phenomena governing the transport of particles in 
a fluidized bed, e.g. Berruti et al. (1988), Haines and King (1972) and Morris et al. 
(1964). Rowe and Partridge (1962) proposed the idea of solids mixing in fluidized 
beds. Hoffmann and Paarhuis (1990) extended Rowe and Partridge idea to the 
problem of the RTD of the solids in continuous beds. There is extensive literature 
on each specific type of fluidized beds, e.g. slugging fluidized beds, batch freely 
bubbling fluidized beds. The literature concerning each specific type of fluidized 
beds studied in this thesis can be found within the relevant chapter.  
 
Most of the mentioned models are deterministic models based on conservation 
equations. For a complex system such as the transport of particles in fluidized beds, 
the application of the approach, however, often does not lead directly to a soluble 
model. We believe the stochastic model for the transport of an individual particle 
in a fluidized bed should be further exploited.  
 
Our work builds on earlier work by Dehling et al. (1999) and Hoffmann et al. 
(1998) who used stochastic models of transport in continuous fluidized beds to 
compute residence time distributions. In a related context, stochastic processes 
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have been used to model horizontal transport of particles in sediment beds. A 
fundamental contribution in this field is H.A. Einstein’s 1936 thesis. Here a 
stochastic approach was motivated by the observation that, in repeated 
experiments, identical particles in the sediment of a river undergo very different 
displacements, whereas the overall distribution of a larger number of particles each 
time is very similar. The problems investigated and the type of model studied in 
that are, however, very different from those in this thesis. 
 
Stochastic models focus on a single particle and model its path through the reactor 
as a result of random effects (including, for example, upward convection in wakes 
and segregation effects etc.), whereas deterministic models focus on densities, and 
thus on large numbers of particles. If a very large number of particles are involved, 
the law of large numbers guarantees a deterministic behavior of, for example, 
particle densities and this limit thus draws a bridge between microscopic and 
macroscopic models. In this case both models eventually yield the same results. If 
the number of particles chosen is small, a microscopic model provides more 
information concerning the fluctuations about the mean behavior. In many cases, a 
microscopic model is conceptually easier to formulate as it concentrates on a 
simple and physically intuitive object, namely the path of a single particle.  
 
Stochastic processes model the development of a random system over the course of 
time. They obtain their name from the Greek word for guessing, ‘stokhastikos’. A 
stochastic process is a family ( ) of random variables, indexed by the parameter 
t. In our applications, t denotes time, and X

0tX ≥

t describes the state of the system, or 
same aspect of it, at time t. The set of possible values of Xt is called state space, 
and will be denoted by S. The state can e.g., be the location of a given particle in 
the reactors in which case S is some bounded subset of . 3

 
Stochastic processes can be categorized according to the possible values of t and 
Xt, as follows: 
 

• Discrete state, discrete time stochastic processes 
• Discrete state, continuous time stochastic processes 
• Continuous state, discrete time stochastic processes 
• Continuous state, continuous time stochastic processes 

 
The nature of the physical processes considered in this thesis calls for models with 
continuous state space and in continuous time. Our initial models will, however, 
always be discrete state, discrete time models. Such models are easier to formulate 
and moreover they allow direct numerical calculations and simulations. We can 
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obtain continuous models by letting both space and time discretization converge to 
zero.  
 
Generally, there are two types of stochastic processes, independent and dependent 
processes. Independence would be a good model for such systems as repeated 
experiments, in which future states of the system are independent of past and 
present states. In complex systems, such as chemical engineering processes 
including fluidization, generally past or/and present states of the system affect the 
future states.  

3.4 Markov Processes  
 
The simplest type of models that exhibit dependence are Markov processes, where 
the future development of the process only depends on the present value, but not on 
the past. In many systems, indeed, the past of the state does not influence the future 
of the system and its future state only depends on the present. This characteristic, 
called the Markov property, can be expressed by  
 
 ,  (3.1) 

1 0 10( | ,..., ) ( | )
n n n nt t t n t t nP X A X x X x P X A X x
+ +
∈ = = = ∈ =

 
for all times 0 10 n nt t t t 1+= ≤ ≤ ≤ ≤… and all 0 , , nx x… in the state space. 

, ( , ) :s t ( | )t sp x A P X A X x= ∈ = is called the transition kernel of the process. It gives 
the probability that the process takes at time t a value in A given that at time s its 
value was x. 
A Markov process is called time invariant if , ( , )s tp x A  only depends on the 
difference t-s. In this case we thus have a one-parameter family of transition 
kernels ( , ) : ( | )t s t sp x A P X A X x+= ∈ = . In what follows we will restrict attention 
to time-invariant processes. 
 
A Markov process is completely specified by its transition kernel and the initial 
distributionπ , i.e. the distribution of X0. We can then compute arbitrary 
probabilities concerning the process (Xt), e.g., we have  

( ) ( , )t tP X A p x A dπ∈ = ∫ ( )x . 

 
Computations are much simpler for Markov chains with discrete time and discrete 
state space. In this case, condition (3.1) can be replaced by 
 
 . (3.2) 1 1 0 0 1 1( | , , ) ( | )n n n n n n n nP X x X x X x P X x X x+ + + += = = = = =…
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Again assuming time invariance, the transitions of the process are completely 
governed by the one-step transition probabilities 1( , ) : ( | )n np x y P X y X x+= = = . 
The associated matrix ,( ( , ))x y SP p x y ∈= is called the transition matrix. We often 
write the entries of this matrix as pxy rather than p(x, y). If the initial state of the 
system is chosen according to the probability distribution 0( ( ))x SP X x ∈= , we can 
compute the distribution at time 1 using the law of total probability as follows: 
 
 

0

1 0 0 1 0 0( ) ( ) ( | )
x S

P X x P X x P X x X x
∈

= = = ⋅ = =∑  (3.3) 

 
Introducing the probability vector 

( ) : ( ( ,p n p n x= ))x S∈  where ( , ) : ( )np n x P X x= =
(0)

, we can rewrite (3.3) in vector-
matrix notation as (1)p p P= ⋅ . 
 
In the same way we obtain the general formula ( ) ( 1)p n p n P= − ⋅ from where we 

get by induction ( ) (0) np n p= ⋅P . 
 
The distribution vector of the state of the system at time n can thus be computed by 
multiplying the vector of initial distributions n times from the right by the 
transition matrix. 
 
We will adopt Markov chains as our main vehicle to achieve the model. The 
reasons are, first, that they have a rich theory, much of which can be presented at 
an elementary level. Secondly, there are large number of systems arising in 
practice that have already been modeled by Markov chains, so that this model has 
many useful applications and gives plenty of information. 
 
The next section exhibits how the microscopic model can be used to derive 
macroscopic properties, and how the stochastic model can lead to more traditional 
deterministic models of macroscopic behavior. 

3.5 From Stochastic to Deterministic Modeling 
 
In this section we will present some generalities about stochastic processes. Our 
main goal is to provide a link between stochastic and deterministic modeling which 
we will illustrate in detail for the one-dimensional diffusion of particles in a 
stationary liquid. We will show how a stochastic model for the transport of 
individual particles leads to the same partial differential equation for the particle 
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density that can be obtained by macroscopic considerations. We stress the fact that 
beyond the mean behavior modeled by the deterministic approach, a stochastic 
modeling approach also captures the stochastic fluctuations about that mean. In a 
stochastic approach, we model the motion of a single particle in the reactor by a 
stochastic process , where X0≥t)( tX

ttn ≤≤

t gives the location of the particle at time t. We 
will always assume that the process is Markovian, i.e., that for times 

 we have  t ≤≤ …10
)|(),,|( 11 nttnttt xXAXPxXxXAXP

nn
=∈===∈ …  

where denotes the conditional probability that X( |
nt tP X A X∈

nt
X

(

)nx= t is in A, given 
that its value at time tn was Xn. This assumption states that the probability 
distribution of the particle’s location in the future only depends on the present 
position and not on the past. The process is fully specified by the transition 

probabilities )| ξ=∈+ts AXP sX for , 0s t ≥

,(

together with the initial distribution 
. If the process is also time-homogeneous, the transition probabilities are 

independent of s and thus we can define 
0( )P X ∈•

)|() ξξ =∈= + sts XAXPAtQ .  
 
Let now π be the probability density of the particle’s initial position. Then the 
particle distribution at time t is given by ξξπξµ dAQA tt )(),()( ∫= . 

If the transition probability distribution has a density )x , i.e., 

, the particle distribution has density dxxqXAXP
A

tsts ),()|( ξξ ∫==∈+

,(qt ξ

ξξπξ dxqxtp t )(),(),( ∫= . 

Under very general assumptions the probability density satisfies a forward 

differential equation ),(),( xtpLxtp
t x=
∂
∂

where Lx is a differential operator 

acting on the space variable x. Roughly speaking the forward, or Fokker-Planck, 

equation states that the density change ), xt(p
t∂
∂

is a result of gains and losses 

expressed by Lx. The best known example is the convection-diffusion 

equation, ),( xtp
x

),(),( 2

2

Vxtp
x

Dxtp
t

−
∂
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=
∂
∂

∂
∂

. 

 
In our experience, it is often easier to formulate a discrete model first and to 
approximate a continuous model by taking a sufficiently fine discretization. 

hoffmann
Think about whether to delete references to the space-continuous process



Chapter 3: Introduction to Stochastic Models and Markov Chains 37

Subdividing space into a finite number of cells Ci, I , and modeling only 
transitions at times ,,2,1,0, …=⋅ nn ε we obtain a Markov chain ( with 
state space I. The Markov chain is specified by its transition 
probabilities

0) ≥nnX ε

)ipij |( )1( XjXP nn === + εε . As an analogue of the forward 
differential equation, we now obtain a difference equation for the probability 
function, 

i∈

)()1()()()(
:

)1( jXPppiXPjXPjXP njjij
jii

nnn =−−===−= ∑
≠

+ εεεε . 

In the limit, with discretization steps converging to 0, this difference equation 
becomes the Fokker-Planck equation. 
 
A great advantage of discretization is that it is often easier to find the transition 
probabilities pij of the discrete Markov chain than the transition densities ) . 
In this thesis we actually consider only discrete models, as these give sufficiently 
good results for small discretization steps. 

,( xqt ξ

 
For the purpose of illustration, we will explain in some detail both deterministic 
and stochastic approaches for a one-dimensional diffusion of marked particles in a 
liquid, e.g., one might think of the diffusion of ink in a horizontal tube of water. A 
macroscopic model will focus on modeling c(t,x), the density of marked particles at 
time t in location x. The essential modeling assumption is that a density gradient 
leads to a flux j of marked particles against the direction of the gradient. Moreover, 
Fick's first law asserts that: 
 

 ( , ) ( , )j t x D c t x
x
∂

= −
∂

, (3.4) 

 
which is shown diagrammatically in Fig. 3.1. 
 
  

 

j(t,x) j(t,x+Dx) 

x x+Dx Unit cross-sectional area 

 
Figure  3.1 Particle flow from a high density to low density region(deterministic). 

 
As a result of this particle flux, the particle density (concentration) changes: during 
the time interval [t,t+Dt], the amount Dt◊j(t,x) will enter the interval [x,x+Dx] from 
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the left and the amount Dt◊j(t,x+Dx) will leave the same interval to the right. As net 
effect, we get an increase of the number of marked particles in [x,x+Dx] by Dt◊ 
[j(t,x)- j(t,x+Dx)] and thus,  

txxtjxtjxxtcxttc ∆⋅∆+−=∆⋅−∆+ )),(),(()),(),((  
Dividing both sides by Dx◊Dt, and letting Dx, Dt Æ 0, we obtain the partial 
differential equation 

 ( , ) ( , )c t x j t x
t x
∂ ∂

= −
∂ ∂

. (3.5) 

 
In contrast with (3.1), this equation does not contain a modeling assumption, but is 
simply a consequence of mass-balance considerations. 
 
Together, (3.1) and (3.2) yield the diffusion equation 
 

 
2

2( , ) ( , )c t x D c t x
t x
∂ ∂

=
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 (3.6) 

 
also known as Fick’s second law. 

 
Figure  3.2 Particle flow from a high density to low density region (stochastic). 

 
The microscopic approach attempts to model the motion of a single particle by a 
Markov process. To keep the presentation simple, we will focus on a discrete 
model, discretizing both time and space. We split the tube into cells of width D 
with centers at i◊D, , and discretize time into steps of size e  (see Fig.3.2). Our 
main model assumption specifies that between time 

Ι∈i
εn and ε)1( +n , a particle can 

move by one cell forwards or backwards, with probabilities iν ε⋅  and εµ ⋅i  

respectively, or remain in the same cell, with probability ( )i i1 ν ε µ ε− ⋅ − ⋅ . If we 

denote by the position of the particle at timeεnX εn  and by 
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)∆(),( ==∆ iXPinp nεε  its probability function, we obtain the recursion 
equation 

[ ]
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In the special case where 
1
2i iν ε µ ε⋅ = ⋅ = for all i (see Fig. 3.2), we get 

))1(,(
2
1))1(,(

2
1),)1(( ∆++∆−=∆+ inpinpinp εεε . 

Subtracting ( , )p n iε ∆ from both sides, we obtain a difference equation: 
1 1(( 1) , ) ( , ) ( ,( 1) ) ( , ) ( ,( 1) )
2 2

p n i p n i p n i p n i p n iε ε ε ε ε+ ∆ − ∆ = − ∆ − ∆ + + ∆                (3.7) 

 
Observe the analogy between this difference equation for the probability function 
and the diffusion equation (3.6): on the left-hand side we have a first order 
difference in the time variable and on the right-hand side a second order difference 
in the space variable. 
 
If we let e, DÆ0 in a suitable way, (3.7) formally converges to (3.6). Simple 
manipulations of (3.7) yield 

2
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Observe that by Taylor expansion of any twice differentiable function f we have 

2
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h

− − + + → and thus if D, e Æ 0 in such a way that 

D2=2D◊e we get, in the limit: ),(),( 2
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, i.e., the diffusion 

equation. The heuristic approach to the derivation of the diffusion equation, by 
letting the discretization steps in a discrete random walk model converge to zero, 
can be justified and made precise. Wiener (1923) established existence of 
Brownian motion, a continuous analogue of the random walk process. Brownian 
motion is the appropriate model for the continuous motion of particles without 
drift. Its density c(t, x) satisfies the diffusion equation (3.3). The explanation for the 
fact that we obtain the same PDE for the particle density, a macroscopic quantity 
and the probability density, a microscopic quantity, is to be found in the law of 
large numbers. The empirical distribution of a very large number of particles 
namely follows the probability distribution. The idea that diffusion phenomena 
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could be explained by a stochastic model for the motion of individual particles, 
dates back to Einstein’s 1905 paper on Brownian motion. 
 
In analogous ways, stochastic models can be built for more complex processes, and 
in some cases, though not in all, the limit can be shown to reduce to differential 
conservation equations. 

3.6 A Discrete Stochastic Model for Fluidization 
 
In this section we will present a model for particle transport in continuous fluidized 
beds that is the basis for the modeling approach followed in this thesis. This model 
was introduced by Hoffmann and Dehling (1998) and rigorously studied by 
Dehling, Hoffmann and Stuut (1999). These papers were in turn inspired by the 
work of Hoffmann and Paarhuis (1990), who were the first to propose a stochastic 
model for the motion of individual particles in a fluidized bed. Hoffmann and 
Paarhuis ran Monte-Carlo simulations to investigate the properties of their model, 
whereas Dehling, Hoffmann and Stuut gave a mathematical analysis of the model. 
As a result of the analysis, numerical calculations became possible and meaningful 
parameters of the model could be identified. 
 
Dehling, Hoffmann and Stuut applied their model to the study of RTD curves, 
which provide information about the distribution of residence times of particles in 
the reactor. If T denotes the time a randomly chosen particle spends inside the 
reactor then T is a random variable. Its distribution function, ( ) ( )F t P T t= ≤ is the 
so-called RTD curve. In macroscopic terms, F(t) gives the fraction of particles that 
spend at most time t inside the reactor. The RTD curves of fluidized bed reactors 
exhibit characteristics that could not be explained by traditional models. It was a 
great success of the stochastic modeling approach that the model RTD curves gave 
good predictions of experimental RTD curves. 
 
In this thesis we study batch fluidized beds and thus the model has to be modified 
accordingly. The concept and the basic ideas are, however, still the same. The 
difference lies technically in the boundary conditions and in the type of questions 
considered. Obviously, RTD-curves make no sense for batch models. In turn, the 
distribution of marked particles in the reactor and issues of mixing and separation 
of multi-type particles become objects of study. 
 
A number of researchers have tried to identify and model the physical phenomena 
governing the transport of particles in a fluidized bed, e.g., Berruti et al. (1988), 
Haines and King (1972), Morris et al. (1964) and Rowe and Partridge (1962). The 
model of Hoffmann and Paarhuis was inspired by the ideas of Rowe and Partridge.  
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According to Rowe and Partridge particle motion in a fluidized bed can be 
attributed to three physical processes: 
 

• Upward transport in the wake of rising fluidization bubbles followed by 
deposition at the top of the bed. 

• Downward transport of particles in the particulate (bulk) phase as 
compensation for the removal of material in the wake phase further down 
in the reactor. 

• Diffusion transport due to the disturbance of particles in the particulate 
phase by rising bubbles. 

 
The second and the third of these processes are well understood convection and 
diffusion processes. The first process is a new feature present in fluidized beds. 
Particle transport in the wake of rising fluidization bubbles is fast in comparison to 
the other transport processes and adds a discontinuous element to our model. We 
want to emphasize that not just the particles from the bottom of the reactor are 
transported upward in the bubble wakes. Due to coalescence of rising bubbles the 
wake flow increases from bottom to top and thus particles everywhere in the 
reactor can be caught in the wake and transported upward. Dehling, Hoffmann and 
Stuut (1999) studied this process in great detail.   
 
Our model for the motion of a single particle in the reactor is Markovian, i.e. we 
assume that the future of the process depends only on the present position and not 
on the past. This is a crucial assumption which e.g., excludes the possibility of 
particles having a velocity. In this context it is again important to realize that any 
mathematical model is just an image of the real world that tries to portray the main 
features. We model only the vertical position of a particle, thus disregarding axial 
motion. In this way we simplify the problem from dimension 3 to dimension 1. 
This approach makes sense in the situation where the reactor is axially symmetric. 
Modeling the full three-dimensional motion is still an open problem. 
 
Our modeling approach starts with a discrete model, in which we have partitioned 
the reactor into a finite number of horizontal cells and where we only record the 
cell in which the particle is located and not its precise position within the cell. 
Moreover we study the process in discrete time, at integer multiples of a time unit. 
In a later stage, we arrive at a continuous model by taking a so-called diffusion 
limit where both time and space discretizations become finer and finer until they 
eventually converge to zero. We choose this approach because the discrete model 
is intuitively appealing and directing based on the above mentioned physical ideas. 
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Discrete Markov Model 
 
In general, Xt denotes the vertical distance of the particle from the top of the bed at 
time t, t . Space is discretized by dividing the reactor vertically into N cells of 
equal width, numbered from top to bottom, with the exterior of the reactor below 
the distributor plate being denoted as N+1. The particles that have entered state 
N+1 can not return to the interior of the reactor, an assumption which is based on 
the actual transport of the particles in continuous fluidized bed reactors. Time is 
also discretized, and therefore denoted by n, the number of time steps since t = 0.  

0≥

 
Figure 3.3 gives a schematic representation of a fluidized bed reactor together with 
the discretized model that is the basis for our Markov process. The bubble size 
inside the reactor increases with height as does the material transport in the wake. 
The picture on the right hand side indicates the possible transitions of a particle in 
one unit of time; the particle can move one cell up or down, stay in the same cell or 
move all the way to the top of the bed. The first three possibilities model the 
continuous process of convection and diffusion, whereas the last possibility models 
the transport in the wake. Our model assumes that wake transport to the top is 
instantaneous which, though this might seem a rather crude assumption, is still a 
reasonable approximation. 
 
The vertical distance of the particle from the top of the reactor at time n is given by 
the cell index Xn. When the reactor is operated continuously, particles are 
constantly added to the top of the bed and removed at the bottom. Once they enter 
cell N+1 they can not return to the reactor forever. A particle that is presently in 
cell i undergoes during the next time unit one of the following transitions (see Fig. 
3.3): 
 

• moves one cell back with probability (1 )i iδ λ−  
• moves one cell ahead with probability (1 )i iβ λ−  
• stays in the same cell with probability (1 )(1 )i i iβ δ λ− − −  
• returns to the first cell on top of the bed with probability  iλ

 
The probabilities depend on the particle’s location, indicated by the suffix i. For 
example, if a particle is in cell N, it has a higher probability λ of moving up to cell 
1 than elsewhere, according to the theory that bubble wakes are mainly formed at 
the bottom of the bed. In Dehling and Hoffmann(1998, 1999), the probabilities 
were computed on the basis of models for the wake flow.  
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Figure  3.3 The fluidized bed reactor and a stochastic model. 

 
The conditional probability that the particle is in cell j at time n + 1, given it was in 
cell i at time n, is denoted as pij: 
 
 ( )1ij n np P X j X i+= = =  (3.8) 
 
where and location of particle at time n. The model is specified by: 0 ≡ n =0 XX
 

• the probability vector (0) ( (0,1), , (0, 1))p p p N= +…
(0) (1,0, ,p

of the particle’s initial 
position (if a particle starts in the first cell, 0)= … ) 

• the transition matrix 1 , 1( )ij i j NP p ≤ ≤ += which gives the transition 
probabilities from all cells to all cells        

 
The transition probabilities in our model for the interior of the reactor are then 
given by: 

 
( )

( )
( )

,1

, 1

,

, 1

1

(1 ) 1

1 .

i i

i i i i

i i i i i

i i i i

p

p

p

p

λ

δ λ

δ β λ

β λ

−

+

=

= −

= − − −

= −

 (3.9) 

 
As boundary conditions we take reflection at the entrance and absorption at the exit 
which is expressed by 1,2 1 1(1 )p β λ= − , 1,1 1 11 (1 )p β λ= − −  and . 1, 1 1N N+ + =p
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The transition matrix P is thus given by: 
 

1 1 1 1

2 2 2 2 2 2 2

3 3 3 3 3 3 3

4 4 4 4 4

1 (1 ) (1 ) 0 0 0 0
(1 ) (1 ) (1 ) 0 0 0

(1 ) (1 ) (1 ) 0 0
0 (1 ) (1 ) 0 0

0 0 0 (1 ) (1 )
0 0 0 0 0 1
N N N

β λ β λ
λ δ λ α λ β λ

λ δ λ α λ β λ
λ δ λ α λ

λ α λ

− − − 
 + − − − 
 − − −
 

− − 
 
 

− − 
  
 

…
…
…
…

…
…

N Nβ λ

0( )n n≥

 

 
This is a so-called stochastic matrix: a square matrix with nonnegative entries 
giving transition probabilities, and row sums all equal to 1. The probability 
function of gives the probability that the particle is in cell i at time n: X
 
 ( ) ( ), np n i P X i= = . (3.10) 
 
The probability distribution of the particle’s location at time n, p(n), can be 
computed from the probability distribution at time n-1 and the transition 
probabilities: 
 
 ( ) ( 1)p n p n P= − . (3.11)   
  
Using the particle’s initial position (0)p , ( )p n is a row vector obtained by 
multiplying the conditional probabilities: 
 
 ( ) ( )0 np n p P= . (3.12) 
 
If is the initial distribution, (0) (1,0,p = …,0) ( )p n  is simply the first row of the nth 
power of the transition matrix P.  
 
An application of (3.8) yields that the probability that a particle is in cell j at time 
n+1 can be computed as 
 

 ( ) ( )
1

,
1

1, ,
N

i j
i

p n j p n i p
+

=

+ =∑ . (3.13) 
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Because of the special structure of our transition matrix, we obtain for 2 the 
following recursion equation 

i≤ ≤ N

 
( ) ( ) ( ) ( ) ( )

( ) ( )
1 1

1 1

1, 1 , 1 1 ,

1 , 1
i i i i

i i

p n i p n i p n i

p n i

λ β λ α

λ δ
− −

+ +

+ = − − + −

+ − +
 (3.14) 

 
In the same way, we get at the boundaries i.e. at i = 1 and i = N+1, 

( ) ( ) ( ) ( ) ( )( ) ( )2 2 1 1
1

1,1 , 1 ,2 1 1 ,1
N

i
i

p n p n i p n p nλ δ λ λ β
=

+ = + − + − −∑
(

and 

) ( ) ( ) ( )1, 1 1 , , 1N Np n N p n N p n Nβ λ+ + = − + + . 
 
