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Chapter 1

Introduction

1.1 Motivation

On June 3, 1998 a high speed train ran through a false switch with a speed of 200km/h
close to the city of Eschede in northern Germany. Normally, this is nothing special nor
worrying, but on that date it caused all cars after the second to de-rail. Unfortunately, a
bridge was located closely behind the switch against which the cars hit. This accident took
101 lives. What had happened? Before departing from the 600km distant Munich, the
wheels of the train had been checked by X-ray. However, the very small crack in one of the
wheels had not been found. On the way to Eschede the wheel fatigued more and it broke
a few kilometers before Eschede. Then, the wheel was dragged along with the train. It got
pinned in the false switch and caused the third car to de-rail, which pulled all cars behind
it off the track.

This example shows a general characteristic of fatigue life. Considering the initial
specimen to be defect free, in the first thousand or even million load cycles very small
cracks develop, which are not visible with the naked eye nor with X-ray. This phase is
called fatigue initiation. The small cracks then propagate leading to the fatal crack. The
engineering approach to this kind of failure is to calculate the time necessary for the crack
to propagate from a size which is visible to the critical length which leads to failure of the
part. This time is then chosen to be the inspection period to search for cracks, as it was
done in Munich that morning.

It may be interesting to note that the first systematical research on fatigue life was
conducted by Ẅohler [1] in 1870 on the fatigue life of the chassis of train cars. Wöhler
investigated the material behavior under a constant loading amplitude. The behavior under
specific loading spectra and for different materials have been investigated afterwards by
experiments and simulations. Fatigue crack growth and environmental effects have been
studied and are understood to some level. However, initiation is not well understood.
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2 Chapter 1

We go back and use the simplest configuration of fatigue crack initiation, neglecting
all influences that are not necessary for failure. Salty or chemical environments as well as
elevated temperatures are such. They decrease the fatigue life but are not essential, since
failure occurs also when those influences are not present. It is essential to note that irre-
versibility is a necessary ingredient in any fatigue model. If the material behavior would be
reversible and if a structure does not fail in the first load cycle it would never fail. However,
structures fail after a number of cycles, as the tragic example above shows. Therefore, a
small and locally-confined irreversibility is necessary. We model a plastically deforming,
i.e. irreversible, grain at the free surface surrounded by an elastic, i.e. reversible, contin-
uum. Moreover, we model a metal which has little impurities and which is initially almost
dislocation-free. The surface of the material is initially perfectly smooth, i.e. the material
has no surface roughness from fabrication. Furthermore, we will focus on face-centered-
cubic (fcc) structured metals like aluminum, which is used in aerospace.

The propagation of fatigue cracks in fcc metals with a constant loading amplitude had
been successfully modeled with the concept of dislocation dynamics by Cleveringa et al. [2]
and by Deshpande et al. [3]. For that reason, this concept will also be used here to study
the first step, i.e. fatigue crack initiation.

1.2 Mechanics background

Since continuum mechanics will be used through out the thesis a short summary is given for
linear elasticity. Continuum mechanics describes the material behavior, where two neigh-
boring material points stay in each others neighborhood during the deformation. Moreover,
continuum mechanics can be subdivided in three parts: the equilibrium equation, the kine-
matic equation and the constitutive rule.

In theequilibrium equations, neglecting inertia effects, the sum of all forces on a body
is zero. Therefore, the stressσij at an infinitesimal element has to satisfy

σij,j = 0

where ,j denotes the differentiation with respect toj. The equilibrium equation above is
equivalent to the principle of virtual work:

∫

V

σijδεij dV =
∫

S

tiδui dA

whereV denotes the body andS the surface of the domain.δε is the virtual strain andt
andδu are the tractions and virtual displacements on the surface, respectively.

Thekinematic equationsgive the relationship between displacementui and strainεij .
For small-strain, this expression is defined as
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εij =
1
2

(ui,j + uj,i)

Finally, theconstitutive rules relate the strains to the stresses. In this thesis Hooke’s
law is used:

σij = Cijklεkl

Here,Cijkl denotes the stiffness tensor of the material, which incorporates the material
properties as shear modulus and Poisson’s ratio. However, an elastic material behavior
cannot lead to fatigue.

The motion of discrete dislocations produces plasticity. The discrete dislocations are in
the center of interest in this thesis. The methodology is introduced in chapter 2. In addition
to continuum mechanics, fracture is used in the later chapters of this thesis. To characterize
different cracks, standard fracture mechanics uses three different modes which are shown
in figure 1.1. The difference between the modes is the direction of loading with respect to
the crack.

mode IIImode IImode I

Figure 1.1: Standard fracture modes.

1.3 Experimental observations & Definition of terms

Before applying a load, most crystalline materials are not defect-free, but there are dis-
locations and precipitates. Dislocations are lattice defects, which nucleate from existing
dislocation segments, move and then can act as nucleation points for new dislocations.
Moreover, dislocations are shear loops made up of two edge dislocation and two screw
dislocation segments, as shown in figure 1.2. If mode II loading is subjected along a slip
plane material does not fracture, but edge dislocations move on this plane, as seen by the
comparison of figure 1.1 and 1.2. Likewise, if mode III loading is subjected along a slip
plane material does not fracture, but screw dislocations move on that slip plane. The stress
fields of an edge dislocation are shown in figure 1.3.
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Figure 1.2: Edge and screw segments in a dislocation
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Figure 1.3: Contours of the stress distribution around an edge dislocation.

Channel-vein structure
During fatigue the dislocation density rises and dislocations form so-called channel-vein
structures, as shown in figure 1.4 (a). Almost all dislocations in the figure are edge dislo-
cations [4], [5]. Mughrabi [4] found also that the edge segments extend very long into the
third dimension, as shown in figure 1.4 (b). Moreover, the dislocations in the channel-vein
structure travel back and forth across the channels during the cycles. The veins have a
dislocation density of3× 1015/m2 [6] and a volume fraction of50% [7]. The dislocation
density in the channels is1011/m2 [7].
PSB
During fatigue, the channel-vein structure transforms into to ladder-like structure found
inside Persistent Slip Bands (PSB), which is also shown in figure 1.4. The PSBs follow the
primary slip direction, i.e. the direction of the Burgers vector of those dislocations which
experience the maximum resolved shear stress. These PSBs give rise to more plasticity
than the channel-vein structure that surrounds the PSBs. Their development is not some
sudden event but they grow in length [8] and in width [5] until they span the entire crystal.
As in the channel-vein structure, dislocations travel from the very dislocation dense walls
through the channel to the next wall. The dislocations loops, of which one edge segment
travels across the channel, are initially almost