The above system of recursion equations is the basic concept of stochastic 
modeling of Dehling and Hoffmann (1999, 2000). For underlying the full details, 
please consult Dehling et al.(2000). 
 
The continuous model was introduced as limits of discrete Markov chains, 
obtained by letting space and time discretizations converge to zero. 

3.7 A Continuous Stochastic Model for Fluidization 
 
In the previous section we have modeled particle transport in fluidized bed reactors 
by a Markov process in discrete time with a discrete state space. From here, we can 
obtain a continuous time, continuous state model by letting the discretizations 
converge to zero in much the same way as this was done in section 3.2. We divide 

the reactor into N horizontal segments of height h
N

∆ = each, where h denotes the 

height of the reactor (see Fig. 3.4). We number the cells from top to bottom by 
. If we let x denote the distance of a particle from the top, 

then
1,= ,i N…

],(( 1)x i∈ −

, 0,1,2,n n

i∆ ∆ for an element of the i-th cell. Time is discretized into 
intervals of length ε, and we model the particle’s position at times 

ε⋅ = … . 
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Figure  3.4 A discretized bed. 

 
In order to obtain a meaningful limit process as 0∆→ and 0 , the transition 
probabilities in (3.9) have to depend on ε, δ in a suitable way. Let 

[ ] [ ] [ ): 0, , : 0, 0,v h D h→ → ∞ and [ ] [ ): 0, 0,hλ → ∞ be continuous functions, 
giving velocity, diffusion and rate of return to the top throughout the reactor. We 
define 

ε →

 2 ( ) ( )
22i D i v iε εβ = ∆ + ∆
∆∆

 

 2 ( ) ( )
22i D i v iε εδ = ∆ − ∆
∆∆

 

 
and 1i i iα δ β−= − . A particle that is not returning to the top of the reactor, will 
move one cell downward or upward with probability βi or δi and stay in the same 
cell with probability αi. The expected displacement in one time step is thus 
 
 ( ) ( )i i v iβ δ ε⋅∆ + ⋅ −∆ = ⋅ ∆ , 
 
corresponding to a mean velocity v(i∆). The mean square displacement in one time 
step is 
 2 2 ( )i i D iβ δ ε⋅∆ + ⋅∆ = ⋅ ∆  
 
corresponding to a mean square displacement per time unit D(i∆). These 
considerations motivate our choices of v and D, respectively. 
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We define moreover and require that ε and ∆ be related by the 
identity 

0 0 1sup ( )xD ≤ ≤= D x

 
2

02D
ε ∆
= . 

With this requirement, all three probabilities, αi, βi and δi are nonnegative for small 
∆, provided that v and D are strictly positive functions. In the special case of a 

constant diffusion, i.e. ( )D x ≡ D , we thus get
2

2D
ε ∆
= and 

 

2

2

1 ( )
4 4
1 ( )
4 4
1 .
2

i

i

i

v i
D

v i
D

β

δ

α

∆
= + ∆

∆
= − ∆

=

 

 
We model the rate of return to the top of the bed by the rate function λ(x) and thus 
the probability for a return in a small time interval of length ε 
becomes ( )iiλ ε λ= ⋅ ∆

n

. 
 
We denote by  the location of the particle after n transitions and define the 
continuous time process 

X ∆

ttX X
ε

∆ ∆
  

= ∆ ⋅ . 

 
Observe that  gives the distance of the lower boundary of the cell that contains 
our particle, and thus its location up to a discretization error of most ∆, at time t. 
Dabrowski and Dehling (1998) have shown that ( )

0t t
∆

≥
X

0t≥

converges to a limit 

process ( )  that can be described via a continuous diffusion part and a Poisson 
process of jumps to the top. 

tX

tX ∆

 
If we enter the above values of v, D and λ into (3.14), we get the recursion formula 
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( )
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2

(( 1) , )

(( 1) ) (( 1) ) 1 (( 1) ) ( ,( 1) )
22

1 ( ) 1 ( ) ( , )

(( 1) ) (( 1) ) 1 (( 1) ) ( ,( 1) )
22

p n i

D i v i i p n i

D i i p n i

D i v i i p n i

ε
ε ε ελ ε

ε ελ ε

ε ε ελ ε

∆

∆

∆

∆

+ ∆

 = − ∆ + − ∆ − − ∆ − ∆ ∆∆ 
 + − ∆ − ∆ ∆ 

∆ 
 + + ∆ − + ∆ − − ∆ + ∆ ∆∆ 

 (3.15) 

 
for the distribution of particles at time t = nε. If we let , 0ε∆ → , this difference 
equation becomes a partial differential equation 

 ( ) ( )
2

2
1( , ) ( ) ( , ) ( ) ( , ) ( ) ( , )
2

p t x D x p t x v x p t x x p t x
t xx

λ∂ ∂ ∂
= − −

∂ ∂∂
 (3.16) 

for the density of Xt at location x. The first two terms on the right hand side are 
well known from the standard diffusion equation. The third term, ( ) ( , )x p t xλ− , is 
new and describes the removal of particles in the wake of rising fluidization 
bubbles. 

3.8 Outlook  
 
In this thesis we investigate a variety of fluidized beds, all different from the one 
studied by Hoffmann and Dehling et al. All our beds are batch operated, hence 
there are no particles added to and removed from the reactor. When relating our 
model to a physical bed, the model neglects the volume occupied by the 
bubble/wake regions, and the whole model description is based on unit cross-
sectional area. We investigate three types of reactors: 
 

• freely bubbling fluidized beds. This type of fluidized bed is commonly 
found in fluidized bed reactors. More details can be found in Chapter 2 and 
4. 

• bubbling fluidized beds with internals. This is an innovation putting baffles 
inside freely bubbling fluidized beds to enhance segregation of particle 
mixtures. Chapter 5 provides information exclusively about fluidized bed 
reactors with baffles. 

• slugging fluidized beds. This kind of bed was found when the size of 
bubbles in fluidized beds gets bigger and almost equals the diameter of 
reactors. This is called a slugging fluidized bed. We modeled slugging 
fluidized beds by using our stochastic model and the result is shown in 
Chapter 6. 
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Chapter 4  

0≥
))

Freely Bubbling Batch Fluidized Bed: 
Model Validation 
4.1 Description of a Stochastic Model for Freely 

Bubbling Batch Fluidized Bed 
 
The model that we propose for the freely bubbling batch fluidized bed of this 
chapter, is based on Dehling and Hoffmann’s (1999) modeling concepts for 
particle transport in fluidized beds. That model, which was outlined in Chapter 3, 
was designed for a continuously operated fluidized bed. As our experiments were 
carried out with a batch fluidized bed, where there is no inflow and outflow of 
particles, the model of Dehling and Hoffmann (1999) required appropriate 
modification. 
 
In our model, the motion of a single particle in the reactor is defined as a stochastic 
process in which only the vertical position of the particle is modeled and the radial 
motion is ignored. The model reflects the physical processes governing the vertical 
particle transport that have been proposed by Rowe and Partridge (1962), 
including:  
 

• Upward transport in bubble wakes and deposition on top of the bed, 
• Downward transport in the bulk due to the removal of material low in the 

bed in bubble wakes 
• Dispersion due to the disturbance of the bulk material by fluidization 

bubbles. 
 
Our model is a Markov process where X0( )t tX ≥ t gives the vertical position of the 
particle in the reactor, measured from the top. We first formulate a discrete model, 
where the bed is divided into N horizontal segments of equal width ∆. In this case 
Xt gives the index of the cell, where we start counting at the top. 
 
For the stochastic model we can compute the probability distribution of a single 
particle at time . This distribution can be described by a probability 
vector

t
1), , (( ( , ,p t p… t N ( , )in a discrete model and by a probability density in 

a continuous model. When studying the dispersion of a pulse of marked particles, 
p t x
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the model can be applied to predict the evolution of the density of marked particles 
in the reactor. This is a consequence of the law of large numbers, which states that 
for a large number of independently moving particles, the fraction of particles in 
any part of the reactor equals the probability that a single particle is found in that 
part. Thus in the discrete model gives the fraction of particles from the pulse 
that is found in cell i and ( ,p t x in the continuous model gives the concentration of 
marked particles, i.e. fraction per length and, since we base our analysis on unit 
cross-sectional area, therefore per volume. 

( , )p t i
)

 

 
Figure  4.1 A discretized fluidized bed. 

 
When applying a single particle model to predict the dispersion of a pulse of 
marked particles, the independence assumption is crucial. In the experiments of 
this chapter, independence is a reasonable assumption, because the marked 
particles form a small percentage of the particles in the reactor and thus have little 
or no interaction. 
 
Our modeling approach starts from a model with discrete state space and in 
discrete time. Space discretization is achieved by subdividing the reactor into N 
horizontal segments of equal width h

N∆ = , where h denotes the height of the 
reactor, see Figure 4.1. The state space for the discrete model is {1, …, N}, and by 
Xt we denote the index of the cell containing the particle at time t. Time is 
discretized by considering the process at times , 0,1,t n nε= = …only. 
 
During one time step, between ( 1)t n ε= − and t nε= , four transitions are possible. 
The particle can stay in the same cell, move either one cell upward or downward or 
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it can be caught in the wake of a rising fluidization bubble and be deposited at the 
top of the bed, i.e. move to cell 1. The corresponding transition probabilities 

( 1)( |ij n n )p P X j Xε ε−= = i=  
are parameters of the model. Let , , 0with 1i i i i i iα β δ α β δ≥ + + = iand 0λ ≥ be 
given, i = 1,…, N. We then assume the transition probabilities 
 

 

, 1

,

, 1

,1

(1 )
(1 )
(1 )

i i i i

i i i i

i i i i

i i

p
p
p
p

β λ

α λ

δ λ

λ

+

−

= −

= −

= −

=

 (4.1) 

 
Thus λi is the probability that a particle that is presently in cell i gets caught in the 
wake of a rising fluidization bubble and is subsequently dropped in cell 1. Given 
that this does not happen, the particle either moves one cell ahead, stays in the 
same cell or moves on cell back, with probabilities βi, αi, δi respectively. This part 
of the process, for particles in the bulk phase, specifies a birth and death process. 
 
The transition probabilities specified in Equation (4.1) hold for i = 2, …, N-1. For i 
= 1 and i = N we have to specify boundary conditions, which we give as follows 
 

1,1 1 1 1,2 1 1

, 1 , ,1

1 (1 ), (1 )
(1 ), 1 (1 ) , .N N N N N N N N N N N

p q
p q q

β λ β λ

δ λ δ λ λ λ−

= − − = −

= − = − − − =
 

 
These are the reflecting boundary conditions. 
 
In Figure 4.2 we have plotted a sample path of the Markov chain with transition 
probabilities. A useful picture is that in the first instance we perform a birth- and 
death-process with transition probabilities specified by βi, αi, δi and that after each 
transition a biased coin is tossed, which with probability shows Tail indicating 
a move to the top of the bed, and with the remaining probability 1 for no 
further action. 

tXλ

tXλ−
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 Bottom 

      Top 

 
Figure  4.2 A sample path of the Markov chain with transition probabilities. 

 
The goal of one type of experiments that we performed using the PET-technique 
was the visualization of the path of a single marked particle, in order to allow 
comparison with the paths predicted by our model. The results are presented in 
section 4.4. 
 
For the comparison of experimental results and model predictions for the 
dispersion of a pulse of marked particles, we have to compute the probability 
distribution of Xt. If we define 

( , ) : ( ),np n j P X jεε = =  
we get the recursion formula 

1

( , ) (( 1) , ) .
N

ij
i

p n j p n i pε ε
=

= − ⋅∑  

 
For the probability vector ( ) : ( ( , ),1 )n p n j j Nε ε= ≤ ≤

) )
p this yields the recursion 

formula ( ) (( 1n nε ε= − ⋅ Pp p , which we can iterate to obtain 
( ) (0) nnε = ⋅p p P . 
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Here p(0) gives the initial probability distribution of the particle: i.e. for a particle 
starting in the top or in the bottom cell, p(0) = (1, 0,…, 0) or p(0) = (0,…, 0, 1), 
respectively. In Figure 4.3 we have plotted the particle distribution for t = 1, 2, 3, 4 
and 10 for p(0) = (1, 0,…, 0). 
 

 
Figure  4.3 Plots of particle distribution for t = 1, 2, 3, 4 and 10. 

 
We derive the model parameters αi, βi, δi and λi from the continuous quantities 
v(x), D(x) and λ(x), 0 x h≤ ≤ , which give the mean velocity, the mean square 
displacement per second and the rate of return to the top of the reactor, 
respectively, for a particle located at x. The specification is as follows, 
 

 2 ( ) ( )
2 2i D i v iε εβ = ∆ + ∆

∆ ∆
 (4.2) 

 

 2 ( ) ( )
2 2i D i v iε εδ = ∆ − ∆

∆ ∆
 (4.3) 

 
( )i iλ ελ= ∆  (4.4)  
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and 1i i iα δ β−= − . The argument for this choice of parameters is the same as in 

section 3.7. We also impose a relationship between ε and ∆ by requiring
2

02D
ε ∆

=

).D x

0

, 

with  If v(x), D(x) and λ(x) are all strictly positive, continuous 
functions, all the above parameters fall into the interval [0, 1] and are thus 
probabilities, if ∆ is small enough. 

0 0 1sup (xD ≤ ≤=

 
In Chapter 2 we have shown how the excess gas flow determines bubble size, wake 
fraction and finally wake flow in the reactor. The wake flow Q(x), x h≤ ≤ , again 
determines both the mean particle velocity v(x) as well as the rate of return to the 
top. The wake flow is an upward flow of particles, which for reasons of balance of 
particles must be compensated by a downward flow of particles in the bulk phase. 
When relating our model to a physical bed, the model neglects the volume 
occupied by the bubble/wake regions, and the whole model description is based on 
unit cross-sectional area, so that we get ( ) ( ).v x Q x=  
 
In order to compute the rate λ(x), we consider a small horizontal segment between 
height x and x+∆x 

 
 

Per unit area, there is an inflow of Q(x+∆x) and an outflow of Q(x) in the wake 
phase. Per second, the difference is picked up in the wake of rising fluidization 
bubbles and this constitutes the fraction 
 

 ( ) ( )( ) Q x x Q xx
x

λ + ∆ −
=

∆
 (4.5) 

 
Letting , we obtain the equation 0∆ →x

( ) ( )dx Q x
dx

λ = − , 

 
i.e. the return rate is the derivative of the wake flow. 
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When computing the probabilities λi, we actually approximate the derivative 

( )Q xd
dx

by the difference quotient (4.5), for ∆x = ∆. In this way, we only need 

information about Q(x) at the points , 1, , .x i i N= ⋅∆ = …  

4.2 Background of the Experiments 
 
The motion of individual particles and the dispersion of a pulse of particles in a 
freely bubbling batch fluidized bed reactor were studied in a series of experiments 
performed in the Academic Hospital Groningen (AZG) and analyzed using 
Positron Emission Tomography (PET). This highly advanced experimental 
technique, which was used here in connection with fluidization, allows direct non-
invasive monitoring of physical processes at high time resolution. The main goal of 
our experiments was to gain insight into particle transport processes in fluidized 
bed reactors and to validate the concepts behind our stochastic models by direct 
observation. Previous experiments had only given indirect validations, for 
example, by comparing observed residence time distributions with model 
predictions. The experimental results confirm our basic modeling assumptions and 
they also give rise to modifications. 
 
The nature of fluidized beds and the particle transport in such beds has long been 
the subject of intense investigation. Due to the nature of the process, determining 
particle and gas dynamics is not an easy task. During the last decade a number of 
techniques such as X-rays, Positron Emission Particle Tracking (PEPT), Electrical 
Capacitance Tomography (ECT) and direct visualization by endoscopes have been 
pioneered and used to monitor the dynamics of fluidized beds. All these methods 
throw light on different aspects of the gas and particle dynamics.  
 
Recently the method of “positron emission particle tracking” (PEPT) was 
introduced at the University of Birmingham to study particle dynamics in process 
apparatus (Parker et al., 1997) and fluidized beds (e.g. Stein et al., 1998, Snieders 
et al., 2000). Also at the Technical University of Delft, PEPT was used for 
studying fluidized beds (Abellon et al., 1997) with the object of investigating the 
particle residence time in interconnected fluidized beds. One limitation in this 
technique has, until now, been the size of the tracer particle, which had to be 
relatively large to be given sufficient activity for tracking. Therefore, it was not 
possible to use a bed particle as tracer particle. It was, however, possible to use a 
pellet of the same bulk density as the bed material, and this was shown to behave 
similarly to the bed particles themselves (e.g. Snieder et al., 1999). The motion of a 
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small pellet of the same density as the bulk density of the fluidized particles 
provided information about the particle movement in 3-D for the first time. 
 
Advanced techniques for better results are being pioneered continually. In this 
chapter, a new technique for visualizing the particle movement in process 
equipment, which makes direct tracking of particle pulses or individual particles 
possible and provide 3-D information, was applied to better understandings on gas 
and particle dynamics in fluidized beds.  
 
The most advanced cameras for Positron Emission Tomography (PET) are found in 
the medical sector. Cooperation with the University Hospital in Groningen (AZG) 
made it possible to make use of a state-of-the-art ECAT EXACT HR+ PET 
camera. To do this, a fluidized bed was constructed to fit in the cylindrical 
measuring region of the camera. Using this technique made it possible to use an 
actual bed particle as tracer rather than a pellet. Further details of the PET camera 
and data analysis are presented in Appendix 4A.  
 
The experiments can be categorized into: 
 

• Pulse experiments: following the dispersion of a pulse of marked particles 
and 

• Single particle experiments: tracking a single tracer particle typical of the 
bed material with high temporal and spatial resolution. 

 
Tracking an individual particle gives information about the nature of fluidized beds 
and the particle motion in them. If such tracking is done for a sufficiently long 
period, inferences can also be made about the time-mean particle motion, which is 
also the assembly-mean if the process is steady state.  
 
A more direct way of determining the assembly-mean particle behavior, however, 
is to study the behavior of pulses of marked particles in the bed. The objective of 
the pulse experiments was to explore the possibilities and limitations of imaging 
pulses of radioactive particles in a PET camera for studying particle dynamics in 
fluidized beds, in this case a freely bubbling batch fluidized bed, and to compare 
the results with our stochastic model for the particle dynamics. 
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4.3 Experiments and Data Analysis 

4.3.1 Experimental Set-Up 
 
The experiment was, as mentioned above, designed to study the dynamics of both 
tracer pulses and of individual particles. Descriptions of the apparatus used and of 
experimental method are presented below. 
 
Vessel and rig 
 
Sketches of the fluidized bed and the rig used for the experiments are shown in 
Figure 4.4. Two cylindrically shaped glass tubes of diameters 15 and 10 cm, 
respectively, and both of height 35 cm were used as fluidized bed reactors. These 
sizes were chosen to be compatible with the reactor in the PET scanner. 
 
Sintered plates were connected with a metal ring both on the top and on the bottom 
of the reactor. The sintered plate at the top of the bed was mounted to prevent the 
particles from exiting the bed. It had a high porosity and a low-pressure drop. The 
distributor plate at the bottom, a grade 0.3-sintered plate (made from copper) had a 
low porosity, so that the pressure drop across it was formally sufficient to ensure 
cross-sectionally uniform gas distribution. To attain a better distribution of air 
passing through the particles the windbox under the distributor was filled with 
small plastic cylinders. A particle outlet was made at the bottom of the vessel for 
later experiments with continuous beds. 
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Figure  4.4 A: Sketch of the fluidized bed vessel B: Sketch of the experimental set-up 

and the position of the bed in the PET camera 

 
Powder 
 
The powder used for these experiments needed to fulfill the following 
requirements: 
 

• It should be fluidizable, preferably falling in the Geldart group B category. 
• The particles should absorb the radioactive labeler well using a simple 

procedure, which is fast relative to the labeler’s half-life. 
• The particles should be tough enough to withstand the fluidization. 

 
Two types of particles were found to meet these requirements. A macroporous 
anion exchange resin and a catalyst powder for fluidized catalytic cracking (FCC). 
The physical properties of these two particles are shown in Table 4.1. 

Table 4.1 Physical properties of the powders used 

 Lewatit MP500 FCC-catalyst 
Average particle size [µm] 470 79.5 
Density [kg/m3] 1060 1464 
Sphericity [-] 1 0.9 
emf  [-] 0.42 0.45 
Geldart group B A 
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The Lewatit MP500 was a macroporous anion-exchange resin, which could easily 
be labeled with the radioactive tracer. Enough labeler could be attached even to 
perform experiments with a single particle as a tracer.  
 
Ion exchange resins work by ions residing on the resin being replaced by ions in 
solution. In these experiments chloride ions were replaced by fluoride ions: 
 

( ) ( ) ( ) ( )R Cl s F aq R F s Cl aq+ − − + − −+ → +  
 
where R+ is the exchanging material, of which the resins consist. 
 
Macroporous anion exchange resins are tough and spherical (see Figure 4.5). When 
these particles are dried, they are sandlike. They can be chosen to be selective for 
Fluoride ions, and the process of marking these resins is very simple. The particles 
only have to be soaked in a fluoride containing solution for a short time, so the ions 
can exchange and the particles are radioactive. After this marking process the 
particles need to be dried. The strongly basic Lewatit MP500 resin was chosen, 
after initial tests showed it to be sufficiently effective in adsorbing fluoride ions.  
 

 
Figure  4.5 Magnification of the Lewatit MP500 ion exchange resins used for these 

experiments 

 
Using the data in Table 4.1 and the physical properties of ambient air, the 
minimum fluidization velocity (Umf) of the powder was predicted to be 0.75 m/s by 
the Wen and Yu equation (Wen and Yu, 1966) and 0.102 m/s using the full Ergun 
equation (Ergun, 1952). From several measurements of Umf, the value is 0.116 m/s. 
The value is slightly less than the value given in Hoffmann et al. (2003), and 
agrees well with model predictions.  
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The FCC catalyst powder was supplied by Shell Global Solutions. It was porous, 
providing enough surface area to label a pulse of particles. The measured Umf was 
0.004 m/s which again agrees well with model predictions.  
 
The particle densities given in Table 4.1 are envelope densities (including the 
internal pores in the particle volume) not skeletal densities. 

4.3.2 Experimental Procedure and Plan 
 
Experiments were done inside the PET (ECAT EXACT HR+) camera’s cylindrical 
detection zone of 83 cm diameter and 15 cm depth as shown in Figure 4.4B.  
 
Single Particle Experiments  
 
Only Lewetit MP500 powder was used in the single particle experiments. To mark 
a particle of the resin powder, a few wet particles were placed in 2 ml demi-water 
containing 4000 MBq of 18F-ions, and allowed to soak for about 1 hr. The particles 
were then dried. Handling of the single particles was done with extreme care to 
avoid damage.  
 
Three experiments were performed, all in the larger reactor of 15 cm diameter. In 
two experiments, the tracer particle was initially placed low in the bed, while in the 
third it was placed in the middle. 
 
In all single particle experiments PET measurements were done for about 10 s 
before fluidizing the bed, to get an image of the still condition. After this, the 
airflow was started, taking care that the desired flowrate of about 0.13 m/s was 
reached as quickly as possible. The PET measurements were continued for about 5 
minutes at a constant flowrate. 
 
Pulse Experiments  
 
Both Lewatit MP500 and FCC catalyst particles were used in the pulse 
experiments. The procedure for labeling the particles for pulse experiments was as 
follows: 3 g of particles were soaked in a solution containing 1500 MBq 18F in 150 
ml demi-water. After stirring for 15 minutes, the material was separated from the 
water using a Büchner funnel with sintered plate. The marked particles were dried 
in the small reactor by fluidizing for a half to a whole hour together with dry 
particles (900 ml in case of the Lewatit MP500, 1400 ml in the case of the FCC 
powder). The resulting dry powder mixture constitutes the “tracer”. In the case of 
the FCC catalyst, the initial activity was measured to be about 400 MBq.  



Chapter 4: Freely Bubbling Batch Fluidized Beds: Model Validation 
 

63 

The pulse of tracer was arranged in a bed of unmarked particles according to a pre-
planned scheme (see Figure 4.6), and the bed placed in the PET camera. The 
camera was started up a couple of seconds before the gas was charged to the bed. 
The fluidizing gas pump was activated, and initially the gas was discharged to the 
atmosphere. At t = 0, the gas was suddenly diverted to the bed. The fluidization 
was initiated in this way to minimize start-up effects and to get as true as possible a 
picture of the dispersion of the tracer pulse in the bed at steady operating 
conditions. 
 
The height of the powder bed was 20 cm in all cases. For the coarse Lewatit 
MP500, this remained almost the same when fluidizing at the low excess gas 
velocities used for these experiments, while the bed height rose to about 25 cm 
when fluidizing the much finer FCC powder. The point at which the gas was 
diverted to the bed could always be recognized by the pulse rising slightly. 
 
The experiments were designed with well-defined pulses of marked particles 
arranged in the bed initially. When the bed was fluidized the dispersion of the pulse 
through the bed  was monitored. A number of different types of pulses were used, 
as illustrated in Figure 4.6. The three first pulses, Figure 4.6(a) − (c), comprised 
layers at the bottom, top and middle of the bed respectively, and were intended to 
show the axial particle dispersion in the bed. The central and annular columns 
illustrated in Figure 4.6(d) and (e) were used to investigate the radial particle 
dispersion. The final pulse configuration shown in Figure 4.6 (f) , a disk in the 
middle of the column, was intended to give an over-all impression of the particle 
mixing in the bed. 

 
 

(a) (b) (c) (d) (e) (f) 
 

Figure  4.6 The types of pulses used in the experiments. 

 
As mentioned, the superficial velocity required to just fluidize the powder or 
‘minimum fluidization velocity’, Umf, of the Lewatit MP500 powder was found to 
be 0.116 m/s, and the experiments were carried out at 0.130 m/s, while for the FCC 



Chapter 4: Freely Bubbling Batch Fluidized Beds: Model Validation 
 
64

powder the measured Umf was 0.004 m/s, and the experiments were carried out at 
0.01 m/s. 

4.3.3 Data Output and Analysis 
 
The PET technique is based on the radioactive decay of a radioactive labeler, here 
18F, which leads to the emission of a positron and neutrino. The positron travels a 
few mm through the system before annihilating with an electron. This annihilation 
normally results in the emission of two photons, in this case of 511 keV. For 
conservation of energy and momentum, the two photons are normally emitted 
back-to-back, and thus define a straight line going through the annihilation site 
called a "line of response" (LOR), see Figure 4.7. 
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Figure  4.7 A: Sketch of the fluidized bed within the cylindrical detection zone of the 

camera. The detector blocks (simplified) and an LOR with its defining parameters are 
sketched. B: about 150 LORs from one ms. 

 
The emitted photons were detected by cylindrically arranged sensors as illustrated 
in Figure 4.7A. To analyze data obtained from these sensors, different tools for 
collecting data were used. For the single particle experiments, the data used were 
collected in so-called list mode files. A sinogram, on the other hand, was used for 
the pulse experiments. This is a tool for storing the detector pairs in a way suitable 
for future image reconstruction and display. More details on the PET camera and 
data analysis are included in Appendix 4A.  
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4.4 Experimental Results and Discussion  
 
As discussed in Section 4.3, the distributor plate used in all experiments was a 
copper sintered plate. For the Lewatit MP500 powder, this sintered plate 
distributed the gas as intended.  However, −in the case of the FCC catalyst powder, 
the plate did not always distribute the gas sufficiently well. It could be seen in 
some of the experiments that defluidization occurred at one side of the bed. 
Nevertheless, we were able to obtain initial results that clearly demonstrated the 
usefulness of the PET technique. A new distributor plate, which significantly 
improved the air distribution, was designed and placed in the test vessel. This work 
is described in Appendix B.  
 
For the pulse experiments images of the particle distribution profiles were obtained 
using in-house developed software that can show horizontal and vertical planes 
within the reactor for different time frames, calculate the sum of the emission 
intensity over each plane and make bitmap pictures of the results. The images 
presented using this software show the mean intensity of the radioactive emission 
during the ‘exposure period’. The darker the shade of a specific voxel, the higher 
the mean intensity, so that the marked particles show up as dark-gray colors. In 
addition to the images shown below, more images and data can be found in van der 
Zwan (2002) and  van der Wiel (2003). Van der Zwan (2002) also contains the 
source code for the mentioned software. 
 
For the single particle experiments the data were retrieved from so-called "list-
mode files", containing information about the LOR's  on an event-by-event basis. 
These data were used for determining the particle's position in the bed once per 
millisecond. Also for this, software was developed in-house. 
 
Details of the data retrieval and the analysis procedure are given in Appendix 4A. 

4.4.1 Pulse Experiments 
 
The results of the pulse experiments are presented as bitmaps showing the marked 
particle concentration in the bed in a succession of 1 s time frames, and in the form 
of 3-D plots and contour plots of the marked particle concentration as a function of 
position in the bed and time.  
 
These experiments were performed by preparing some amount of marked 
(radioactive) particles and by laying them in different positions, as shown in Figure 
4.6. Experimental results are presented below, firstly for the axial particle mixing 
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by showing the dispersion of horizontal layers, and subsequently for the radial 
particle mixing by showing centrally and annularly placed particle pulses. 
 
Axial Particle Mixing 
 
Figure 4.8 shows the dispersion of a horizontal layer initially placed at the top of a 
bed consisting of FCC catalyst particles. 
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Figure  4.8 The dispersion of a horizontal layer from the top of a bed of FCC catalyst 
powder shown by a series of x-z bitmaps and 3-D plot of x-y averaged tracer 
concentration (relative radiation intensity) vs. height in the bed (z) and time. 

 
The bitmaps and the 3-D plot show the layer first moving upwards at the onset of 
fluidization and then descending through the bed while being dispersed. Once 
reaching the bottom of the bed, the layer is rapidly brought to the top, where it is 
still vaguely recognizable, whereafter it again descends and disperses completely.  
 
Figure 4.9 shows similar results for a layer initially positioned in the middle of the 
bed. Additionally this figure shows a contour plot of the relative radiation intensity 
as a function of height and time. Here also we see the layer initially ascending at 
the onset of fluidization and then descending while being dispersed, being brought 
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quickly from the bottom to the top of the bed, and descending again while being 
dispersed further. The 3-D plot shows the descent of the layer as a series of 
successive ridges with the same slope in the height-time plane. In the contour plot 
this is visible as light streaks with the same slope in the height-time plane. 
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Figure  4.9 The dispersion of a horizontal layer from the middle of a bed of FCC 

catalyst powder shown by a series of x-z bitmaps, and a 3-D plot and a z-time contour 
plot of x-y averaged tracer concentration 
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The initial ascent of the layer is due to the fluidizing gas entering the bed at the 
onset of fluidization, forming fluidization bubbles and expanding the bed. The 
layer descent sets in once the fluidization bubbles have reached the layer. All the 
features can be related qualitatively to the particle transport associated with the 
fluidization bubbles as described in Chapter 2. 
 
For comparison with the results using the FCC powder, the dispersion of a middle 
layer in a bed of Lewatit MP500 powder is shown in Figure 4.10. As mentioned, 
this powder is much coarser than the catalyst powder, and the superficial 
fluidization velocity in excess of the minimal fluidization velocity, (U-Umf), which 
determines the bubble activity (see below), is much larger. This explains the 
relatively rapid dispersion of the layer. 
 
 1 s       2        3        4          5         6         7         8         9       10        11       12 

 
Figure  4.10 The dispersion of a horizontal layer from the middle of a bed of Lewatit 

MP500 shown by a series of x-z bitmaps. 

 
The dispersion of a layer initially in the bottom of a bed of FCC catalyst is shown 
in Figure 4.11.  
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Figure  4.11 The dispersion of a horizontal layer from the bottom of a bed of FCC 

catalyst powder shown by a series of x-z bitmaps. 

 
A degree of asymmetry between the left and right hand sides of the bed of FCC 
powder is evident in all three series of bitmaps, but most clear in this last series.  
 
We will discuss these results, their relation to the physical events in the bed and 
their comparison to a stochastic model for particle transport in fluidized beds in 
Section 4.5. 
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Radial Particle Mixing 
 
Figures 4.12 and 4.13 show the radial dispersion through a bed of FCC catalyst 
particles of pulses initially shaped as a column in the middle and an annular 
cylinder, respectively.  
 
Comparing the two figures it is clear that the central column remains recognizable 
for a couple of seconds more than the annular pulse. This, however, was not always 
the case. It is, in any case, clear that radial dispersion is fast even at these low 
excess fluidization velocities, the pulses being dispersed within a few seconds of 
operation. 
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Figure  4.12 The radial dispersion of a vertical center column spanning the length of a 
bed of FCC catalyst powder, shown by a series of x-y bitmaps and an x-time contour 

plot of y-z averaged tracer concentration in a central y-slice of the bed. 
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Figure  4.13 The radial dispersion of an annular column spanning the length of a bed 
of FCC catalyst powder, shown by a series of x-y bitmaps and an x-time contour plot 

of y-z averaged tracer concentration in a central y-slice of the bed. 

 
Figure 4.14 shows the axial and radial dispersion of the disc-shaped pulse in the 
middle of the bed. The axial dispersion (left contour plot) shows the same 
characteristics as the middle layer, with descent and dispersion interrupted by fast 
movement to the top of the bed, while the radial dispersion shows a similar pattern 
to that of the central column, except that left-right asymmetry in the x-direction is 
clearer in this case, consistent also with the bitmaps. 
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Figure  4.14 Axial and radial dispersion of a centrally placed disc in a bed of FCC 

catalyst powder, shown by a series of x-z bitmaps of the concentration of tracer in a 
central slice (y-plane) vs. height in the bed and time, a z-time contour plot of x-y 
averaged tracer concentration and an x-time contour plot of y-z averaged tracer 

concentration in a central y-slice of the bed. 

 

4.4.2 Single Particle Experiments 
 
In this section we show different aspects of the results from the single particle 
experiments. We start with the short time-scale motion, i.e. the individual ms 
points, study the standard deviation of the points in the static and fluidized 
conditions, and try to detect any fast, short-range motion of the fluidized particles. 
Thereafter, we consider the particle motion on a longer time scale and relate this to 
the particle transport mechanisms envisaged in fluidized beds. 
 
Precision of the Data and Short Time-Scale Particle Motion  
 
The particle tracking was initiated about 10 seconds before the bed was fluidized, 
making it possible to ascertain the spread in the millisecond (ms) positions due to 
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experimental error only. Figure 4.15A and B show ms positions during periods 
where the bed was unfluidized and fluidized, respectively. 
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Figure  4.15 A and B are plots of time (ms) vs. vertical positions (y-coordinate) in 

unfluidized and the fluidized state, respectively. 

 
To quantify the precision with which the particle's position can be determined per 
ms, we determined the standard deviation in the data corresponding to the 
unfluidized state while using different numbers of LORs per ms. Since the number 
of cutpoints between LORs increase with the square of the number of LORs we 
would expect the standard deviation of ms points to decrease linearly with the 
number of LORs. In fact, it decreased less so, leading us to seek some source of 
scatter in addition to that incurred by the sources from the analysis alone, see 
Appendix 4A (4A.3).  
 
The standard deviation in the data shown in the Figure 4.15A is 485 ± 6 µm, 
indicating that when using 100 LORs the particle position can be determined to 
within two particle diameters once per ms. The standard deviation in the x-
coordinates was about the same, while that of the z-coordinate was three times as 
large. These standard deviations varied slightly between the experiments, and 
varied with the position in the field of view (see Appendix 4A). 
 
The motion of the particle in the fluidized bed is evident in Figure 4.15B, and we 
shall return to this large-scale, long-term motion. One question that arises is 
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whether we can detect any short-range, fast particle movement, which may be 
obscured by the scatter in the ms points. We can attempt to answer this question by 
comparing the standard deviation in the unfluidized state with that in the fluidized 
state. To do this, the particle motion in the fluidized bed was subdivided in small 
time segments of 10 ms, in which the path could be well fitted with a straight line, 
and the residual standard deviation determined. This was done during a period 
where the particle occupied a similar position to that in the static bed. The resulting 
estimate of the scatter in the particle position in the fluidized state was 487 ± 9 µm, 
which is the same as in the unfluidized bed. Therefore, we cannot detect any fast, 
short range motion of a single particle in a fluidized bed.  
 
Long-Term, Large-Scale Particle Motion  
 
The plots of Figure 4.15 indicate that we can smooth the data over a number of ms 
reducing the scatter without losing information about the real motion of the 
particle. A preliminary study of the data indicates that the fastest motion of the 
particle will be faithfully reproduced if some running average spanning between 10 
and 50 ms is calculated. 
 
Kendall (1985) discusses the issue of smoothing data in an optimal way and also 
suggests other useful methods for characterizing time series. Figure 4.16 shows 
plots of the y-, x- and z-coordinates (height and lateral position in the bed) as a 
function of time. The data are smoothed by calculating simple averages every 
20 ms. 
 
Several features can be noted in Figure 4.16. The bed was 19 cm high, and in the 
fluidized state about 25 cm. The top graph (y- coordinate) shows that the particle 
almost always traversed the entire length of the bed on its upward and downward 
motion, giving a regular, cyclic motion of the particle. The upward motion is faster 
in general than the downward one. Furthermore the velocity of the downward 
motion appears in many cases to decrease in the bottom section of the bed. The 
motion in the x- and z-directions is less regular. As mentioned, the field of view 
was 15 cm deep, and the internal bed diameter was also 15 cm. Occasionally, the 
particle would therefore move to the extreme of the field of view in the z-direction, 
resulting in short time segments with very high scatter. An example of this 
phenomenon is also included in the time interval in the figure, and indicated by an 
arrow. 
 
Snieders et al.(1999a) related the upward and downward velocities of their pellet to 
the bubble rise and bulk descent velocities, respectively, calculated using empirical 
relations presented in Equations (4.6) to (4.13) below. They found that the 
observed velocities corroborated the explanation of Rowe and Partridge (1962) 
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mentioned in section 4.1 for vertical particle transport, i.e. their upward particle 
velocity was about equal to the bubble rise velocity and their downward velocity 
about equal to the descent velocity of the bulk material in the bed, although the 
descent velocity seemed to be slightly high, which was attributed to segregation of 
the pellets. Below, we perform similar calculations of the expected vertical particle 
velocity. 
 
The bubble diameter, DB, is defined here as twice the radius of curvature of the 
front of the spherical-cap shaped fluidization bubble. The mean value of DB can be 
estimated by empirical relationships put forward in the literature (see the review by 
Baron et al., 1990). One such relation that is widely used is, as we have mentioned 
in Chapter 2: 
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The first term describes the bubble size upon formation at the porous plate 
distributor (Kato and Wen, 1969), and the second the bubble growth in the bed due 
to coalescence (Geldart, 1972). Experiments show that the bubble and associated 
wake together approximately form a sphere, and fw is the volume fraction of the 
bubble-wake sphere taken up by the wake material. fw can be estimated from: 
 

( )2.75600.45 1 BD
wf e−= −               (4.7) 

(Bosma and Hoffmann, 2003), this is an approximation of Equation (2.4). 
 
It turns out, however, that for our system Equation (4.6) estimates rather a low 
value for DB compared to the bulk of the proposed relationships, and we therefore 
prefer here to use the relationship of Mori and Wen (1975), presented in Equation 
(4.8), which has been recommended recently by a number of workers, and gives a 
more typical value.  
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where the bubble diameter upon formation at the porous plate distributor is given 
by: 
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and the largest bubble diameter that will form by coalescence in the given bed of 
diameter Dbed is given by: 
 

   ( )( )0.42
, 1.49B m bed mfD D U U= −            (4.10) 

 
Once the size of a fluidization bubble is known, its rise velocity, Ub, can be 
estimated from a relation due to Davis and Taylor (1950) originally for gas bubbles 
in liquids:  
 
    0.711b eD= qU g          (4.11) 

 
where Deq is the diameter of a volume equivalent sphere for the spherical-cap 
shaped fluidization bubble. Rowe and Partridge (1965) and Hoffmann and Yates 
(1986) have reviewed the issue of bubble rise velocities in light of experiments 
using X-rays. 
 
To finally estimate the total upward material flow in the wakes of fluidization 
bubbles, we estimate the total flow of empty bubble volume from the simple “two-
phase theory”, in which all gas exceeding that required to just fluidize the particles 
travels in the form of fluidization bubbles: 
 

    b
mf

bed

Q U U
A

= −          (4.12) 

 
where Qb is the volumetric gas flow in the bubble phase, and Abed the bed cross-
sectional area. Equation (4.12) in combination with Equations (4.8) and (4.7) gives 
the desired volumetric material flow in the wake phase, which is also the 
downward material flow in the bulk, as:  

    ( )1
w

w bed mf
w

fQ A U U
f

= −
−

        (4.13) 

 
In our case, the voidage in the bed due to the bubbles is low, so that the downward 
particle velocity in the bulk can be estimated as the superficial downward velocity 
obtained by dividing the downward flow by Abed. 
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Figure  4.16 Time-series of the tracer particle’s y-position (height in bed), x-position 

and z-position. Simple averages of groups of 20 ms particle positions are plotted. 
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The result of these calculations for the velocity, Ub, of a bubble with the mean size, 
is indicated in Figure 4.16 (top) by the dash-dot line. It seems that the upward 
velocity of the tracer particle agrees with the bubble rise velocity.  
 
On the other hand, the descent velocity in the bulk material is calculated to be 
0.003 m/s, while the downward velocity of the tracer particle is about 0.08 m/s, an 
order of magnitude higher. We are thus looking for a mechanism causing the 
circulation in the bed to be much higher than that caused by the transport in 
fluidization bubble wakes. 
 
Studying the movement in Figure 4.16 more closely reveals a correlation between 
the vertical and the horizontal particle motion (made clearer by the broken lines in 
the figure). A high vertical velocity corresponds to a low horizontal one and vice 
versa. The general impression is of a circulating particle motion. This impression is 
reinforced by the 3-D plots of the particle motion shown in Figure 4.17. 
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Figure  4.17 3-D tracks of the tracer particle seen from two different angles, the 

dimensions of the bed of particles are also shown. 

 
Seen from one angle, the particle motion seems to be straight up and down, but 
when turning the bed, the motion is seen to be circulatory in nature. 
 
To study the nature of the particle motion further, the starting points for significant 
upward and downward paths were charted using an algorithm. In order for the 
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algorithm to give results consistent with visual observations, it had to be run on a 
file containing simple averages of 50 ms particle positions, which is consistent with 
the result that averaging over 10-50 ms positions reduces the scatter in the results 
without loss of information about the particle motion. 
 
The results are shown in Figures 4.18 and 4.19. Consistent with the observations of 
regular vertical movement of the tracer spanning the entire bed height, the starting 
points for upward and downward motion are concentrated in the bottom and top of 
the bed, respectively. 
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Figure  4.18 Starting points for significant upward paths of the tracer particle. 
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Figure  4.19 Starting points for significant downward paths of the tracer particle 

 
It is clear, however, that these points are distributed axially to some extent.  
 
When looking at the radial distribution, the starting points for upward motion are 
not distributed evenly over the bed cross-section, while those for downward motion 
are better distributed. The visual observation was that the bubbling activity was 
well distributed over the bed. 
 
These results are therefore all showing the same picture. The bubbling activity is to 
some extent concentrated one region of the bed, and the particle is rising when in 
this part of the bed, while descending when in the less active region.  
 
In the region of high bubble activity, the bulk material is likely to be brought 
upwards by the rising fluidization bubbles. The bubbles are therefore bringing 
much more material up than accounted for when calculating the flow in their 
individual wake regions. This phenomenon is called “gulf streaming” and is 
explained further in the following section. 
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4.5 Comparison with the Model and Further 
Discussion 

 
The parameters needed for the freely bubbling batch fluidized bed were obtained as 
described in the above section. We then compare the model characteristics with the 
pulse experimental results.  
 
The previous chapter shows that all that is needed for calculating the descent 
velocity for the stochastic model is Qw, the material flow in the wake phase, and D, 
the dispersion coefficient. The relations in the previous section are sufficient to 
find Qw. 
 
A value for the dispersion coefficient D can be found in the manner explained in 
Chapter 2 from a literature study of the vertical particle displacement caused by 
one rising fluidization bubble (Tanimoto et al., 1981) and calculating D as the 
mean square particle displacement caused by fluidization bubbles per second (this 
is twice the Fickian diffusion coefficient, as mentioned). Again, as will be seen 
below, the exact value of D is not an issue here, since other factors cause a large 
deviation between model and experiment. 
 
Since the bubble flow is low, we can take the superficial downward velocity of the 
bulk phase to be about Qw/Abed. The above equations then predict bulk descent 
velocities of about 0.001 m/s, while the downward velocity of the pulse in the bulk 
phase, see for instance Figure 4.8, seems to be of the order of 0.05 m/s, since the 
pulse travels from the top to the bottom of the bed in 4-5 seconds. We will return to 
the reason for this discrepancy in the following section. Below we show that 
upward transport of the particles associated with the bubble flow and downward 
flow with dispersion in the bulk can actually explain the features of the 
experimental results qualitatively. 
 
Figures 4.20 and 4.21 show comparisons of model predictions using empirically 
optimized values for Qw and D with experimental results for the dispersion of the 
middle layer in the FCC catalyst bed. As indicated by the numbers given above for 
the expected and actual descent velocity of the layer, the circulation rate v had to 
be multiplied by a factor of 50. The dispersion D had to be multiplied by a factor of 
20. 
 
The model predictions clearly account for all the features of the experimental 
results. More detailed analysis shows that agreement would be even better if the 
fast material transport to the top of the bed with the fluidization bubbles was 
associated with some dispersion as well. This, of course, is quite reasonable in light 
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of the wide spread in the sizes and velocities of fluidization bubbles and the fact, 
also shown by the single particle experiments, that particles at the end of their 
upward trajectory are deposited not exactly at the bed surface, but somewhat 
axially dispersed over the top region of the bed. 
 
When performing this comparison between model and experiment, it must be 
realized that the model only accounts for the system’s behavior after fluidization 
has been commenced and the bubble stream has reached the layer. 
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Figure  4.20 Dispersion of a horizontal layer from the middle of the bed, comparison of 

experimental results (top figures) and model predictions (bottom figures). 
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Figure  4.21 Dispersion of a horizontal layer from the top of the bed, comparison of 

experimental results (top figures) and model predictions (bottom figures). 

 
We attribute the quantitative discrepancy between experiment and model to “gulf 
streaming” of the solids in the bed. The principle is illustrated in the sketch in 
Figure 4.22. Due to a non-uniform bubble distribution over the bed cross-section, 
regions exist where, in addition to the wake material, also bulk material interstitial 
between the bubbles is dragged up with the bubble stream. This flow of bulk 
material can be considerably more than the wake flow, causing also a considerably 
faster downward bulk flow in the rest of the bed. Merry and Davidson (1973) were 
among the first to discuss this phenomenon. Maldistribution of bubble activity and 
the associated solids movement in fluidized beds have been discussed by a number 
of workers (e.g. Werther, 1975 and Farrokhalaee and Clift, 1980). Matsen (1996) 
states that gulf-streaming of solids in industrial fluidized beds is unavoidable and 
that this constitutes a powerful axial mixing mechanism that is often absent in 
small, laboratory fluidized beds with good gas distribution. Werther (1975) states 
that, even if the gas distribution is perfect at the distributor plate, regions of high 
and low bubble activity will still develop; higher in the bed the bubbles will have 
concentrated in the middle due to coalescence, and this will give rise to gulf-
streaming effects. 
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Figure  4.22 Sketch illustrating the principle of “gulf streaming” in a fluidized bed. 

 
We have shown that in the beds of Lewatit MP500 powder the motion of a single 
particle indicates that gulf-streaming is taking place, even though the beds visually 
appeared to have a reasonably uniform cross-sectional gas distribution. Studying 
also the figures of pulse experiments more closely indicates that gulf-streaming is 
taking place: for instance in the 7th bitmap in Figure 4.8 and the 4th bitmap in 
Figure 4.11 it can be seen that a section of the layer is separated from the main 
part, and moving upward relative to the main part. 
 
The phenomenon of gulf-streaming in fluidized beds is obviously an important 
one, which should be included in a model for particle dynamics in fluidized beds. 
Gulf-streaming is mathematically fairly easy to incorporate in a stochastic model 
for vertical particle transport, but it is not easy to model physically. Going from 
extremely bad to ideal cross-sectional bubble distribution we might expect: 
 
Very bad bubble distribution gives a very localized region of high bubble activity 
and bubble velocity, the bulk material flows rapidly upwards in this region, and 
relatively slowly down in the rest of the bed. 



Chapter 4: Freely Bubbling Batch Fluidized Beds: Model Validation 
 
84

Better bubble distribution gives a larger region of lower, but still relatively high, 
bubble activity; the upwards flow of bulk material in this region is larger in terms 
of volume but smaller in terms of velocity than in 1). Downwards bulk velocity in 
the rest of the bed is higher than in 1). This is what we see in our experiments. 
Ideal bubble distribution, material is only brought upwards in bubble wakes; the 
downward velocity in the bulk is cross-sectionally uniform and low. This is 
probably the case in the experiments of Snieders et al. (1999). 
 
The transition from state 2) to state 3) is not easy to visualize, or to predict. 
Moreover, any cross-sectional non-uniformity of fluidization bubble flow is likely 
to be self-augmenting in that the downwards flow of bulk material in regions of 
low activity probably diverts fluidization bubbles away from that region. Also the 
bed aspect ratio and the absolute gas flow through the bed in excess of the 
minimum fluidization velocity are likely to play a role in determining the extent of 
gulf-streaming of the solids. 
 
These experiments show that visual observation of the bed is not enough to 
determine the extent of gulf-streaming, and thus the degree of axial particle mixing 
in the bed. The degree of axial particle mixing will determine, for instance, the 
particle residence time in continuous beds and the progress of such processes and 
fluidized bed granulation and coating. Also the axial heat and mass transfer in 
fluidized beds, and the degree of particle segregation, depends on the axial particle 
mixing.  
 
Gulf-streaming is, as mentioned, likely to be unavoidable in industrial fluidized 
bed processes. It may in many cases be beneficial in decreasing temperature and 
concentration gradients in fluidized bed processes. In any case, it is important to 
model, and to control.  

4.6 Concluding Remarks 
 
Using a PET scanner to obtain the results have shown that the stochastic model 
captures qualitatively the dynamic movement of particles in freely bubbling batch 
fluidized beds and confirm the basic concept of the model. However, the results 
have also shown that in many important cases the upward particle transport 
associated with the fluidization bubbles is not, even approximately, accounted for 
by the flow in bubble wakes, and that a fundamental investigation of the 
phenomenon of gulf streaming in fluidized beds is needed. Gulf streaming can be 
incorporated in the model, and the model is also relatively easy to apply to 
different types of fluidized beds with only a few modifications as also shown later 
in Chapters 5 and 6. 
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4.7 Notation 
 
Abed = bed vessel cross-sectional area 
DB = diameter of fluidization bubble  
DB,m = maximal bubble diameter in the bed 
DB,o = bubble diameter at the gas distributor 
Dbed = diameter of the bed vessel 
D = dispersion coefficient (twice the Fickian diffusion coefficient) 
d = distance of LOR from center of vision 
Deq = diameter of a sphere with the volume of the fluidization bubble 
fw = wake fraction 
g = gravitational acceleration 
h = height in the bed 
i,j = indices 
N = number of detectors in the ring 
p(n) = probability vector for the particle’s position at time step n 
p(n,j) = elements of p(n) 
QB = volume flow in the bubble phase 
Qw = volume flow in the wake phase 
P = matrix of transfer probabilities 
pi,j = transfer probability from cell i to cell j, elements of P 
t = time 
U = superficial gas velocity 
Umf = superficial gas velocity required to just fluidize the powder 
Ub = fluidization bubble velocity 
v = velocity due to circulation 
x = x-coordinate 
y = y-coordinate, along the bed axis 
z = z-coordinate 
z' = distance from top of bed divided by the total bed height 
 
Greek symbols: 
 
α,β = transfer parameters for a particle in the model 
δ,λ = transfer parameters for a particle in the model 
λ(z') = probability rate (s-1) of the particle being caught in a bubble wake 
∆ = height of a cell in the discretized bed 
ε = length of a time step 
ε = void fraction or ‘voidage’ 
εmf = voidage at minimum fluidization conditions 
θ = angle between LOR and the vertical 
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Appendix 4A 

The PET Technique 
4A.1 Introduction 
 
This appendix describes both analytical and physical aspects around the PET 
camera used in this research. 
 
Positron Emission Tomography (PET) is a technique used in clinical medicine and 
biomedical research to create 3-D images that show functional structure and 
physiological processes. Through co-operation between the staff at the PET center 
of the Groningen University Hospital (AZG) and university-based process 
technologists, it was possible to use modern PET facilities to study particle 
dynamics in fluidized beds.  
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Figure 4A.1 A: The ECAT EXACT HR+ PET scanner. B: Sketch of a fluidized bed in 

the ring of the PET scanner. 

 
A miniature-fluidized bed was used to conduct this research, placing the bed in the 
ECAT EXACT HR+ scanner, as shown in Figure 4A.1. Tracer particles were made 
radioactive by doping them with a proton-rich 18-F isotope using the AZG 
cyclotron (see Section 4.3 for a description of the experimental set-up and 
procedure). The tracer has the same properties as the bed material itself, and 
therefore does not disturb the dynamics of the system. 
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4A.2 Principles and Construction 
 
To monitor physiological processes, radioactive nuclei are injected into the body as 
a labeled substance. These labeled substances contain positron-emitting isotopes, 
produced in a cyclotron. The most useful positron emitters are shown in Table 
4A.1 with their half-lives. Atoms from these positron-emitting isotopes are then 
used to “tag” molecules of a compound of interest, which is subsequently 
introduced into the human body, usually by intravenous injection (Toga et al., 
1996). 
 
At any given time, some of the atoms of the positron emitting isotope will decay, 
emitting a positron and a neutrino. The positrons will annihilate with electrons. The 
annihilation converts the mass of the electron and positron into energy which is 
liberated in the form of gamma rays (see Figure 4A.2). 
 

Table 4A.1 Isotopes used in PET imaging. 

Isotope 11C 13N 15O 18F 
Half-life (min) 20.4 9.96 2.07 109.8

 
For energy conservation this annihilation normally results in back-to-back emission 
of two high energy gamma photons (gamma rays), in this case of 511 keV.  These 
two gamma rays are detected by detectors in a ring surrounding as shown in Figure 
4A.3. The detectors used in PET scanners are scintillation detectors, which look for 
“coincidence” events, where two gamma rays impact almost simultaneously on 
opposite sides.  
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Figure 4A.2 Positron emission and annihilation. 
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Two such detected gamma rays represent a straight line, the line of response 
(LOR), along which the event took place. An assembly of such lines gathered and 
processed finally produces an image. Spatial resolution (the ability to accurately 
locate events) and sensitivity (the number of events registered per unit dose of 
activity initially present) are the two most important parameters for a PET scanner. 
The PET scanner, the ECAT EXACT HR+ model, used for this work is state-of-
the-art in both respects. 

4A.2.1 Basic Construction of a PET Scanner 
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Figure 4A.3 Blocks in detectors inside an ECAT EXACT HR+ PET scanner. 

 
Figure 4A.3 shows the construction inside the scanner. The important 
characteristics of a scanner are the numbers of detector rings and blocks. The 
volume where the object is scanned is called the field of view (FOV). The blocks 
are laid out in a circular form around the FOV as shown in Figure 4A.3. This 
volume has a cylindrical shape having a diameter of 83 cm and a depth of 15 cm. 
The ECAT EXACT HR+ camera has 4 rings. Each ring has 72 blocks surrounding 
the FOV (Figure A.3). Each block has 64 crystals in an 8x8 array although in terms 
of a detector ring, each block contains a partial ring of 8 crystals. The total number 
of ECAT EXACT HR+ detectors is 4×726×4 (or 18,432).  
 
The detectors used in PET scanners are scintillation detectors. A typical 
scintillation detector consists of a scintillating crystal coupled to a photomultiplier 
tube, with some simple electronics housed in an aluminum shield. Scintillator 
materials used include Sodium Iodide, Gadolinium Oxyorthosilicate, Lutetium 
Oxyorthosilicate, Barium Fluoride and Bismuth Germanate (BGO). The ECAT 
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EXACT HR+ scintillator material is BGO. The features of this scanner are 
summarized in Table 4A.2. 
 

Table 4A.2 Summery of technical features of  ECAT EXACT HR+ PET scanner. 

Crystal material BGO (Bismuth Germanate crystal) 
Number of crystal rings 32 
Number of crystals/ring 576 
Total Number of crystals 18,432 

 
The principle of a scintillation detector is that when the radiation enters the 
detector, it will ionize and excite the atoms in the crystal, causing the crystal to 
scintillate and emit a small flash of light. The photomultiplier tube will respond to 
this light and convert the light into an amplified electronic pulse. There are two 
very important properties of the scintillation signal; 1) the approximately linear 
response to the deposited energy and 2) the fast time response. The latter is the 
time needed for the scintillation to die out and the detector to be ready for a new 
event, also called dead time. The scintillation detector used in the ECAT EXACT 
HR+ has an especially short time compared to other types of detectors. So the 
measurements of time differences between events, the time resolution, can be made 
with higher accuracy with this quality of scintillator crystal. 

4A.2.2 Limitations of the PET Scanner 
 
Statistical Limitations 
 
The statistical noise in PET images is determined by: 
 

• The number of image counts (the scan time and scanner efficiency) 
• The statistical properties of the method of reconstruction from projections. 

Geometric Limitations 
 
The spatial resolution of the images predominantly depends on the radius of the 
ring and the size of the detectors. It is preferable to have a ring diameter of at least 
twice the field of view because the resolution improves with the decrease in 
parallax afforded by a larger ring diameter. The angle of incidence should be close 
to perpendicular, although the solid angle decreases with enlargement of the ring. 
These considerations lead to the choice of diameter for the ring. Since the radius of 
the scanner’s ring is limited (83 cm), miniature beds were made of height 80 cm, 
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and 10 or 15 cm in diameter, in order to fit our fluidized beds inside the field of 
view. 
 
Data Storage 
 
Data acquired by the PET detectors and electronics are processed in ASC II 
(Advanced Computational Systems) format. Gamma rays that hit the detectors are 
recorded and the signals produced by the photomultiplier tubes (PMTs) are passed 
on to a coincidence processor, where events are classified as true, random or 
multiple.  
 
The standard procedure is that the data are then sent to a real-time sorter (RTS) and 
distributed into a storage mode called sinograms, tools for storing the collection of 
detector pairs in a specific way. The sinograms are transferred to ASC II memory 
boards, where they are stored temporarily.  
 
Eventually, filtered back-projection algorithms are applied to the sinograms to 
produce images. Following this procedure, images are obtained with a minimum 
time frame of 1 second.  
 
While this type of data storage and analysis with the associated limitations in time- 
and spatial resolution were adequate for the experiments wherein a pulse of marked 
particle was followed, the experiments following a single particle demanded a 
different type of data record and data analysis. For this, another manner of storage 
was invoked: binary event-be-event records of the LORs in so-called list-mode 
files.  
 
The details of sinogram and list mode file are discussed in the following section. 

4A.3 Data Analysis 
 
A line of response (LOR) is drawn between the two detectors if two detections 
occur within a narrow time window, in which case they are adjudged to have 
emanated from the same annihilation. The position of the LOR is stored as: 
 

• Its distance to the camera center.  
• Its angle with the vertical. 
• The numbers of the two detectors in the direction normal to the paper.  
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Figure 4A.4 A sketch of an LOR through a given point (x,z), and its defining 

parameters, also a circular pulse of radioactive material is sketched. B sketch showing 
“traces” of the point and the pulse in a plot of  θ vs. d. 

 
We first focus on detections in one particular detector ring, i.e. in the y-plane. If the 
angle θ  was given in radians and the distance d in some unit of length (see Figure 

A.4), d would depend on θ  according to:  
 

   2 2 cos arctan zd x z
x

θ = + + 
 

             (1) 

 
We can choose a sign convention for d, which is consistent with the way the single 
LOR data are stored in list-mode files by including the factor ( )x x±  on the 

right-hand-side, the positive sign applies when θ  is less than  π/2. Thus, a plot of d 
vs. θ would give a sinusoidal shape, the phase and amplitude depending on the 
position of the point. The range of θ  need only be from 0 to π, due to the 
symmetry of the system. 
 
Sinogram 
 
A sinogram (detailed information about the construction of sinograms can also be 
found in Nichols, 2001) is a two-dimensional array containing values of θ in the 
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rows and values of d in the columns, and is thus equivalent to a plot with θ on the 
vertical axis and d on the horizontal one, as the one indicated Figure A.4B. In a 
sinogram, however, both d and θ are given in terms of number of detectors, as 
described below, rather than a length unit and radians, giving a distortion compared 
to the plot in Figure 4A.4B.  
 
Figure 4A.5 shows the construction of the sinogram by a simplified example. 
“Whole angles” (rotating one detector at both ends of the LOR each time, starting 
from the vertical as indicated in the figure) and “half angles” (rotating one detector 
only in one end as indicated, the LORs going through the center of the sensing 
zone are of this type) are “interleaved” in the sinogram, meaning that they occupy 
the same row as indicated in the figure. The distances for whole and half angle 
LORs occupy separate columns as indicated. For a given angle, only the central 
half of the LORs are considered. The resulting sinogram matrix is square and has 
dimension N/2, where N is the number of detectors in a ring; in the example in 
Figure 4A.5 N = 48, while in the actual camera N = 576.  
 
As mentioned above, if the sinogram cells corresponding to the LORs going 
through one point are marked, a sort of sinusoidal trace, somewhat distorted 
compared to the traces in Figure 4A.4B, would result. The trace in the sinogram 
resulting from some pulse of active material, such as that indicated in gray in 
Figure 4A.4A will result from combining the traces generated by the differential 
areas making up the pulse. The original spatial shape of any pulse can be 
reconstructed from the sinogram.  
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Figure 4A.5 Simplified diagrams showing the construction of a sinogram from the 

detected LORs.  
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The above explains the organization of the LOR data in one ring, i.e. at one 
particular y-position; the y-coordinate is given by the number of the ring.  
 
However, the two ends of LORs will also impact on detectors in different rings, 
and if we designate one half-side of the rings as A and the other as B as indicated 
in Figure 4A.5, we obtain separate sinograms corresponding to each possible ring 
pair. Moreover, these are no longer symmetrical between halves A and B. LORs 
impacting on half A in ring i and half B in ring j are organized in a separate 
sinogram from those for which the converse applies. Thus there are (4×8)2 = 1024 
possible sinograms. To limit storage space the number of sinograms is reduced by 
grouping them together according to the principle shown in Figure 4A.6. 
 
To further limit storage space, (two) angular positions can be grouped together 
without serious loss of image quality, which is equivalent to grouping rows two by 
two in Figure 4A.5B. 
 
When reconstructing the 3-dimensional image from the sinograms, attenuation of 
the gamma rays traveling through the medium is corrected for by measuring the 
attenuation of gamma rays sent through the subject by the scanner itself. 
 
 

 

 
Figure 4A. 6 Detector rings seen from above (not to scale). Sinograms cutting in the 

same z-position in the center are grouped together as long as the corresponding rings 
are not further apart than a pre-set limit. To the left, four sinograms are grouped with 

a sinogram from a physical ring, to the right six sinograms are grouped around z-
position in-between rings. 

 
The reconstructed images are stored in so-called image files. In the case of the 
ECAT EXACT HR+ scanner an image is stored as radiation intensity in 128 by 
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128 by 63 voxels (three-dimensional pixels of 5.148 by 5.148 by 2.381 mm). For 
this research these images were constructed once per second and converted into 
files of one-byte numbers representing one voxel. Software was developed 
in-house to further analyze these files (van der Zwan, 2001). 
 
The software developed makes it possible to analyze the intensity data in the three 
coordinate planes as indicated in Figure 4A.7. 

 

 
 

Figure 4A.7 Analysis of the intensity data from the image files by the in-house 
software. 

 
The data were suitably averaged and normalized. Figure 4A.8 illustrates how. In 
Figure 4A.8 data for y-planes are tabulated. To eliminate differences in absolute 
intensity between time frames, due to radioactive decay during the experiment, and 
due to different levels of intensity at t = 0 between experiments, all the intensity 
values were summed at each time frame (A to B in the figure), and normalized to 
all sum to unity (B to C). To minimize noise, the minimal value for all the time 
frames was then subtracted from all the values (C to D), and finally the data were 
again normalized to sum to unity (D to E). 
 
The software has three functions: 
 

• Analyzing the raw data as mentioned above, writing the results to ASCII 
files for further analysis and visualization 

• Creating bitmaps giving the intensity distribution in x-, y- or z planes. 
• Tracking a single particle tracer by searching for the voxel with maximal 

intensity in each time frame for single particle experiments. 
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Figure 4A.8 Illustration of the data treatment. 

 
Some blurring of the images takes place due to unavoidable scatter in the LORs 
obtained. Scatter is due to a number of effects: 
 

• The finite size of the detectors limits spatial resolution, and therefore the 
LOR precision. 

• The positron travels a few mm through the medium before annihilating 
with an electron. 

• The emission of photons may not be exactly collinear, this depends on the 
momentum of the electron-positron pair before the annihilation. 

 
Moreover, completely false LORs, which give rise to noise in the images, are 
obtained due to ‘random coincidences’. In ‘random coincidences’ two different 
events both give rise to single detections within the same time window, the other 
photons from both events either penetrating the sensors undetected or falling 
outside the detection zone, giving a bad LOR. Inbuilt in the camera software is an 
estimation of the frequency of random coincidences, but it is impossible to identify 
and eliminate the actual false LORs. 
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List Mode Files 
 
A drawback of the standard use of sinograms for data reconstruction is that it is 
limited to predefined time frames with a minimum of 1 second. Smaller time 
frames require another way of handling the data. The second way of data storage is 
event-by-event storage of the distance and angle data for the individual LORs. This 
is useful for tracking a single tracer particle. The data are stored in so-called “list-
mode files” in binary form, in buffers of 32 words each of 32 bits, which had to be 
read and deciphered. 
 
Two types of words are stored in list-mode files: event words giving the data for an 
LOR and timing words, of which one is stored every ms. The format is the 
big-endian format with the most significant bit to the left (with the highest 
address). The binary numbers are thus converted to integers by:  
 

   b b
1

1 2 1 0
0

....... 2
i n

i
n n i

i

b b b
= −

− −
=

= ⋅∑               (2) 

 
For example, if the angle segment of an event word is the binary number 
‘011001010’, the angle value is 202: 
 
 . 0 1 2 3 4 5 6 7 8011001010 2 0 2 1 2 0 2 1 2 0 2 1 2 0 2 1 2 0 202= ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + ⋅ =
 
The structure of the event words is given in Figure 4A.9.  
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Figure 4A.9 The structure of an event word. Bit 31 is to the left (the Tag), and bit 0 to 

the right. 
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The tag zero indicates an event word. The ‘Event type’ section gives the detector 
rings in which the event (A and B are the two ‘ends’ of the LOR) was registered. 
The number of the detector ring registering end A of the LOR, counting from the 
back, is given by: 
 
    ( ),1 ,0A A8 2 BR BR D⋅ ⋅ + +               (3) 

 
where BRA,i is bit i of ‘Block ring A’ in Figure A.9 similarly with end B. When 
looking from the front, the left half of the scanner is denoted A, the right half B. 
The last three flags in the ‘Event type’ section are set to zero if the event is 
considered a valid one (see below).  
 
Use of the data is illustrated in Figure 4A.10, the numbers given in the text below 
refer to the actual camera, and those in parenthesis to the simple example in the 
figure.  
 
One distinguishes between ‘whole angles’, where both ends of the LOR is moved 
one detector in the rotation, and ‘half angles’ where only one end is moved, as 
indicated in the figure. To find the LOR corresponding to given Nθ and EId, one 
rotates Nθ whole angles in the clock-wise direction starting from the vertical 
centre-line as indicated. For this operation whole and half angles are thus lumped, 
and Nθ takes on values from 0 (0) to 287 (23). 
 
Of all the possible LORs parallel with the resulting line, only the central half are 
considered, thus, including the half-angles, there are 289 (25) almost parallel 
LORs. An element number, E, is calculated from the ‘Element ID’, EId, by the 
formula: 

1
512 144

0IdE E
 

= − + 
 

             (4) 

 
where the number between brackets is 1 if EId > 256 and 0 if EId < 256. The LOR is 
then identified by counting E from the left (rotating with the ‘Angle’) as indicated 
in the figure.  
 
In the listmode files the ‘Element ID’ takes on values in the ranges [0,144] and 
[368,511], and Equation (4) converts these values to the range [0,288], the range 
for E. 
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Figure 4A.10 Simple example illustrating the use of the list-mode data for identifying 

the LOR in the x-y plane 

 
The structure of the timing words is very simple, the tag is set to 1 rather than zero, 
and the time in ms is given by bits 26-0. 
 
On basis of these data, the Cartesian coordinates of the detectors A and B were 
calculated. The equation for a line between two points (XA,YA,ZA) and (XB,YB,ZB) in 
3-D Cartesian space is: 
 

   A A A

B A B A B A

x X y Y z Z
X X Y Y Z Z

− − −
= =

− − −
                   (5) 

 
About 500 LORs were registered per ms in the experiments where a single tracer 
particle was used. Figure 2B in section 4.3.3 shows 150 such LORs from a 
particular ms from such an experiment. 
 
Apart from scatter in the ‘good’ LORs, there are also some ‘bad’ ones. 
Coincidence in time (detector signals within the same narrow time window) does 
not guarantee that the two detector signals form a good LOR. In ‘random 
coincidences’ two different events both give rise to single detections within the 
same time window, the other photons from both events either penetrating the 
sensors undetected or falling outside the detection zone, giving a bad LOR. The 
camera estimates the number of these by ‘overlaying’ delayed time windows and 
determining the number of random ‘coincidences’: a single detection in both 
windows. This is the ‘Delayed’ flag. More than two detections within one window 
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are indicated by the ‘Multiple’ flag. Another possibility is that one or both photons 
are scattered on the way to the detector, giving rise to deflection and decrease in 
energy. The camera attempts to identify these by a threshold in photon energy. This 
is indicated by the ‘Scatter’ flag. 
 
When only a single tracer particle is used in the experiment, two LORs detected 
close in time can be expected to emanate from the same position, and this position 
can in principle be found by cross-triangulation. However, scatter is inherent in 
both the position of the radiation event and in its detection, and the following 
procedure for finding the position of the particle was therefore adopted.  
 
It was decided to determine one particle position per ms. Bad LORs were first 
eliminated, and the particle position in the x-y plane was then determined by 
averaging the cutpoints between the rest. Computing power was a limiting factor 
for the analysis; the number of operations for computing particle positions increase 
with the square of the number of LORs included in the analysis. Writing a program 
in a compiled language (PASCAL), made it possible to include 100 LORs per ms. 
The most efficient algorithm was one of ‘zeroing in’ on the average of the good 
cutpoints by successive elimination of bad cutpoints, i.e. narrowing the window 
containing the cut-points used for the averaging. The optimal final window size 
was around 10 mm. Like the crystal coordinates, the position data were generated 
in a Cartesian coordinate system, which is convenient for viewing projections on 
the coordinate planes. 
 
Once the x-y position was found, the z-position was determined by a similar 
procedure in the y-z plane, using only the cutpoints contributing to the x-y average. 
The scatter in the millisecond (ms) data and the possibility for fast particle motion 
in the bed is investigated and shown that for this process the data may be smoothed 
without loss of information about the particle motion by calculating simple 
averages of 10-50 ms particle positions  (Hoffmann et al., 2003). The investigation  
also showed that this method allows the particle position to be determined to within 
about 1 mm3 (based on ± one standard deviation) once every 0.2 ms. This is high 
enough spatial and temporal resolution for studying most industrial processes, even 
those where the particle velocity is high. In single particle experiments simple 
averages of the ms positions are taken every 20 ms, and the particle position is 
therefore determined to within about 0.01 mm3 50 times per second. 
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Appendix 4B 

Distributor Plate Investigation 
 
Due to the bad distribution of gas that occurred at the first distributor plates for our 
fluidized beds we carried out a separate investigation of gas distribution and its 
consequences for the movement of the particles. This investigation was performed 
in collaboration with the fluidization research group at the Hariot-Watt University 
by applying different imaging techniques; Particle Emission Tomography 
technique (PET) by our group and Electrical Capacitance Tomography (ECT) 
reported by Makkawi et al. (2002) from Hariot-Watt University.  
 
Our initial experimental data showed an uneven axial dispersion of solids indicated 
by a shift in the profile of tracer solids towards one side of the column (i.e. poor 
cross-sectional distribution of the drag force exerted on the solids by the fluidizing 
gas), and even the final data exhibited this to some extent as evidenced by some of 
the bitmap images in this chapter. This problem probably exists in many 
industrially operating fluidized beds, but due to the limitation in monitoring 
techniques and difficulties in visual observation, this subject has not received 
enough attention. This problem is usually associated with three main defects: (1) 
low pressure drop across the distributor (2) poor distribution of holes or of porosity 
over the cross-section of the distributor plate (3) inclination of the fluidization 
column, or mis-alignment of the distributor inside the column. Since the distributor 
used in our work was a sintered plate, with a sufficiently high pressure drop to 
ensure even distribution of the gas flow through it, we are left with the latter two 
possibilities. 
  
Porous plates like those we used are supposed to give a uniform distribution of gas 
if the pressure drop over the plate is sufficient, but it is known that non-uniform 
porosity is a perennial problem with this type of distributor. The work reported 
from Makkawi et al. (2002) with ECT was undertaken to better understand the role 
of bed tilt on gas mal-distribution, and to compare the appearance of mal-
distribution between two completely different tomographic methods: ECT and 
PET.  
 
In our PET experiments, we leveled our bed with a spirit level, and we observed 
that our bed had to be tilted somewhat off the vertical to compensate for a slight 
cross-sectional mal-distribution. Although this resulted in the appearance of 
uniform fluidization, the PET results showed this not to be the case.  
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The ECT method measures the cross-sectional bulk solids concentration. The set-
up for these experiments comprised a column equipped with a precise tilting 
mechanism, and experiments were conducted under very similar operating 
conditions with the same particles and in the same bed geometry as for the PET 
experiments. The results from ECT studies were compared with PET 
measurements.  
 
The ECT study demonstrated that a very minor inclination as low as 2o may lead to 
a dramatic change in the bed dynamics with serious defluidization spots, especially 
at low excess gas velocity. However, our studies showed that the distributor has to 
take most of the blame for the gas mal-distribution in our system, although the 
results of the gas mal-distribution appears very similar whatever the cause. More 
details about this study can be found in Makkawi et al. (2002). 
 
After this investigation, we changed the distributor plate to a new one and paid 
careful attention to level the fluidized bed inside the PET’s field of view. The 
experimental results shown in this chapter are the results of this change.  
 



Chapter 5  

A Stochastic Model for Fluidized 
Beds with Baffles 
5.1 Introduction 
 
There are many different applications of fluidization in industry nowadays where 
some particulate product is produced, for instance for granulation, coating, drying, 
catalytic regeneration, classification and recycling. The advantages of a 
classification process based on fluidization compared to other classification 
processes are that: 
 

• separation according to density is possible,  
• the particles are not wetted and  
• the amount of gas needed is much lower than that of some other 

techniques, such as windsifting. 
 
The goal of this chapter is to investigate the effect of baffles on the extent of 
segregation, and therefore the classifying power of a fluidized bed. 
 
Hartholt et al. (1996, 1997) found that using internal sieve-like horizontal baffles 
with apertures large compared to the particle size enhanced particle segregation in 
fluidized beds, although the bed at low fluidization velocities retained its coherence 
with little influence of the baffles on the bubble behavior. They proposed that a 
baffled fluidized bed might be used for dry particle classification, with possible 
industrial applications, for instance in recycling, granulation and purification of 
powders.  
 
The particle transport mechanisms in a fluidized bed can be concluded as the 
followings (Rowe and Partridge, 1962): 
 

• transport upwards in the wakes of fluidization bubbles and deposition on 
the top of the bed 

• transport down to compensate the upward transportation  
• dispersion caused by disturbance of the bulk material in the bed by 

fluidization bubbles, and  
• segregation of individual larger and/or denser particles (jetsam) in the bulk. 
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The key mixing process in bubbling fluidized beds is the upward transport of 
jetsam (particles naturally tending to sink) in the wakes of rising bubbles. The 
baffles decrease mixing, and thus enhance segregation, by knocking out part of the 
bubble wakes (Figure 5.1). This has been confirmed by experiments with baffles in 
binary mixtures. More information about fluidization with baffles can be found in 
Chapter 8. 
 
Modeling of mixing and segregation of gas fluidized beds was pioneered by 
Gibilaro and Rowe (1974), resulting in the well-known GR model. Several groups 
of researchers, e.g. Chiba et al. (1976, 1979), Chen (1980), Tanimoto et al. (1981), 
Naimer et al. (1982), Hoffmann et al. (1990, 1991), have extended and modified 
this GR model to different fluidized bed systems. The original GR model had 
several parameters which were not determined yet. Later works proposed how to 
obtain the parameters in relation to the physical properties of particles and  
fluidized bed geometry. Most of the modeling work on mixing and segregation in 
gas fluidized beds were developed and based on conservation equations. Here we 
propose a stochastic model for the particle motion in order to explain the 
segregation profile of binary mixtures in fluidized beds with baffles. 
 

5.2 Description of the Model 
 
In bubbling fluidized beds, both jetsam and flotsam (particles tending to float) are 
carried in bubble wakes (Figure 5.1), and fluidization bubbles also cause a stirring 
action referred to as dispersion. The shearing of the bed material due to this stirring 
action also allows individual jetsam particles to segregate towards the bottom of 
the bed. Gibilaro and Rowe (1974) first introduced these particle transport 
concepts. Gibilaro and Rowe also operated with a rate of material exchange 
between the wakes of the fluidization bubbles and the surrounding bulk. 
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Figure  5.1a) Sketch of a bubbling fluidized bed with baffles b) the discretized fluidized 

bed with baffles

The particle motion is modeled as a convection-diffusion process with segregation, 
modified by allowing jumps upward due to transport in bubble wakes based on 
Dehling and Hoffmann’s concepts. The motion of a single particle is considered, 
and the transport processes are converted to transition probabilities between cells in 
a discretized bed, see Figure 5.1. The probability distribution for the particle’s 
position as a function of time reflects the behavior of a pulse of marked particles. 
The model is based on a Markov chain, such that the probability distribution of a 
single particle is independent of the past history of the system. 
 
In our discrete Markov model, the reactor is divided into N horizontal cells, and we 
model the particle’s position at discrete times only. The cells are numbered as 
shown in Figure 5.1. The model calculates the probability distribution of the axial 
position of one particle as a function of time. The possible transitions are:  
 

• staying in the same cell 
• moving to the next cell 
• moving back to the previous cell  
• being caught up in a bubble wake and deposited under one of the baffles 

passed by the rising bubble, or at the top of the bed. We assume that only 
part of the wake is retained by a baffle 
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We introduce parameters αi, βi and δi, with sum equal to 1, for the first three 
probabilities, conditionally on the particle not being caught up in a bubble wake, 
the latter probability being given by λi. By θ  we denote the fraction of the wake 
retained by a baffle.  
 
The number of baffles that a particle passes before it is retained thus has a 
geometric distribution with probabilities θ, θ(1-θ), θ(1-θ)2, etc. If S denotes the 
number of cells between two baffles, we have [(i-1)/S] baffles above cell i. The 
probability that a particle is not retained by any of the baffles, and thus deposited in 
cell 1, is given by: 
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In this way we obtain the following transition probabilities. 
 

 

i≤2
The transfer probabilities from cell i to cell j form a matrix, P, with the elements 
pi,j. The transition probabilities for the interior of the reactor, i.e. for , 
are: 
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Regarding the boundaries, i.e., i = 1 and i = N ;  
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 (5.2) 

 
The position of the particle at the n’th time step is given by the probability vector 
p(n), with elements p(n,i).  
 
Knowing p(n-1), one can find p(n) from: 
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,

1
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After n time steps, we obtain the formula for the probability distribution of position 
of the particle at time n in terms of its initial probability distribution: 
 
  (5.4) ( ) (0) nn =p p P
 
which p(0) is the initial condition of particle distribution in the reactor at time t=0. 

5.3 Markov Chain Model 
 
The model introduced above is a discrete one, but the transfer probabilities will be 
related to physical parameters describing the particle transport as continuous 
processes, following Dehling et al. (1999). We call the time step ε and the cell 
width ∆. Letting ε and ∆ go to 0, we obtain a discrete Markov chain approximation 
to the continuous process.  
 
The vertical distance from the top of the reactor is denoted by x, i.e., x = 0 
corresponds to the top and x = 1 to the bottom, and the convective axial velocity 
due to circulation by vcir(x). The dispersion due to the disturbance by bubbles is 
denoted by a dispersion coefficient, D(x). The rate of returns to the top of the bed is 
described by λ(x). The parameters in the transition matrix are defined as follows: 
 

 2 ( ) ( ),
22i cirD i v iε εδ = ∆ − ∆
∆∆

 (5.5) 

 

 2 ( ) ( ),
22i cirD i v iε εβ = ∆ + ∆
∆∆

 (5.6) 

 
 1i i iα δ β= − −  (5.7) 
 
 ( )i iλ ελ= ∆  (5.8) 
 

5.4 Modeling of Segregation and the Effect of Baffles 
 
The model outlined so far does not account for segregation. We model only the 
jetsam fraction. Since segregation adds an extra convective downwards velocity, a 
simple way of modeling this is to modify the above probabilities as follows:  
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 * ,i iδ δ=  (5.9) 
 

 * (i i segv iεβ β )= + ∆
∆

 (5.10) 

 
 * 1 * *i i iα δ β= − −  (5.11) 
 
where λi* equals to λi and vseg is a velocity of jetsam segregation. This, then, are the 
final transition probabilities in the interior, i.e. for i = 1 , . . ., N. 

5.5 Quantification of the Physical Parameters 
 
The parameters vcir, vseg, λ and D can be quantified from empirical relationships in 
the literature. A full account of this is given in Dehling et al.(1999). The essential 
empirical formulae, which have been used are (2.4) for the wake angle, (4.6) for 
the bubble size and (4.12) for the total flow of empty bubble volume. In addition 
we used: 
 
 

• for the dispersion coefficient derived by particle drift measurements caused 
by one fluidization bubble by 
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 (5.12) 

 
• for the dimensionless segregation distance of jetsam particles (Ys) 

associated with the passage of one fluidization bubble we used the 
following improved version of Equation (2.19), which is due to Bosma and 
Hoffmann (2003).  
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 Chapter 5:A Stochastic Model for Fluidized Beds with Baffles 113

 

5.6 Numerical Simulations and Comparison with 
Experiments 

 
The experiments were carried out in a glass column of 15 cm diameter. In these 
experiments the mixing of two solids in a bubbling fluidized bed with baffles is 
studied. The initial bed height was approximately 30 cm and 50/50 mixtures by 
volume of glass beads (83 µm) and painted glass beads (221 µm) were used. 
Properties of the solids used for these experiments are shown in Table 5.1. 
 

Table  5.1 Properties of the solids used in the experiments 

Particles dp(µm) σ*(-) ρ (kg/m3) Umf (cm/s) εmf  (-) 
Glass beads 83 0.11 2500 0.595 0.416 
Painted glass beads 221 0.09 2480 5.290 0.427 
*The standard deviation obtained by fitting the particle size distribution with the log-

normal distribution  

 
The relative humidity of fluidizing air was kept at approximately 30%. The baffles 
used consist of woven wires of 0.65 mm diameter with stitch of 0.42 cm giving 
71.1% open area. The baffles were attached to three bars as shown in Figure 5.2. 
The spacing between the baffles varied between 0.43 and 7.40 cm.  
 
A typical experiment was started at a high gas velocity at which the bed was well 
mixed. Then the baffles were inserted and the gas velocity was reduced to the 
required velocity. The segregation layer built up from the bottom and its height 
was monitored visually until the system reached steady state. The air supply was 
then cut off suddenly to freeze the powder distribution in the bed, and the baffles 
were pulled out gently, disturbing the system as little as possible. erating the bed at 
a low rate at this point helped in minimizing the disturbance. The bed was 
sectioned in layers of 2 cm thickness using a vacuum technique. The powders were 
analyzed by sieving. 
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Bar

Baffles

 
Figure  5.2 Baffle construction with 0.43 cm separation between the baffles 

 
To compare the experimental data with the model the probabilities p(n,i) were 
converted to jetsam concentration c(n,i) using: c(n,i) = N Cj p(n,i), where Cj is the 
volumetric jetsam concentration in the entire bed. Obviously the physics imposes a 
maximum concentration of c(n,i) = 1. This is not yet accounted for in the model, 
and was imposed in the numerical evaluation of the model. All of the experimental 
results used for comparison were obtained using a superficial fluidization velocity 
U higher than the Umf of the jetsam to avoid defluidization in the bottom of the bed. 
The more baffles used, the better the segregation of jetsam.  
 
Three different experiments were performed: 1) different numbers of baffles with 
approximately U = 0.06m/s, 2) the same number of baffles (67 baffles) with 3 
different velocities and 3) the same number of baffles (40 baffles) with 2 different 
velocities. The results of the experiments were compared with the results from our 
stochastic model shown in the Figures below. 
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No Baffle, U = 0.06m/s 
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12 Baffles, U = 0.06m/s 

Figure  5.3 Comparison between experimental data (points) and our stochastic model 

(lines). Baffle separations are:A) No baffles, B) 2.40 cm, C) 1.72 cm and D) 1.13 cm 
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C) 17 Baffles, U = 0.054m/s 
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D) 26 Baffles, U = 0.067m/s 

Figure 5.3 (Cont.) Comparison between experimental data (points) and our stochastic 

model (lines). Baffle distance is :A) No baffles, B) 2.40 cm, C) 1.72 cm and D) 1.13 cm 
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E) 67 Baffles, U = 0.0612m/s 
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F) 67 Baffles, U = 0.0766m/s 
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G) 67 Baffles, U = 0.0897m/s 

Figure  5.4 Comparison between experimental data (points) and our stochastic model 

(lines) for the same number of baffles (baffle distance = 0.43 cm) but three different 

superficial fluidization velocities. 

 



Chapter 5:A Stochastic Model for Fluidized Beds with Baffles 
 
118 

0 0.05 0.1 0.15 0.2 0.25

0.2

0.4

0.6

0.8

1

1.2

 
H) 40 Baffles, U = 0.053m/s 
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I) 40 Baffles, U = 0.0707m/s 

Figure  5.5 Comparison between experimental data (points) and our stochastic model 

(lines) for the same number of baffles (baffle distance = 0.72 cm) and two different 

superficial fluidization velocities 

There is one adjustable parameter in the model, θ, the fraction of wake left under 
the baffle. In all of the plots in Figures 5.3, 5.4 and 5.5 the same value of θ has 
been used, namely 0.03. Even so, the agreement between model and experiment is 
clearly good. The only effect not well accounted for is that of the fluidization 
velocity. The model correctly reflects: 
 

• the effect of the number of baffles on the separation without having to 
adjust θ 

• the effect of the baffles in causing an effective bulk/wake “exchange”, 
which gives rise to a gradient in the jetsam concentration in the upper part 
of the bed. 

 
As mentioned, the model underestimates the effect of the fluidization velocity, 
which may indicate that the fraction of wake retained by the baffles, θ, decreases 
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with increasing fluidization velocity. The numerical value of 0.03 of θ  is very low, 
especially in view of the X-ray pictures of van Dijk et al., which showed most of 
the wake material of a single fluidization bubble left under a baffle. In the work of 
van Dijk et al., however, the wake material had a significantly higher density than 
the surrounding bulk material, and it is possible that the wake therefore was more 
loosely associated with the bubble, and more easily left under the baffle. The 
relative size of the fluidization bubble and the baffle aperture may also play a role 
in determining the baffle retention efficiency. 

5.7 Conclusions  
 
The agreement between model and experiment seen in Figures 5.3, 5.4 and 5.5 
show that our stochastic model is capable of predicting the profile of segregation in 
baffled batch fluidized bed with a binary mixture as discussed above.  
 
Further study is required to develop this model by relating θ to the baffle physical 
properties i.e. the baffle aperture and relative size of fluidization bubble and to the 
fluidization velocity. Although our stochastic model captures the segregation 
profile of the binary mixtures, more work is still required to include 
particle/particle interference and the response of the mixing and segregation 
parameters to the local jetsam concentration, which changes the local Umf. When 
this is achieved the maximum concentration no longer has to be imposed in the 
numerical evaluation. This would also automatically make the model account for 
defluidization of the bottom part of the bed for fluidization velocities below the Umf 
of the jetsam. 
 

5.8 Notation 
 
Abed =  cross sectional area of bed 
Cj =  volume fraction jetsam in entire bed 
c(n,i) =  volume fraction jetsam in cell i 
D =  dispersion coefficient 
DB =  diameter of bubble 
df =  diameter of flotsam particle 
dj =  diameter of jetsam particle 
fw =  wake fraction 
g =  gravitational acceleration 
h =  height in the bed from the distributor plate 
i, j =  indices denoting the number of cell 
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m =  number of baffles 
N =  number of cells internal to the discretized beds 
n =  index denoting the time step 
p =  probability vector 
p =  elements of p 
Qb =  volumetric flow of gas in the bubble phase 
P =  transition probability matrix 
pi,j =  elements of P 
S =  cells between two baffles  
U =  fluidization velocity (superficial) 
Umf =  minimum fluidization velocity (superficial) 
vcir =  circulation velocity 
vseg =  segregation velocity 
Y =  dimensionless segregation distance 
 
Greek symbols: 
ε  =  time step 
∆ =  width of the cells 
α,β,δ =  parameters in the transition probabilities 
λ =  removal rate 
θ =  baffle removal rate 
θw =  wake angle 
ρf =  density of flotsam 
ρj =  density of jetsam 
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Chapter 6  

Stochastic Model for Slugging 
Fluidization 
6.1 Slugging Fluidized Beds 
 
A stochastic model for particle transport in fluidized beds is proposed in this study.  
The mixing and segregation of binary particle mixtures in slugging fluidized beds 
is used as a case study. This model is based on a description of the particle 
displacement in the system resulting from the formation and rise of a single slug. It 
disregards any interaction between successive slugs in the bed. Using this 
approach, the entire process can be broken up into two distinct phases, slug 
formation and slug rise. The cumulative effect of consecutive slugs is found by 
superposition. The model is validated with experimental data for the particle 
mixing pattern in time. The predicted axial particle concentration profiles from the 
stochastic model are compared graphically with the experimental results. This 
simple and elegant modeling approach is shown to be successful even for a 
complex process like the one considered. 
 
Slugging fluidization normally occurs in beds of high aspect ratio (>>1, 
Noordergraaf et al., 1987), often with a small diameter with respect to the particle 
size. A slug is simply a bubble whose diameter is nearly equal to that of the bed 
itself. Even so, slugs influence the bed material in a different way than bubbles do.  
 
Some research literature is dedicated to slug type fluidization, though it is still 
scarce. Noordergraaf et al. (1987) studied slugging fluidized beds containing large 
particles in order to begin to explain the fluidization behavior of fluidized bed 
combustors. Abanades et al. (1998) also examined slugging fluidization in a British 
Coal pressurized fluidized bed gasifier.  
 
Slugs can be generally categorized into two types: axisymmetric slugs and wall 
slugs as shown in Fig 6.1. The first category can again be split into two kinds: 
round-nosed and square-nosed slugs. Axisymmetric slugs usually occur in beds 
that contain large particles [Geldart B, D]. The square-nosed slugs are often found 
in the high velocity beds. Square-nosed slugs are the focus of our study. 
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(a) (b) 

 
Figure  6.1 Modes of Slugging, (a) axisymmetric and (b) wall slugs.(Baeyens and 

Geldart, 1974) 

6.2 Mixing and Segregation in Slugging Fluidized 
Beds 

 
Although fluidization is known for its good mixing characteristics, the solid mixing 
is often incomplete when particles of different properties are present in the bed. 
Binary mixtures have often been used for studies of mixing in fluidized beds. 
Binary mixtures are usually referred to as ‘equal-density mixtures’ if the two 
fractions differ in size only, and ‘different-density mixtures’ if the density or both 
properties are different (Hoffmann, 1991; 1993). However, the difference in 
density tends to be the dominant driving force for segregation, and is our interest 
here. The development of a model for mixing and segregation in bubbling fluidized 
beds was pioneered by Gibilaro and Rowe (1974), who considered that solids 
mixing and segregation are both related to the motion of fluidization bubbles. 
These were the concepts used by Dehling et al. (1999) and Hoffmann et al. (1998) 
for their stochastic model for particle transport in continuous beds. 
 
This study is focused on the mixing and segregation caused by slugs. The 
mechanistic concepts behind the model were suggested by Abanades et al. (1994) 
and are described in a following section. 
 
The objective of this work is to formulate a stochastic model for mixing and 
segregation of a binary mixture of different density particles in slugging beds in 
order to predict the solid concentration profiles directly from the operating 
conditions and particle properties. 
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6.3 Modeling 

6.3.1 Description of the Model 
 
In this section we describe the particle transport processes involved in the model. 
We consider a bed of unit cross-sectional area. So that we can equate superficial 
velocities and volumetric flows. The inspiration for the model came from earlier 
research in segregation of limestone-coal mixtures in slugging fluidized beds 
(Abanades et al., 1994). The effect of formation and rise of a single slug are 
modeled first. The displacement of particles due to several consecutive slugs, even 
if more than one is present in the bed at any one time, is assumed to be a 
superposition of the effects of the individual slugs. On this basis, a model for the 
displacement of the bulk material in time is formulated, whereafter the segregation 
of the particle fraction tending to sink is considered in a subsequent section. 
 
A fluidized bed with height at rest hb, is considered and can be seen schematically 
in Fig.6.2. Slugs are formed at some height ho in the bed by the flow of fluidization 
bubbles in which the flow regime below h0 is bubbling fluidization. They grow in 
size until they have reached a certain height hs at which time they detach and start 
rising as a whole towards the top of the bed while a new slug forms. When the nose 
of the slug has reached the top of the bed, the slug collapses. In accordance with 
our approach outlined above, the effect of a single slug is modeled, disregarding 
any effect of other slugs in the bed.  
 
We can thus distinguish two distinct phases for the process, as follows: 
 
Slug formation: The slug forms at a height ho above the bottom of the bed and 
grows in vertical size at a speed v from 0 to hs. In this phase, all particles above the 
slug are pushed upwards, and as a result the bed height also rises above its original 
level hb. Assuming that the slugs nearly fill up the entire diameter of the reactor, 
the bed also rises at the same speed v to its maximum height hb+hs (see Figure 6.2 
iii). 
Slug rise: When the slug has reached its final height, it starts rising towards the top 
of the bed. In this phase the height of the slug, and consequently also the height of 
the bed, remain constant. The speed of rise is assumed to be v again, although in 
principle the slug formation speed and the slug rise speed can be different. At the 
end of the slug rise phase, the nose of the slug has reached the top of the bed. At 
this point the slug ceases to exist, and the bed collapses back to its original height. 
 
As a result of slug formation and rise particles in the bed are displaced. To simplify 
the model, the horizontal component of particle displacement is neglected and only 
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vertical displacement is considered. This model incorporates two different kinds of 
displacement (see figure 6.2):  
 

0 

x 

hb 
hb+vt 

ho ho ho 

v v 

v 

hb+hs

hs 

 
Figure  6.2 Slugging fluidized bed in different stages of development: (i) Bed at rest, 

(ii) Slug formation phase and (iii) Slug rise phase. (The dot represents a single 
particle) 

 
Particles above the slug are pushed upwards. In the slug formation phase, this 
happens at speed v. In the slug rise phase, the speed is smaller than v, as a result of 
material transport from above to below the slug. In this phase, the speed of rise 
becomes equal to v at the apex of the slug and zero at the top of the bed. In the slug 
rise phase, particles above the slug can fall through the annulus around the slug and 
then be deposited directly underneath the slug. The probability of this event is 
likely to depend on the vertical distance of the particle from the nose of the slug. In 
this initial formulation, it is assumed to be an increasing function of the distance 
from the nose. More experimental work will shed more light on this aspect. 
 
The aim is to model the overall effect of the formation and rise of one slug. In 
order to achieve this, the process is studied at a shorter time scale where physical 
intuition can guide modeling. The total effect of one slug can then be found by 
aggregation over the entire time period.  
 
During the slug formation phase all the bed particles are as mentioned, assumed to 
rise at a velocity v in front of the slug. We now proceed to specify the probabilities 
and directions of possible displacements of particles above the slug nose in the slug 
rise phase. Denote by h = h(t) the vertical position of the slug nose. 
 
During the slug rise phase the particles in front of the slug, i.e. with x in the range 

 either rise further up in the bed or move into the annular region 
around the slug and are then deposited directly underneath the slug. The rate at 
which the latter happens is a function 

sh+bhxh ≤≤

)(xhλ of the vertical location of the particle 
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in the bed. We assume that )(xhλ  is an increasing function of x, i.e., more of the 
particles that deposit underneath the slug come from the top of the bed than from 
closer to the slug nose. We envisage the flow pattern sketched in Fig. 6.3, i.e., 
intensity of transition (probability per unit of time).  

h

xh ≤≤0

sb hh
rv
−+
+ )1(

 

o

hs

 
Figure  6.3 A sketch indicating the movement of particles in front of slug nose, more 
particles that deposit underneath the slug come from the top of the bed than from 

closer to the slug nose. (Thickness of arrows indicates greater particle flux) 

 
The total flow around the slug must equal the speed at which the slug rises; 
therefore we obtain the continuity condition  
 

 ( ) ,
b sh h

h
h

x dx vλ
+

=∫  (6.1) 

 
for any h in the interval sb hh + . In the following, it is assumed that  

follows a power law, that is , where the 
constant c is determined by the continuity condition (8.1). Thus this yields: 
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The exponent r still remains to be determined, either from experimental 
observations or from considerations concerning the flow of particles from the 
region above the slug via the annulus to the bottom part of the bed (see figure 6.3).    
 
Particles above the slug that do not flow into the annulus rise at a speed 

which depends on the vertical location. It is computed as the difference ),(xvh
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between the speed of the slug nose and the flow of particles into the annulus below 

height x, that is v   ∫−=
x

h
hh duuvx .)()( λ
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Figure  6.4 Rate of flow into the annulus region as a function of height above the nose 

of the slug-plotted for 3 different values of the index r. 

Using (6.1), this can also be written as, v  which can be 

interpreted as an equality between the upward flow of the rising particles and the 
downward flow in the annulus. The position of the slug is defined by the position 
of its nose. Based on the above assumptions, this is a linear function of time, 

defined for 

∫
+

=
sb hh

x
hh duux ,)()( λ

T≤t≤0  where T is the maximum time equal to 
v
hh sb h0−+

 and 

given by 
 
 0( )h t h vt= +  (6.2) 
 
(see figure 6.5). 
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Figure  6.5 Vertical position of slug nose as a function of time, from the beginning of 

slug formation (t = 0) to break down of slug 0( )b sh h ht T
v
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6.3.2 Discrete Markov Chain Model 
 
The model outlined in the previous section defines a continuous-time stochastic 
process, more specifically a convection process with jumps. The concept of 
Markov chains is the main vehicle to formulate the model mathematically. The 
essence of the Markov chain model is the fact that the probability distribution of 
the future position of a particle only depends on the present position and not on the 
past. Thus the model is completely determined by the transition 
probabilities )|( 1 iXjXP nn ==+ , for any elements i, j of the state space. 
 
In this section, we describe a discrete Markov chain approximation to the 
continuous process described in the previous section, which can then be solved 
numerically. To do so, we divide the bed into horizontal slices of width ∆ and 
discretize time into steps ε in such a way that ∆/ε = v. In this way, one step per unit 
of time corresponds to the speed v. To simplify the model, we assume moreover 
that slug formation starts right above the distributor plate, i.e., that h0 = 0.  
 
We define H as hb+hs, the maximum height of the bed and assume that both hb and 
hs are integer multiples of ∆, that is hs=is∆ and hb=ib∆. The horizontal slices (cells) 
are numbered by i = 1, . . . , I = is+ ib. The discrete Markov chain model will have 
both a state space {1, . . . , I} and transition probabilities , which depend on 

time and are defined below. gives the probability that a particle is in state j 
at time n, given that it was in state i at time n-1.  

)(npij

)(npij
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At time n = 0, slug formation starts with the slug occupying one extra cell after 
each transition. Hence at time steps n = 1 to is, the slug occupies the cells i = 1, . . . 
, n. In this period, the transition probabilities are: 
 

1  1
( )

0
ij

if j i
p n

otherwise

= +
= 


 

 
for 1−+≤≤ niin b . For niiandni b +≥−≤ 1  , we define and 

for 
1) =(npii

0)( =npij ji ≠ . 
 
At time n = is, the slug has reached its maximum height and then enters the rise 
phase. When n = is +1 to I the slug just before the n-th transition occupies the cells 
i = n-is, . . . , n-1. For particles below the slug, i.e., those in cells with index i < n-is, 
the transition probabilities are trivial in the sense that  and 1) =(npii

jinpij ≠=  if  0)( . For particles in cells above the slug, that is for , there 
are three possible transitions (see Figure 6.6); 

n≥i

 
• move to what will be the first cell below the slug after the time step, i.e., to 

j = n-is,  
• move one cell up, i.e., to j = i+1, 
• stay in the same cell. 
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Figure  6.6 Transition probabilities in the discrete Markov chain model during slug 

rise phase, for the n-th transition. Just before the transition, the slug occupied the cells 
with indices i = n-is, . . .  , n-1. 

 
The probabilities for these three transitions are  
 

 
1 1
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 (6.5) 

 
Transition probabilities from the cells that are occupied by the slug are irrelevant 
because these cannot contain particles. For the sake of completeness, we define in 
this case and for 1=)(npii jinpij ≠=  if  0)( .  
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In this way we have defined the transition probabilities ),(n ipij Ij ≤≤ ,1  for n = 

1, . . . , I. Thus, the transition matrix Ijiij npn ≤≤= ,1))(()(P  is defined. If the initial 
distribution is given by the vector p = (p1, . . . , pI) the distribution at time n equals 

)n(. . .)1()(n PPpp ⋅⋅⋅= . 
 
After a full period of one slug formation and rise, the total effect is captured by the 
transition matrix Q, defined as Q )()1( IPP ⋅⋅⋅⋅⋅= , and the probability 
distribution for the particle, which is also the distribution of a pulse of an infinite 
number of marked particles after one slug is given by pQp =′ . 

6.3.3 Modeling of Segregation Effects 
 
What we have modeled so far is the particle behavior in a bed containing particles 
of uniform properties. A simple segregation process is introduced based on the idea 
of “jetsam” particles (the heavier and/or larger particles that tend to sink in the 
mixture) sinking when slugs disturb the system. Segregation of jetsam and flotsam 
particles in a slugging fluidized bed manifests itself as a difference in the 
downward drifts. The mass balance equation only holds on average, with 

 for jetsam particles and ∫
+ sb hh

h
h dxx)(λ > v v<  for flotsam particles. The segregation 

effect is simulated by increasing the probability of a down-transition for the jetsam 
particles, giving an extra downward drift. When modeling the dynamics of the 
jetsam particles simple way to account for their larger downward flow is to modify 
the transition probabilities (6.3), (6.4), (6.5) as follows: 
 
 

s,  , (1 )
s i n ii n ip pα α −− = + −  (6.6) 

 
 , 1, 1 (1 ) i ii ip pα ++ = −  (6.7) 
 
 ,, (1 ) i ii ip pα= −  (6.8) 
 
where  is a constant defining the strength of the segregation effects. 0 1α≤ ≤
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6.4 Numerical Simulation and Comparison with 
Experiments 

 
Details of the experimental technique for the main batch of data with which we are 
comparing the model are given in Abanades and Atarés (1998). The technique used 
for determining the concentration of jetsam particles is analysis of images on 
videotape recorded during mixing experiments in deep fluidized beds of coarse 
particles. Properties of the solids used, which were pigment agglomerates, are 
shown in Table 6.1. The experiments were carried out in a column of 15 cm 
diameter and were performed at 3 superficial gas velocities, 1.57, 1.69 and 1.83 
m/s, and 2 initial bed heights, 0.53 and 0.73 m (hb/Dbed = 3.53 and 4.87, 
respectively). The tracer volume fraction was varied between 0.2 and 0.35. In a 
typical experiment, a layer of white jetsam particles was initially arranged in the 
bottom of a bed of red particles.  
 

Table  6.1 Properties of the solids used in the experiments (Abanades et al., 1998). 

 dp(mm) ρs(kg/m3) Umf(m/s) φ εmf 
white 3.2 1554 1.150 0.98 0.391 
red 3.2 1105 0.913 1.00 0.331 

 
For the modeling of these experiments it was, as mentioned, assumed that slugging 
begins on the distributor plate. The slug frequency, f, was calculated from the 
correlation proposed by Noordergraaf et al. (1987): 
 

 
0.15   0.32

mf

Uf
h

−

=  (6.9) 

 
The physical properties of the slug are based on the axisymmetrical slug type. The 
height of a stable slug, hs, is calculated by (Davidson et al., 1985): 
 

1
2

0.5 0.5

1.939( )
0.495 1 0.061 0

0.35( ) 0.35( )
mf mfs s

bed bed bed bed

u u u uh h
D D gD gD

− −    
− − + − =    

     
 (6.10) 

 
The experimental results and the results from our model are not in the same form. 
The experimental results are reported as volume of tracer in cell i as the fraction of 
the total volume of material in the cell, we call this Vfr,i. The model calculations, on 
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the other hand, give pi: the probability that the particle is in cell i, which can also 
be seen as the volume of tracer in cell i as a fraction of the total volume of tracer in 
the whole bed. To compare model calculations with experimental results, the 
results from the model were converted to the same form as the experimental 
results. If the bed is discretized in N cells of equal volume, the volume fraction of 
each cell is 1/N. If the total volume of tracer in the experimental bed is Vtr, then pi 
can be converted to Vfr,i as follows: 
 

 , 1
fr i

fr i
V p

V

N

=
 
 
 

 

 
In this study, we do not yet account for the effect of the jetsam particles filling up 
the cell. This would impose a maximum value for pi of 
 

tr
iifri NV

pVp 1)1( max,, === . 

 
However, to take full account of these effects in the model, the change of the 
segregation behavior of the jetsam particles in response to the change in the local 
jetsam concentration would also have to be accounted for.  
 
The two parameters r and α in the model are functions of the experimental 
conditions and particle properties. When sufficient information is available, these 
can be quantified directly. In this study we use them as adjustable parameters.  
 
In Figure 6.7, the plots of distribution of jetsam volume fraction with time step 
predicted by the model are compared with experimental observations. The profiles 
shown are averages during the period where the profiles can be said to have 
reached a steady state. 
 
Figure 6.7 contains plots of distribution of jetsam volume fraction as a function of 
height in the bed for varying initial bed height, hb, and superficial gas velocity, U. 
A, B and C show results for the same hb with increasing U, 1.57, 1.69 and 1.83 
m/s, respectively. B and D have the same u (1.69 m/s) with different hb, 0.53 and 
0.73 m, respectively. In our model, we keep both the segregation parameter, α and 
the rate of removal parameter, r constant in all cases. We found that agreement is 
acceptable in all cases with values of α and r equal to 0.17 and 1, respectively.  
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This means that both experimental results and model thus confirm that the intuitive 
idea of the degree of mixing and segregation caused by slugs is insensitive to the 
bed height and the superficial gas velocity.  
 
Figure 6.7 shows good agreement between the predicted and experimental data. 
There are two very weak effects in the experimental data, which are not reflected in 
the model: 1) the particle mixing increases slightly with an increase in u and 2) the 
particle mixing increases with a decrease in hb. In our model at present, we have no 
effect of U. As U increases, the slug size also increases. One possibility to improve 
the agreement between model and experiment further in this respect is to introduce 
a diffusion, which increases slightly with slug size. To make the model more 
consistent with the physics, we will also have to include the effect of the locally 
changing environment (change in jetsam concentration) on local segregation 
distance. When comparing the profiles in detail, it can be seen that the tail of the 
experimental profiles tends to be constant indicating a region of constant 
concentration like in bubbling beds while our model is still decreasing with a very 
slow rate.  
 
In the experiment corresponding to hb = 0.53 m and U = 1.83 m/s (Fig. 6.7C), the 
experimental profile is quite different from the other experiments. The first cell is 
not the one that has the most volume fraction of tracer. Whether this is a real effect 
of high fluidization velocity remains to be seen. The model does not account for 
such a feature at present. 
 
To validate our stochastic model further, it was compared with extra series of 
experimental data from a completely different system. The details of the 
experimental set-up for this work can be found in Abanades et al. (1994). The 
system is a slugging bed containing coal and limestone. Coal acts as a flotsam (ρf 
=1200 kg/m3, df = +1.0-1.4 mm) and limestone as jetsam (ρj = 2600 kg/m3

, dj = 
+1.7-2.0 mm) with bed aspect ratio of 5.77. Figure 8.8 shows the comparisons of 
the experimental data with model prediction. The superficial velocity for 
experiment A and B was, U = 0.8 m/s and for C, U = 0.95 m/s. The experiments 
were performed at different jetsam concentrations, x0 = 0.05, 0.1 and 0.2, for A, B 
and C, respectively. Good agreement is seen also here. 
 
Even though the experimental results and model prediction agree well, 
discrepancies can be seen in the bottom of the bed in both systems. An increasing 
fluidization velocity affects the concentration of particles at the bottom of the bed 
the most and only slightly in the higher part of the bed as seen in both systems. Our 
model does not reflect this. This can be explained since our model has not taken 
the bubble-forming-a-slug region into account. We assume that the slug forms right 
above the distributor while in the actual system, as mentioned before, it is likely 
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that a region of bubbling fluidization exists below the slug forming region. The 
slugs are formed from coalescence of small bubbles and this process is affected by 
a change in the fluidization velocity.  
 
Regarding the segregation effect in Figure 6.8, the coal-limestone system, we used 
α = 0.11 instead of 0.17. Since this system is completely different from the other 
one, a difference in segregation can be expected. In our model a lower the value of 
α reflects a stronger segregation. This agrees qualitatively with experiment, as we 
show by means of the ‘segregation distance’ for bubbling beds.  
 
From the equation for the “segregation distance” (a dimensionless measure of the 
distance jetsam particles segregate due to the passage of one fluidization bubble) in 
bubbling fluidized beds proposed by Taminoto et al.(1981) and modified by 
Hoffmann et al.(1991) to: 
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Figure  6.7 Plots of distribution of jetsam volume fraction as a function of height of the 
bed for varying initial bed height, hb, and superficial gas velocity, u with α = 0.17 and 
r = 1. Black dots are plots of experimental data. White dots are plots of results from 

our model. 
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We find that at the same jetsam concentration, x0 = 0.2, for the pigment 
agglomerate system Y = 0.24 while the coal limestone system has a segregation 
distance, = 0.74. Even though our system is not a bubbling bed this confirms that 
the pigment agglomerate system should exhibit less segregation than the coal-
limestone system.  

Y
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Figure  6.8 Plots of comparison between experimental and predicted segregation 

profiles at different limestone concentrations , x0, with α = 0.11 and r = 1. Black dots 
are plots of experimental data. White dots are plots of results from our model. hmf  = 
0.75, dj = +1.7-2.0 mm, df  = +1.0-1.4 mm, u = 0.8 m/s (u = 0.95 m/s in key x0 = 20%). 

 
Figures 6.7 and 6.8 represent different types of particles and different bed 
geometries. Both agree very well with our model prediction apart from the velocity 
effect in the lowest part of the bed mentioned above. This confirms that our 
stochastic model is suitable for slugging fluidized beds in general. 

6.5 Conclusions 
 
The agreement seen in Figure 6.7 and 6.8 show that our stochastic model is 
generally capable of predicting the profile of segregation in slugging fluidized bed. 
Further study is required to develop this model by relating the segregation to the 
physical properties of the particles and improve the agreement with experiment 
further as discussed in the previous section. One assumption of this current model 
is that the jetsam is infinitely dilute so that: 
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• all the jetsam particles can collect in one cell (i.e. no interaction between 

particles in the sense that they can fill a cell). 
• the segregation rate is not influenced by the presence of other jetsam 

particles (the local environment is not influenced by the concentration of 
jetsam particles). 

 
The stochastic approach has successfully been used to formulate a model for a 
system so complex that modeling with the deterministic approach would have been 
difficult, if not impossible. This stochastic model for segregation in slugging 
fluidized bed has proved to be a simple and intuitive model. It has a further 
important attraction in significantly reducing calculation time when compared to 
the alternatives. 

6.6 Notation 
 
df = diameter of flotsam particle 
dj = diameter of jetsam particle 
D = diffusion coefficient 
DB = diameter of bubble 
Dbed = diameter of bed 
f = slug frequency 
g = gravitational acceleration 
ho = height of bed at slug formation 
hb = height of initial bed 
hmf = height of bed at minimum fluidization conditions 
hs = height of stable slug 
H = maximum height of bed 
i,j = indices denoting the number of cell 
I = number of cells internal to the discretized bed 
n = index denoting number of time step 
r = rate of λh(x) function 
p = probability 
p = probability vector 
P = transition probability matrix 
Q = transition probability matrix constant in time 
t = time 
T = Maximum time from the formation to the collapse of a slug 
U = superficial gas velocity 
Umf = minimum fluidization velocity  
v = slug velocity 
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Vfr,i  = volume of tracer in cell I 
Vtr = total volume of tracer 
x, ξ = position of the particle 
X = random variable for the particle’s position 
x0 = average weight fraction of jetsam 
Y  = segregation distance 
 
Greek symbols: 
α = a constant defining the strength of the segregation effects 
ε = length of time interval 
λi = probability that particle move one cell upwards 
µi =  probability that particle move one cell downwards 
π = probability density 
∆ = cell width 
ρf = density of flotsam particle 
ρj = density of jetsam particle 
ρs = density of solid 
φ = sphericity factor 
εmf = voidage at minimum fluidization condition 
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Chapter 7  

( )ty i

Interacting Particle Model for 
Segregation in Fluidized Beds 
7.1 Introduction 
 
In Chapter 3 to 6, transport phenomena in fluidized bed reactors have been studied 
with the help of models for the motion of a single particle. These models have also 
been used to predict the diffusion of a pulse of marked particles (see Chapter 4), 
assuming independence of the particles motion. This is justified as long as the 
proportion of marked particles is rather small, as was the case in all the 
experiments analyzed and described in Chapter 3 to 6. There our single particle 
model was very successful in predicting the results of the experiments. 
 
When there is sizable fraction of marked particles in the reactor, however, 
interaction among particles becomes relevant. The simple fact that no two particles 
can occupy the same location implies that there is an upper bound on the 
concentration of marked particles. In the earlier chapters, the problem of 
interaction was addressed in a rather ad hoc manner. This chapter then presents a 
study of a particle transport model that incorporates interaction effects in a 
fundamental way. 
 

7.2 Particle Exchange Model for Diffusion 
 
To present the essential ideas, we first investigate a model for only diffusion 
transport, and do not take the transport in the wake phase into account. 
Incorporating wake transport will be done in the following section. Moreover we 
concentrate in a batch fluidized bed which for modeling we divide vertically into N 
horizontal layers (cells) of equal height. We assume that there are two types of 
particles in the reactor, say marked (jetsam) and unmarked particle (flotsam). For 
simplicity we assume that each cell holds exactly K particles. So, in total the 
reactor contains NK particles and we assume that M of these are marked. We 
denote by the number of marked particles in cell i at time t. The state of our 
system at time t is thus described by the vector : ( ( ), , ( ))t t ty y t y N= … . 
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Figure  7.1 Particle exchange model for diffusion with discretized reactor 

 
The basic transport mechanism in our model is the exchange of particles between 
neighboring cells. In this exchange marked particles are preferentially chosen for 
downward transport and this will result in segregation of particles. Particle 
exchange starts by choosing a cell at random, its number denoted by i, 
where i . We then chose one particle from cell i and one from cell i+1 
using a weighted probability distribution, and have these particles exchange 
positions. The particle selected from cell i is a marked particle with probability 

1, ,∈ … 1N −
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and unmarked with probability 
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In these formulae, ( )

1

( ) : y ic i
K

= denotes the concentration of marked particles in cell i 

and is a constant governing the degree of preference for a marked particle to 
be chosen for downward transport. Observe that α = 1 would imply that the particle 
is selected at random from among the K particles in cell i.  

α ≥
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Similarly, we assume that the particle chosen from cell i+1 for upward transport is 
marked with probability 

 ( 1)
( 1) 1 ( 1)

c i
c i c i

β
β

+
+ + − +

, 

 
and unmarked with probability  
 

 1 ( 1)
( 1) 1 ( 1)

c i
c i c iβ

− +
+ + − +

, 

 
where is again a weight factor. 1β ≤
 
The above defines a Markov process ( (1), , ( ))t tY NY Y= …

0
1

: ( ) : ( )
N

i

y i y i M
=

  ∈ 
  

∑…

with parameter 

space and state space . This state 

space is too big to allow numerical calculations of particles densities as in our 
earlier models. In Figure 7.2 we show the concentration of marked particles after 
1,000,000 iterations for a model with N = 20, K = 400, M = 4,000, α = 1.2, β = 0.8 
and a uniform initial distribution of marked particles. Convergence for a large 
number of cells is rather slow and more attention should be paid to find efficient 
algorithms. 

0 ( (1), , ( ))S y y N= =

7.3 Invariant Density for a Large Number of 
Particles 

 
As the number of transitions increases, the distribution of the Markov process will 
converge to a steady state. This steady state distribution fluctuates around the 
infinite particle limit, and fluctuations decrease at 1

K
rate as we let the number of 

particles go to infinity, i.e.  in such a way that ,N K→∞ →∞

[K N γ→ ∈ . In what follows we will compute this infinite particle limit. ]0,1
 
Still denoting the concentration of marked particles in cell i by c(i), we get in our 
model a transition from y(i) to y(i)+1 if a marked particle form cell i+1 exchanges 
position wit an unmarked particle from cell i+1. This event has probability 
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Figure  7.2 Density of marked particles in a pure diffusion model with segregation 
obtained from 1000000 iterations with N=20, K=400, M=4000, α=1.2, β=0.8. The 

smooth curve is that found in Section 7.2 for this example 

 
In similar way, we get that a transition form y(i) to y(i)-1 occurs with probability 
 

 ( ) 1 ( 1)
( ) 1 ( ) ( 1) 1 ( 1)

c i c i
c i c i c i c i
α

α β
− +

⋅
+ − + + − +

 (7.2) 

 
The event of no change in the distribution of marked particles occurs when either 
two marked or two unmarked particles exchange positions, and this has probability 
 

 ( ) ( 1) (1 ( ))(1 ( 1))
( ( ) 1 ( ))( ( 1) 1 ( 1))

c i c i c i c i
c i c i c i c i

α β
α β

+ + − − +
+ − + + − +

. 

 
A steady state is reached if there is no drift, and this means that (7.1) and (7.2) 
must be equal. We thus arrive at the following condition, 
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 ( )(1 ( 1)) ( 1)(1 ( ))c i c i c i c iα β− + = + −  
 
which can be rewritten as 
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α
β

+
=

− + −
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This iteration can be solved explicitly by 
 

 0 1
( ) (0)

1 ( ) 1 (0)

i
ic i c e

c i c
γ γα

β
+ 

= = − − 
, (7.3) 

 

where 0
(0log

1 (
c

c
γ =

−
)
0)

and 1 logαγ
β

= . We can solve (7.3) explicitly for c(i) and 

get 

 
0 1

0 1
( )

1

i

i
ec i

e

γ γ

γ γ

+

+=
+

. 

 
If we consider the continuous limit obtained by letting the space discretization 
converge to zero, or equivalently , the concentration of marked particles in 
the steady state becomes 

N →∞
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x
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+

, (7.4) 

 
where 0γ ∈ 01andγ ≥ are parameters. 
 
If the average concentration of marked particles in the reactor is known, this puts a 
restriction on the parameters γ0 and γ1. Suppose the average concentration is C, 
then we get 
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We can solve this to get an explicit equation for γ0. Via some calculations we find 
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Figure  7.3 Invariant densities according to the pure diffusion model for average 
concentration C = 0.5 and γ1 = 1 (solid line), γ1 = 5 (dashed line), γ1 = 10 (dash-dotted 

line) and γ1 = 100 (dotted line) 
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In Figure 7.3 we have drawn graphs of the concentrations for the fixed average 
concentration of C = 50% and a variety of values of the parameter γ1. 

7.4 Comparison with Data 
 
If we want to fit this model to the data, we can take logarithms on both sides of 
(7.3) and obtain 

 0 1
( )log log log

1 ( )
c i i i

c i
αλ γ γ
β

   
= + = +   −   

. 

 
This suggests determining γ0 and γ1 by a least squares linear regression of 

( )
1 ( )

c i
c i

 
 
 

log
−

on i.  

 
Comparing the data (see Figure 7.4) to our model prediction we find that the near 
constant concentration of marked particles at the top of the reactor cannot be well 
fitted by our model. We can interpret the fact that particles at the top of the reactor 
are almost perfectly mixed as a result of wake flow that will continuously transport 
particles from the bottom of the reactor to the top. 
 

 
Figure  7.4 Comparison of jetsam particles in a fluidized bed reactor (Dechsiri, et al., 

2001) 
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7.5 Particle Model for Diffusion and Wake Flow 
 

 
Figure  7.5 Density of marked particles in the model including wake flow, simulation of 

the model with N = 50, K = 400, M = 10,000, α =  1.2, β = 1.8, λ = 0.1, S = 100,000 
simulations. 

 
In this section we add wake flow to the model discussed in section 7.3. For the 
sake of simplicity, we assume that only particles in the bottom cell can move 
upwards in the wake flow. They are then deposited at the top of the reactor. As a 
result there is as downward flow of particles to fill the void left by the wake flow. 
 
To put the wake flow and diffusion effects on the same scale, we set the basic time 
unit of the process to N cycles of the exchange of particles between adjacent cells. 
Then on average every pair of cells has been chosen once during the time unit. 
After each such unit time, a Poisson number of particles is picked from the bottom 

cell, here each particle is with probability ( )y N
K

marked and with 

probability ( )y N
K

1 unmarked. Denoting these numbers by U and V respectively 

and W := U+V, we have the following distributional properties: 

−
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and U, V are two independent random variable. These particles are then deposited 
at the top and the void left at the bottom induces a downward flow of particles. We 
model this downward flow as in section 7.1. Each of the W particles that move 

from cell i to cell i+1 is marked with probability ( )
( ) ( )

ay i
i K y i+ −ay

and unmarked 

with probability ( )
( ) ( )
K y i

ay i K y i
−
+ −

. When apply this, one has to realize that the 

choice of particles that move influences the possible moves in neighboring cells so 
that the order is important. We start from i N 1= − and go upward to i . 1=
 

7.6 References 
 
Dabrowski, A.R., Dehling, H.G., “Jump diffusion approximation for a Markovian 
transport model”, Asymptotic Methods in Probability and Statistics. (B. 
Szyskowicz, ed.) Elsevier Science, 115-125, 1998. 
 
Dechsiri, C., Abanades, J.C., Dehling, H.G., Hoffmann, A.C. and Wright, P.C., “A 
stochastic model for mixing and segregation in slugging fluidized beds”, 
Proceeding of 3rd European conference on Fluidization, Toulouse, 2000, 631-638. 
 
Dechsiri, C., Bosma, J.C., Dehling, H.G., Hoffmann, A.C. and Hui, G., “A 
stochastic model for particle mixing and segregation in fluidized beds with 
baffles”, Proceedings of PARTEC 2001-Internatinal Congress for Particle 
technology, Nurenburg, 2001. 
 
Dechsiri, C., Dehling, H.G., Hoffmann, A.C. and Wright, P.C., “Stochastic model 
for fluidization-A case study: Mixing and segregation in slugging fluidized beds”, 
preprint. 
 
Dechsiri, C., van der Wiel, Dehling, H.G., Hoffmann, A.C. and Paan, A.M.J., 
“Positron emission tomography applied to fluidization engineering” Proceeding of 

 



Chapter 7: Interacting Particle Model for Segregation in Fluidized Beds 

 

150 

the 3rd World congress on industrial process tomograhphy”, the Rockies, Alberta, 
Canada, 2003. 
 
Dechsiri, C., van der Wiel, Ghione, A., Dehling, H.G., Hoffmann, A.C. and Paan, 
A.M.J., “Tracking individual particles in a fluidized bed using a medical PET 
camera”, Proceeding of the 3rd World congress on industrial process 
tomograhphy”, the Rockies, Alberta, Canada, 2003. 
 
Dehling, H.G., Hoffmann, A.C. and Stuut W., “Stochastic models for transport in a 
fluidized bed”, SIAM Journal on Applied Mathematics, 60(1999), 337-358. 
 
Hofmann, A.C. and Dehling, H.G., “A stochastic approach to particle residence 
time distribution in continuous fluidized beds”, Proceedings of the 3rd World 
congress Particle technology, Brighton, 1998 
 
 
 
 
 
 



Chapter 8  

Fluidization with Vibrating Baffles 
8.1 Introduction 
 
A fluidized bed equipped with a set of baffles (internals) connected to a vibrating 
machine was designed and built to make use of the segregation principles as 
discussed in Chapter 5 to bring about dry classification of particles due to density 
differences. The set-up was aimed specifically to study and classify very fine metal 
powders falling within the Geldart groups C and A, supplied by Liverpool 
University.  
 
The baffles were installed to enhance particle segregation in fluidized bed. 
However, fine particles falling in the Geldart group C particles are very cohesive 
and difficult to fluidize, and therefore to classify. An improvement of the working 
of the baffled fluidized bed was made based on the principle of applying shock 
waves to the bed material by vibrating the baffles to improve fluidizability 
(Hoffmann, 2000). This chapter will focus on the technical aspect and the analysis 
of powders using the fluidized bed with vibrating baffles.   

8.2 Fluidization and Separation 
 
Although fluidized beds are best known for their good mixing properties, there is a 
tendency for particles with dissimilar physical properties to segregate as discussed 
previously in this thesis. This chapter focuses on the role of the fluidized bed as a 
particle classifier. 
 
As discussed in Chapter 2, the mixing property of powders in fluidized bed 
depends much on the bed material, the bed will bubble at a sufficiently high 
aeration rate, and a fraction of the gas will effectively by-pass the bed in the 
fluidization bubbles (see Figure 8.1). If there is particle inflow and outflow 
('continuous' beds), the bed will act as an ideal mixer unless the aeration rate is 
kept very low. If a mixture of particles is present, the heavier and/or larger ones 
will tend to sink. The severity of this effect depends on the particle properties and 
the aeration rate. This can be a problem, since segregation can lead to 
defluidization in the bottom of the bed, causing costly process downtime. 
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Figure  8.1 Fluidized bed. Vibration (ω) is applied to the tie-rods, baffles are sieve-like 
with an aperture much greater than the size of the fluidized particles (Ritherdon et al., 

2002). 
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Figure  8.2 Geldart's classification of powders according to fluidization properties 

(Geldart, 1973). 

On the other hand, segregation can be utilized if a particulate product can be 
caused to collect somewhere in the bed, to be withdrawn preferentially. Another 
use of segregation is for classification of particles, for instance for recycling. The 
application of fluidized beds in separation is not a new technology (Kunii and 
Levenspiel, 1991), but the process is still difficult to control and to be made 
effective when the powders are sticky or when one uses finer and therefore quite 
cohesive materials as shown in Figure 8.2. In Figure 8.2, the powder in gray zone 
will be the subject of interest in this Chapter. 
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8.3 Fluidization with Baffles 
 
During earlier research in our group, where particle dynamics in fluidized beds was 
investigated, it was found that the natural tendency for segregation could be 
enhanced by incorporating a series of sieve-like baffles in the bed (Hartholt et al., 
1995 and Hartholt et al., 1997), as indicated in Figure 8.1.  
 
The baffles had a large open area, and an aperture size much larger than the bed 
particles. Figure 8.3 shows the effect of baffles on the jetsam concentration-profile 
in a fluidized bed containing a mixture of different-sized glass beads. The 
phenomenon of segregation is non-linear in nature: once it has started, it will lead 
to a decrease in bubble activity low in the bed, which in turn further decreases the 
mixing, enhancing the segregation. 
 
The key mixing process in bubbling fluidized beds is the upward transport of 
jetsam (particles naturally tending to sink) in the wakes of, or associated with, 
rising bubbles. The baffles decrease mixing, and thus enhance segregation, by 
knocking out part of the bubble wakes (Figure 8.4). Research using baffles in 
binary mixtures has already proven that such baffles boost segregation. For 
instance, Fig. 8.3 shows the effect of baffles on the concentration profile of jetsam 
in a 50-50 mixture by volume of glass beads, about 500 and 250 micron in 
diameter. The more baffles there are, the better is the segregation. A minimum 
number of baffles is required to get the process started, but once it is started, it is 
very substantial, in agreement with the comments above about the non-linearity of 
the effect. 

0 

0.2 

0.4 

0.6 

0.8 

1 

0 2 4 6 8 10 12 14 16 18

Height in bed (cm) 

no baffles two baffles five baffles ten baffles 

Jetsam 
conc. (-) 

 
Figure  8.3 The effect of baffles on the concentration profile of jetsam in a 50-50 (vol.) 

mixture of glass beads, about 500 and 250µm in diameter (Hoffmann, 2000). 
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A visual observation of the bed by means of X-ray imaging was performed to 
verify the idea that the key mixing process in bubbling fluidized beds is the upward 
transportation of jetsam with fluidization bubbles. Also the effect of the baffles was 
investigated by using X-ray photography of the bubbling bed (van Dijk et al., 
1998) as shown in Figure 8.4. Figure 8.4a shows the wake in a fluidization bubble 
rising from a layer opaque to X-rays into a more transparent layer in the absence of 
baffles. The dark wake behind the bubble is clearly distinguishable. In Figure 8.4b, 
a baffle has been installed, and it can be seen that some wake material is left 
underneath the baffle. 
 

 

 
(a)    (b) 

Figure  8.4(a): a fluidization bubble with wake (b) t: when a baffle is installed, the 
wake is left under the baffle (van Dijk, 1998). 
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More experimental results on fluidization with baffles can be found in Dechsiri et 
al. (2001).  

8.4 Fluidization with Vibrating Baffles 
 
Applying vibration to the bed is known to improve fluidizability and to break 
interparticle bonds even on a small scale. The underlying principle is that the 
vibrations decrease the bond strength of the bulk material, thereby increasing its 
ability to flow. The problem with this method is that the shock waves from the 
vibration only travel some centimeters into the bed before they are attenuated, 
leaving much of the bed unimproved. 
 
In earlier work, a new principle to cause the shock waves to penetrate the entire 
bed was developed (Hoffmann, 2000). Vibration was applied to an internal 
structure spanning the bed, rather than only applying vibration to the bed-
containing vessel or to the gas distributor plate. In our experiments we used a 
baffle-module as shown in Figures 8.1 and 8.5, but any structure can be used. More 
details can be found in Hoffmann (2000). 

8.5 Metallic Powder Separation Using Fluidized Beds 
with Vibrating Baffles  

8.5.1 Aim and Scope 
 
The aim of this work was to assess the potential for dry classification of metal 
particles according to their density in fluidized beds with vibrating baffles. The 
work was carried out in cooperation with the University of Liverpool, where the 
results were analyzed (Ritherdon et al., 2002). 
 
The powders used were batches of mechanically alloyed (MA), iron-based powders 
provided by the University of Liverpool. They are so-called oxide dispersion 
strengthened (ODS) FeCrAl based alloys. The ODS-FeCrAl are an increasingly 
important group of high temperature alloys due to their high resistance to 
oxidation, and their excellent high temperature mechanical properties together with 
much lower costs than, for example, the nickel-based super alloys (Wright et al., 
1996, Wilson et al., 1978 and Fleetwood, 1980). The applications of such alloys 
are components such as heat exchanger tubing in advanced, coal-fired power 
generation cycles, pressure containment vessels, valves, filters and gas and steam 
turbine parts (Wright et al., 1993 and Fleetwood, 1980). 
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The aim of this separation work is to remove particles containing inhomogeneities. 
The problem is that much of ODS-FeCrAl is produced by mechanical alloying of 
the constituent elements or of master alloys with minor additions, and during the 
milling process inhomogeneities in the composition of individual powder particles 
occur. Investigations show that such inhomogeneities may cause increases in 
particle density and lead to reduced aluminum content and dispersoid-free regions 
(Fleetwood, 1980). Therefore, the removal of inhomogeneities is desirable to 
produce a better quality of powders, particularly if it can be performed 
continuously as part of a production process, such as by our fluidized bed 
technique.  
 
This fluidized bed technique has successfully been used to separate polypropylene 
and polyamide powders with densities of 0.90 and 1.15 g/cm3, respectively 
(Hoffmann, 2000). However, the aims of our work are to assess whether the 
technique could be successfully applied to the density separation of metallic 
powders and, thus, whether it could be incorporated into a process for the 
production of mechanically alloyed powders. 
 

8.5.2 Materials, Equipment and Experimental Technique 

8.5.2.1 Powder and Powder Mixtures 
 
The experiments can be categorized into four types (Ritherdon et al., 2002): 
 
1. A commercial, MA, FeCrAl-based powder (ρ=7.18 g/cm3, mean diameter 75µm) 
was used alone in a 10kg charge to assess whether these FeCrAl powders were 
suitable for fluidization in the apparatus described above. After fluidization trials, 
samples of powder were taken from the top, middle and bottom of the bed for 
analysis. 
2. A bulk powder in this batch was a 10kg of commercial FeCrAl powder and thus 
was mixed (seeded) with 0.2kg (2wt.%) of a gas-atomized Fe3Al powder (ρ=6.53 
g/cm3, mean diameter 83µm) in order to determine whether such a powder might 
be separated by means of the difference in their densities. 
3. A major aspect of this work was to assess whether the fluidized bed separation 
technique might be applied commercially, particularly in the production of MA 
metallic powders such as the MA ODS-FeCrAl alloys.  In an attempt to simulate a 
commercial situation, ~8kg of gas-atomized Fe3Al powder (ρ = 6.53 g/cm3, mean 
diameter 83µm) was seeded with ~0.16kg (~2wt.%) of ODS-Fe3Al sieving (ρ = 
6.5-6.6 g/cm3, mean diameter >400µm) known to contain aluminum-depleted 
inhomogeneities.  Separation by density was attempted as might be done in a 
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commercial production process. The separation process was run both with and 
without internal baffles in order to assess the effect of the baffles on segregation 
efficiency. 
4. A more complicated charge of powder, consisting of seven different gas-
atomized powders of similar morphology and size (average diameter 80µm) but a 
range of densities, was used to test the sensitivity of the separation technique to 
differences in density when all other parameters are supposedly equal.  The bulk 
powder was 8kg of a FeCu powder.  The composition of this and the seed powders 
used are shown in Table 8.1 below. Samples of powder from the bed could then be 
removed and analyzed using SEM EDS. (Scanning Electron Microscopy and 
Energy Dispersive X-Ray Spectroscopy. With EDS, the chemical composition of a 
very small surface (about 1 micron) can be determined. Using SEM and EDS 
together, it is possible to study the surface of a particle and find out the chemical 
composition of any small feature on the surface.) A random selection of particles 
from within each sample was used for analysis. 
 
The metallic powders for the separation work were supplied by University of 
Liverpool, details are shown in Table 8.1.  
 

Table  8.1 Properties of the metal powders used in the part-4 powder charge. 

Composition 
[wt.%] 

Density 
[g/cm3] 

Mass 
[kg] 

Fe-13Cu 8.02 8.0 

Cu-10.3Al-5.6Ni-4.5Fe-1.1Mn 8.25 0.2 

Cu 8.96 0.2 

Ni-3.4Si-1.2B-1.1Fe 8.59 0.2 

Cu-0.53Ti 8.93 0.2 

Fe-6.1W-4Cr-3.9Mo-1.9V-0.9C 8.60 0.2 

Al 2.70 0.2 

 

8.5.2.2 Fluidized Bed Apparatus 
 
The experiments were carried out in a glass column of 15cm diameter. The relative 
humidity of fluidizing air was maintained at approximately 30%. The baffles 
consisted of woven wires of 0.65 mm diameter with a stitch of 0.42 cm, giving 
71.1% open area. The baffles were attached to three tie-rods as shown in Figure 
8.5. The spacing between the baffles is 0.43 cm. The amplitude and frequency of 
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the vibration source could be adjusted over the ranges 0.5-5 mm and 15-65 Hz, 
respectively. 
 
The experimental procedure was as follows: for example, in the fourth experiment, 
each powder was mixed with the bulk material (Fe-13Cu) in sequence. First we 
started with bulk powder mixed with aluminum powder and then added another 
seed powder to the bed and so on. The experiment was performed by using 8 kg of 
the bulk material and 200 g of each seed powder. The seed powder mass was about 
2.44% of the mass of the whole bed.  
 
A typical experiment was started at a high gas velocity at which the bed was well 
mixed. The baffles were inserted and the gas velocity was reduced to the required 
velocity. Then the vibration was applied to the system. Every experiment 
employing the vibrating baffles was performed using the minimum amplitude of 
0.5mm and around 15-30Hz for the frequency.  

 

 
Figure  8.5 Baffle construction with 0.43 cm separation between the baffles. 

 
The bed was observed visually, and an assessment was made when the system had 
reached steady state. The air supply was then cut off suddenly to freeze the powder 
distribution in the bed, and the baffles were pulled out gently, disturbing the system 
as little as possible. The sampling method used was based on sectioning the bed by 
a vacuum technique. For 2.44% weight of seed powder, the segregation layer, 
when one was present, appeared to be around 1 mm thickness. So basically, 
samples were taken out in approximately 1-mm layer thickness. The powders were 
analyzed by the University of Liverpool. 
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8.5.3 Results and Discussion 

8.5.3.1 Fluidization of Commercial FeCrAl Powder. 
 
Fluidization of the commercial FeCrAl powder was readily achieved using the 
technique described above.  The predictive equation of Wen and Yu gives a value 
for the minimum superficial gas velocity, Umf, of 0.017 m/s for this system, 
assuming a material density 8.1 g/cm3 and particle diameter 80 µm (Wen et al., 
1966). This Umf value is significantly lower than that needed in previous work with 
ceramic and polymer powders and bodes well for the incorporation of fluidized 
beds into metallic powder production processes (Hartholt et al., 1997 and 
Hoffmann, 2000).  
 
Further tests for the fluidizability of metallic powders-FeCrAl were then 
performed. They showed that the bed was well fluidized and the large particles in 
the powder charge sank to the bottom of the bed and smaller particles rose to the 
top, as can be clearly seen in the optical silhouette micrographs in Figures 8.6a-c. 
 
 

 
Figure  8.6 Optical silhouette micrographs of samples of FeCrAl power taken from the 

(a) top, (b) middle and (c) bottom of the fluidized bed after fluidization. 

 

8.5.3.2 Separation of two FeCrAl Powders by Density. 
 
Separation of the commercial FeCrAl alloy powder from the gas-atomized Fe3Al 
powder proved unsuccessful.  Samples taken from the top, middle and bottom of 
the bed after fluidization showed similar levels of the Fe3Al powder evenly mixed 
throughout the FeCrAl despite extensive adjustment of the fluidization parameters. 
Although the densities of the two powders differ by almost 10%, and might 
therefore be expected to separate, the size and morphology of the particles also 
differed considerably (see Figure 8.7).  The effect that this latter difference might 
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have had on fluidization and separation is not yet fully understood, although it 
should be noted that if the lighter particles (Fe3Al) were larger and more spherical 
than the denser (FeCrAl) ones and that this would have detracted from the effect of 
the difference in density. 
 

 
Figure  8.7 SEM micrograph showing the difference in size and morphology of the 

FeCrAl and Fe3Al particles used in powder charge type (ii). 

 

8.5.3.3 Effectiveness of the Technique in a Pseudo-Commercial 
Situation. 

 
Separation of the defective ODS-Fe3Al seed powder from the gas-atomized Fe3Al 
powder was successfully achieved with the seed powder segregating to the bottom 
of the bed as shown in Figure 8.8.  Here 98.5% of the mass of the seed powder was 
concentrated in the bottom 6mm of the bed.  However, the seed particles are of a 
different morphology than that of the bulk powder and, more importantly, are 
larger and more massive.  All else being equal, larger particles tend to sink in a 
fluidized bed, so it was necessary to ascertain the degree to which the sinking 
effect could be influenced or ‘tuned’ by the inclusion of vibrating baffles, rather 
than simply whether separation was feasible.  It was found that removal of the 
vibrating internal baffles appeared to have only a marginal effect on the separation 
characteristics of the bed.  This is illustrated in Figure 8.9 where the segregation 
profile of the seed powder is almost identical to that seen in Figure 8.8 with 95.0% 
of the mass concentrated in the bottom 6mm of the bed.  Here only the distribution 
of the coarse particles is considered relevant.  The higher mass% values seen in the 
bed without baffles are a reflection of differences in the starting concentration of 
coarse particles and not of segregation efficiency. 
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It is believed that the effect of particle size is dominant in this system since particle 
size varies by a factor greater than five while the densities differ only a few 
percent.  However, despite the large difference in particle size and the strong 
segregation that it elicits, some improvement in the segregation characteristics may 
be achieved by the inclusion of vibrating baffles. 
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Figure  8.8 Concentration of coarse seed particles at different heights in a fluidized bed 

with internal baffles 
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Figure  8.9 Concentration of coarse seed particles at different heights in a fluidized 

without baffles. 

 

8.5.3.4 Sensitivity of the Technique to Density Differences. 
 
After fluidization and freezing of the bed, a segregated layer was visible at the top 
of the powder.  Once removed to a depth of 2mm, this topmost layer was analyzed 
using a random sample of 100 particles and proved to consist of 93±1vol.% Al.  A 
second layer removed from the 2mm immediately below the first layer contained 
35±1vol.% Al.  Samples from the center and bottom of the bed contained no 
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detectable Al particles.  It can be seen that segregation of Al powder to the top of 
the bed had been achieved extremely efficiently and, due to the homogeneity of 
powder size and morphology throughout the bed, this was achieved purely on the 
basis of its low density.  Only negligible amounts of Al remained below the top 
5mm of the powder bed. The densities of the Al powder and the FeCu bulk powder 
differ by a factor of almost three, favoring the segregation process considerably. 
 
The powder particle type in the remaining mixture with the greatest density 
difference compared to the bulk FeCu was the Cu powder.  In this case the 
densities differ by a factor of only 1.1.  The Cu powder is the denser of the two and 
ought to segregate to the bottom of the bed.  On analysis, this proved to be the case 
but the results were marginal even with a sample size of 200 particles.  A ~2mm 
thick layer from the bottom of the bed contained 1.5±0.5vol.% Cu in contrast to 
0.5±0.5vol.% found at the top of the bed.  It would appear that segregation had, 
indeed, taken place to some extent, but it should be noted that the amount of Cu 
powder found in powder supposedly enriched in Cu lies below the 2.2vol.% that 
was added to the bed in the first place.  Therefore, at this stage, it cannot be firmly 
concluded that segregation has taken place, although there is an indication that it 
has. 
 
Powder particles with densities still closer to that of the FeCu powder showed no 
segregation due to the fluidized bed technique.  The density difference required for 
segregation can therefore be said to be at least a factor of 1.1 if the Cu powder 
results are to be believed, but may need to be closer to a factor of three if highly 
efficient segregation is to be achieved.  Efficient segregation was achieved in a 
polymeric system with densities differing by a factor of 1.3 (Hartholt et al., 1997).  
At this stage, it appears that separation of metallic powders does not occur as 
readily as in other systems. We think this problem was caused by differences in 
particle size and morphology. Further tests with powders of densities differing 
from that of the bulk by factors between 1.1 and 3 would refine the estimate of the 
lowest difference required. 

8.6 Conclusions 
 
The principle of this technology is to separate powders by means of differences in 
density. The heavier particle fraction (the jetsam) tends to sink down; on the other 
hand the lighter particle fraction (flotsam) tends to deposit on the top of the bed. 
From Table 8.1, the bulk powder (Fe13Cu) has a density around 8 g/cm3. In the 
first experiment with aluminum, which differs in density from the bulk powder 
with about a factor of 3-4, most of aluminum could visually be seen to be deposited 
on the top of the bed after the experiment was performed. This was then vacuumed 
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out as a thin layer of 1 mm. This result proved that the technology is capable of 
separating this type of powder based on a difference in density. 
 
The densities of the rest of the seed powders are very close to the density of bulk 
powder. As mentioned, this technique is based on the powder’s density differences 
alone. The separation observed is not very impressive for the mixtures with quite 
similar densities. The heaviest seed powder, which has a difference in density by a 
factor of 1.12 did show some segregation but not yet to a satisfactory degree. 
 
Separation in binary mixtures with only small density differences has been shown 
to be possible in the past. Two plastic powders, polypropylene and polyamide, with 
densities of 903 kg/m3 1145 kg/m3, respectively, have been classified in a baffled 
fluidized bed (Hoffmann, 2000). It therefore remains to be seen what is the lower 
limits of density difference with these metal powders. 
 
The fluidized bed process is useful, and may well be the most economical of only a 
few options, for dry classification of mixtures of equal size but of different density. 
Different size mixtures, on the other hand, can easily be separated by using a 
simple sieving technique, although, if a continuous process is preferable, and/or the 
particles are friable, classifying particles by a fluidized bed can be an attractive 
option also for this type of mixture. The baffles have the highest added value for 
mixtures with an intermediate tendency to segregate. If the mixture is too cohesive 
to effect separation in a fluidized bed, the use of baffles to separate will not give a 
useful improvement. In this case, applying vibration is supposed to boost 
segregation and improve fluidization by breaking inter-particle bonds but to 
determine optimal conditions requires more experiments. 
 
Further study should be carried out. Below are some suggestions for experiments 
that could be done to improve the quality of the segregation: 
 
1. Do more experiments to find the optimal condition for each batch of metal 

powder by varying the amplitude and frequency of the vibration unit (we think 
that vibration with a lower amplitude and a higher frequency might be better). 

2. Improve the sampling quality, since we cannot vacuum a layer thinner than 1 
mm, approximately. One possibility is to remove a relatively thick layer from 
the larger bed that we are using now, and then treat this sample again in a 
baffled bed of smaller cross-section. In this way we will get a thicker layer of 
seed powder in the second bed, and the vacuum sectioning would be more 
accurate. 
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Summary 
 
Fluidization is a process in which solids are caused to behave like fluid by blowing 
gas or liquid upwards through the solid-filled reactor.  The behavior of a bed of 
particles within the reactor during the process is very complex and difficult to 
predict.  To make sure that a fluidized bed reactor is optimally efficient, normally a 
pilot model of the proposed reactor is made and tested before an actual reactor is 
built.  Alternatively, a mathematical model can be used to investigate performance 
of the planned reactor.  Physical modeling using a pilot reactor can be expensive, 
time consuming, and its accuracy may suffer from scaling problems.  On the other 
hand, mathematical modeling is economical, convenient, but accuracy of the 
performance prediction is the primary concern.   
 
There have been numerous research projects aimed at modeling the physical 
phenomena governing the transport of particles in fluidized bed.  Most of these 
models are based on the deterministic approach.  The deterministic model 
approaches the problem by macroscopically investigating the evolution of densities 
of a pulse of marked particles.  However application of this approach to a complex 
system such as transportation of particles in fluidized beds does not always lead to 
soluble models.  Microscopically fluidization entails a strong element of random 
motion of the particles.  The process itself is complex, but yet can be attributed to 
discrete events.  Modeling the fluidization process with stochastic approach is 
therefore intuitive and preferable.   
 
A stochastic modeling approach may be advantageous also when the processes in 
question, through the law of large numbers, in practice behave deterministically, 
leading to soluble models even where traditional modeling techniques are not 
tenable. An example is the complex case of a slugging fluidized bed discussed in 
this thesis. 
 
The stochastic model employed in this research is based on a discrete Markov 
process. The modeling starts with a partitioning of the reactor into a finite number 
of horizontal cells in which a single particle is located at a certain discrete time of 
the process. Movement of particles in fluidized beds can be attributed to 
convective upward and downward transport and to dispersion, all associated with 
fluidization bubbles or slugs.  The possible transitions of particles are: staying in 
the same cell, moving to the next cell, moving back to previous cell, and being 
caught up in a bubble wake and deposited at the top of the bed.  The probabilities 
of these transitions are quantified in accordance with the particle transport 
processes.  The probability distribution of the position of a single particle is, by the 
law of large numbers, the basis for an analysis of the evolution of the density of a 
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pulse of infinitely many marked particles over time.  Since the process is 
Markovian, the probability distribution of the axial position of the particle at a 
given time step depends only on its position at previous time step and a set of 
transition probabilities.   
 
In this study, three types of fluidized bed reactors were investigated by 
experiments and results were compared to the predictions from the stochastic 
model. The three types of reactors were: freely bubbling fluidized beds, bubbling 
fluidized beds with baffles, and slugging fluidized beds. 
 
The motion of individual particles and the dispersion of a pulse of particles in a 
freely bubbling batch fluidized bed reactor were studied in a series of experiments 
performed in the Academic Hospital Groningen using Positron Emission 
Tomography (PET). This experimental technique, which was used here in 
connection with fluidization, allows direct non-invasive monitoring of physical 
processes. The main goal of the experiments was to gain insight into particle 
transport processes in fluidized bed reactors and to validate the concepts behind the 
stochastic model.  
 
Both PET and Positron Emission Particle Tracking (PEPT) techniques were used 
to study the particle motion.  In order to obtain data with high temporal and spatial 
resolution, a PET camera equipped with state-of-the-art hardware, normally 
available only in medical sectors, was used here to study the dynamic behavior of 
the fluidized particles. The dynamics of both tracer pulses and single particles were 
investigated in the experiments.  The results of the pulse experiments are presented 
as bitmaps showing the marked particle concentration in the bed in a succession of 
one second time frames, and in the form of 3-D plots and contour plots of the 
marked particle concentration as a function of position in the bed and time.  The 
results of the single particle experiments are shown as 2-D and 3-D plots of particle 
paths and plots showing the distribution over the bed cross-section of upward and 
downward paths. 
 
The results show that the model, which is based on the notions of upward material 
transport with the fluidization bubbles and material descent with dispersion in the 
bulk, capture the essential features. This confirms the validity of the basic 
modeling assumptions. However, the downward movement is shown to be at least 
an order of magnitude faster than expected. This discrepancy is attributed to “gulf 
streaming”, a feature which is not accounted for in the model, but is often 
encountered and unavoidable in industrial fluidized bed processes. The gulf 
streaming phenomenon is clearly seen in both single particle and pulse 
experiments. This phenomenon occurred due to a non-uniform bubble distribution 
over the bed cross section, regions where, in addition to the wake material, also 



                                                                                                                         169    

 

bulk material, interstitial between the bubbles, is dragged up with the bubble 
stream. This flow of bulk material can be considerably more than the wake flow, 
causing also a considerably faster downward bulk flow in the rest of the bed. 
Fundamental investigation of the gulf streaming mechanism is needed for future 
incorporation to the model.    
 
The model for freely bubbling fluidized beds was based on the single type of 
particle with uniform properties.  However, the models for the other two types of 
system described below, namely bubbling fluidized beds with baffles and slugging 
fluidized beds, are formulated for binary mixtures with different densities.  In such 
systems, the heavy particles (jetsam) tend to sink and the light particles (flotsam) 
tend to float during fluidization, thus segregation takes place.  The transition 
probabilities for the freely bubbling fluidization process were modified to take into 
account segregation effects.  
 
As mentioned, the stochastic model has also been applied to predict the dynamics 
of particle mixing and segregation in a baffled batch fluidized bed.  The possible 
transitions of a particles in mixing and segregation problems are the same as those 
mentioned previously for a freely bubbling conventional bed, except that here a 
particle caught in a bubble wake may be deposited not only at the bed surface, but 
also under a baffle.  Two new aspects feature in this mathematical model: 
modeling of segregation by increasing the probability of a down-transition for the 
jetsam particles, giving an extra downward drift, and modeling the effect of 
baffles.   
 
Experimental data from bubbling fluidized beds with baffles for binary mixture, in 
which the superficial velocity and number of baffles are varied, were collected and 
compared to the predictions from the stochastic model.  The comparison shows 
good agreement for the profiles of segregation in baffled batch fluidized bed.  The 
modified Markov chain model for this type of problem still retains the advantages 
of clarity, intuitiveness, and short calculation time.  The results also called for 
future revision of the model to include particle to particle interference and the 
effects of local jetsam concentration.   
 
Finally, the stochastic model was applied to yet another type of fluidized bed 
system: mixing and segregation in slugging fluidized beds containing a binary 
mixture.  A slug is a bubble whose size is nearly equal to the bed diameter and 
normally occurs in narrow bed reactors.  Slugs reduce the efficiency of the reactors 
but are often unavoidable in practice.  This model is based on a description of the 
particle displacement in the system resulting from the formation and rise of a 
single slug. It disregards any interaction between successive slugs in the bed. To 
formulate the model, the entire process was broken up into two distinct phases, 
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slug formation and slug rise.  The segregation effect is simulated as described 
above for the baffled bed.  The cumulative effect of consecutive slugs is found by 
superposition. The model is validated with experimental data for the particle 
mixing pattern in time.  The predicted axial particle concentration profiles from the 
stochastic model are compared graphically with the experimental results. This 
simple and intuitive modeling approach is shown to be successful even for a 
complex process like slugging fluidized beds, where conventional modeling using 
conservation equations is untenable. 
 
The basic assumption of independence of the particles' motion is justified as long 
as the proportion of the marked particles is rather small.  As long as this is the case, 
the single particle modeling proves to be successful in predicting the experimental 
results.  However when there is substantial fraction of marked particles in the 
reactor, interaction among particles become significant and must be taken into 
account.  A preliminary study of a particle transport model that includes interaction 
effects was also carried out. 
 
In the course of the work to develop and validate the stochastic models, work on 
enhancing particle segregation in fluidized bed was also conducted. A fluidized 
bed equipped with a set of vibrating baffles was designed and built to enhance the 
fine and cohesive powder classification.  Vibration was applied to enhance the 
capability of the baffles to break the inter-particle bonds. Experimental trials were 
performed to test the efficiency of the new set up to separate different metallic 
powders.  The results showed that the reactor could separate different metallic 
powders according to their size and, more importantly, their density.  This 
unconventional fluidized bed technique showed the potential of improving the 
segregation and fluidization. However, in order to determine optimal conditions, 
more experiments are recommended.   
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positie van één enkel deeltje is vanwege de wet van grote aantallen de basis voor 
een analyse van de tijdsontwikkeling van de dichtheid van een puls van een groot 
aantal gemarkeerde deeltjes. Omdat het proces Markoviaans is, hangt de 
kansverdeling van de positie van het deeltje op een gegeven tijdstip alleen af van 
de positie op het tijdstip daarvoor en van de overgangskansen. 
  
In het kader van deze studie hebben we experimenteel onderzoek naar drie soorten 
wervelkolommen uitgevoerd en de resultaten vergeleken met de uitkomsten van 
het stochastisch model. De drie soorten fluïdisatie waren vrije fluïdisatie, 
fluïdisatie met roosters en slugging fluïdisaties. 
  
De beweging van afzonderlijke deeltjes en de dispersie van een puls van deeltjes in 
een batchproces met vrije fluidïsatie hebben we in het Academisch Ziekenhuis 
Groningen (AZG) met behulp van Positron Emissie Tomografie (PET) in een rij 
van experimenten onderzocht. Deze experimentele techniek, die hier voor het eerst 
in verband met fluïdisatie werd gebruikt, maakt directe monitoring mogelijk 
zonder het proces te verstoren. Het belangrijkste doel van de experimenten was het 
verkrijgen van inzicht in het proces van deeltjestransport in wervelkolommen en 
het valideren van de concepten achter het stochastisch model. 
  
Zowel PET als ook Positron Emission Particle Tracking (PEPT) technieken werden 
gebruikt om de beweging van de deeltjes te bestuderen. Om gegevens met een 
hoge resolutie zowel qua tijd als ruimte te verkrijgen, werd voor het bestuderen van 
de dynamica van de deeltjes een PET camera gebruikt die was uitgerust met state-
of-the-art apparatuur, die normaal alleen voor medisch gebruik ter beschikking 
staat. De dynamica van zowel pulsen van gemarkeerde deeltjes als ook van 
afzonderlijke deeltjes werden in deze experimenten onderzocht. De resultaten van 
de pulsexperimenten zijn gepresenteerd als bitmaps die de concentratie van 
gemarkeerde deeltjes in het bed voor iedere seconde weergeven, en in de vorm van 
3-D plots en contour-plots van de concentratie van gemarkeerde deeltjes als functie 
van positie in het bed en de tijd. De resultaten van de experimenten, waarbij 
afzonderlijke deeltjes bestudeerd werden, zijn gepresenteerd als 2-D en 3-D-plots 
van deeltjespaden en als plots van de verspreiding van opwaartse en neerwaartse 
paden over een snede door het bed. 
  
De resultaten van de PET en PEPT experimenten bevestigen dat het model, dat 
deeltjesbeweging door opwaarts transport in de kielzog van fluidïsatiebellen en 
neerwaartse transport met dispersie in de bulk verklaart, de essentiele aspecten van 
deeltjestransport weergeeft. Dit bevestigt de geldigheid van de 
modelleringsaannames. De neerwaartse beweging is echter minstens een orde van 
grote sneller dan verwacht. Deze discrepantie schrijven we toe aan gulf streaming, 
een vaak voorkomend en in industriële processen onvermijdbaar verschijnsel, dat 
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in ons model niet opgenomen is. Gulf streaming is duidelijk te herkennen zowel in 
de experimenten met afzonderlijke deeltjes als ook met pulsen van gemarkeerde 
deeltjes. Dit verschijnsel word veroorzaakt door een niet-uniforme verdeling van 
de fluïdisatiebellen over de dwarssnede van de reactor waardoor in sommige 
gebieden bulkdeeltjes tussen de fluïdisatiebellen opwaarts getransporteerd worden. 
Deze beweging van bulk deeltjes kan aanzienlijk groter zijn dan de beweging in de 
kielzog, en heeft in de rest van het bed een aanzienlijk snellere neerwaartse 
beweging van bulk deeltjes ten gevolg. Diepgaand onderzoek van het gulf 
streaming verschijnsel is nodig voor toekomstige verwerking in het model. 
  
Het oorspronkelijke model voor vrije fluïdisatie is gemaakt voor processen met 
uniforme deeltjes van eenzelfde soort. Daarentegen zijn de modellen voor de 
andere twee typen van processen, namelijk fluïdisatie met roosters en slugging 
fluïdisatie, geformuleerd voor binaire mengsels van deeltjes met verschillende 
dichtheden. In zulke processen hebben de zwaardere deeltjes (jetsam) een neiging 
om te gaan zinken terwijl de lichtere deeltjes (flotsam) opstijgen, en daarmee treedt 
segregatie op, We hebben de overgangskansen van het oorspronkelijke model 
dusdanig aangepast dat met het segregatieverschijnsel rekening gehouden is. 
  
Zoals reeds opgemerkt, hebben we het stochastisch model ook toegepast voor de 
voorspelling van het proces van menging en segregatie van deeltjes in een batch-
reactor met roosters. De mogelijke overgangen van deeltjes in een reactor met 
roosters zijn dezelfde als zonder roosters, behalve dat een deeltje uit de kielzog ook 
bij een rooster afgelegd kan worden. Het resulterende wiskundig model vertoont 
twee nieuwe aspecten, namelijk modellering van segregatie van deeltjes door een 
grotere kans op neerwaarts transport voor de jetsam deeltjes, dus leidend tot een 
extra neerwaarste beweging, en de modellering van het effect van roosters. 
  
Voor bellende fluïdisatie van binaire mengsels in een reactor met roosters hebben 
we bij verschillende instroomsnelheden en aantallen roosters data verzameld en 
vergeleken met de uitkomsten van het stochastisch model. De vergelijking vertoont 
goede overeenkomst voor de segregatie-profielen in batch-processen bij reactoren 
met ingebouwde roosters. Het gemodificeerde Markov-model voor dit soort 
problemen vertoont nog steeds de voordelen van duidelijkheid, overeenstemming 
met intuïtie en korte berekeningstijd. Er zijn echter in de toekomst nog 
aanpassingen nodig om de interactie tussen deeltjes en het effect van lokale jetsam 
concentratie te incorporeren. 
  
Tenslotte werd het stochastisch model toegepast op nog een ander type van 
fluïdisatie-systemen, namelijk menging en segregatie in slugging processen van 
binaire deeltjes. Een slug is een gasbel van een grootte die bijna gelijk is aan de 
dwarssnede door de reactor, en die vaak in smalle reactoren optreedt. Slugs 
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Samenvatting 
 
Fluïdisatie is een proces waarbij vaste stoffen ertoe gebracht worden zich vloeistof-
achtig te gedragen doordat een gas of een vloeistof van beneden in de reactor 
geblazen wordt. Het gedrag van de deeltjes in de reactor gedurende dit proces is 
zeer complex en moeilijk voorspelbaar. Om een zo efficiënt mogelijke reactor te 
krijgen, wordt normaal een pilot model van de reactor gemaakt en getest voordat 
men de daadwerkelijke reactor gaat bouwen. Alternatief kan men een wiskundig 
model gebruiken om het gedrag van de geplande reactor te voorspellen. Fysische 
modellering met behulp van een pilot reactor is meestal duur en tijdrovend, en de 
nauwkeurigheid wordt soms beperkt door schaleringsproblemen. Daarentegen is 
een wiskundige modellering relatief goedkoop en snel, maar de nauwkeurigheid 
van de voorspelling van het gedrag van de reactor is een punt van zorg. 
  
In het verleden zijn er tal van onderzoeksprojecten geweest die als doel hadden om 
de fysische verschijnselen die het deeltjestransport bepalen te modelleren. De 
meeste modellen zijn deterministisch. Daarbij wordt de tijdsevolutie van een puls 
van gemarkeerde deeltjes bestudeerd. In een complex systeem zoals 
deeltjestransport in een wervelkolom leiden zulke modellen meestal niet tot 
hanteerbare modellen. Microscopisch beschouwd, d.w.z. op het niveau van 
afzonderlijke deeltjes, heeft fluïdisatie een sterk stochastische component. Het 
proces is complex, maar kan door diskrete gebeurtenissen gemodelleerd worden. 
Stochastische modellering is intuïtief en verdiend bij fluïdisatie de voorkeur. 
  
Stochastische modellering kan zelfs dan voordelig zijn als de processen door de 
werking van de wet van grote aantallen zich in de praktijk deterministisch 
gedragen, omdat men zo een oplosbaar model krijgt waar traditionele 
deterministische modellen onhanteerbaar zijn of niet eens geformuleerd kunnen 
worden. Een voorbeeld hiervan is het complexe geval van slugging gefluïdiseerd 
bed die wij in dit proefschrift behandelen. 
  
Het stochastische model dat wij in dit onderzoek gebruiken is op een diskreet 
Markovproces gebaseerd. Het modelleren begint met de opdeling van de reactor in 
een eindig aantal horizontale cellen waarin een deeltje zich op een gegeven 
diskreet moment van het proces bevindt. De beweging van deeltjes in een 
wervelkolom kan toegeschreven worden aan opwaartse en neerwaartse convectie 
en aan dispersie, beide gerelateerd aan fluïdisatiebellen of –slugs. De mogelijke 
overgangen van een deeltje zijn: in dezelfde cel blijven, naar de volgende cel gaan, 
naar de vorige cel gaan of in het kielzog van een fluïdisatie-bel helemaal tot boven 
in de reactor gaan. De kansen op deze overgangen worden gekwantificeerd in 
overeenstemming met het proces van deeltjestransport. De kansverdeling van de 
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verminderen de efficiëntie van een reactor maar zijn in de praktijk veelal 
onvermijdelijk. Het hier voorgestelde model berust op een beschrijving van de 
verplaatsing van de deeltjes in het systeem ten gevolge van de vorming en 
opstijging van een enkele slug. Mogelijke interactie tussen achtereenvolgende 
slugs worden niet in beschouwing genomen. Voor de formulering van het model 
hebben we het gehele proces opgesplitst in twee verschillende fases, namelijk de 
slug-vorming en slug-opstijging. Het segregatie-effect is in het model op dezelfde 
wijze opgenomen als boven voor de systemen met roosters beschreven. Het 
cumulatieve effect van opeenvolgende slugs wordt door superpositie gemodelleerd. 
We hebben ons model gevalideerd met experimentele data van het 
mengingspatroon in de tijd. De door het stochastische model voorspelde axiale 
deeltjesconcentraties werden grafisch met de experimentele resultaten vergeleken. 
De resultaten laten zien dat een eenvoudig en op intuïtie gebaseerd stochastisch 
model ook voor complexe processen zoals slugging fluïdisatie succesvol kan zijn, 
waar conventionele modellen met behoudsvergelijkingen niet haalbaar lijken. 
  
De aanname van onafhankelijkheid van de beweging van verschillende deeltjes, 
die aan de grondslag van het basismodel ligt, is zo lang gerechtvaardigd als de 
concentratie van gemarkeerde deeltjes klein is. In dat geval geven de modellen ook 
goede voorspellingen van het gedrag van een puls van deeltjes. Is de concentratie 
van gemarkeerde deeltjes echter aanzienlijk groter, dan wordt de interactie 
significant en dienen de modellen er rekening mee te houden. We hebben een eerst 
model bestudeerd van een systeem dat interactie incorporeert. 
  
Tijdens het onderzoek aan de ontwikkeling en validatie van stochastische modellen 
hebben we ook methoden onderzocht om segregatie van deeltjes in 
wervelkolommen te bevorderen. Onder meer hebben we een systeem met trillende 
roosters ontwikkeld en laten bouwen met het doel om de klassificatie van fijne en 
cohesieve poeders te verbeteren. Trilling werd toegepast ter verhoging van het 
vermogen van de roosters om de binding tussen de deeltjes open te breken. 
Experimenten werden verricht om de efficientie van de nieuwe annpak voor de 
scheiding van verschillende metalen poeders na te gaan. De resultaten laten zien 
dat het systeem in staat is om verschillende metalen poeders naar grootte en, wat 
vooral belangrijk is, naar dichtheid te scheiden. Deze innovatieve fluïdisatie-
techniek toont aan dat er een potentiaal bestaat voor verbetering van segregatie en 
fluïdisatie. Voor het bepalen van optimale condities zijn echter verdere 
experimenten nodig. 
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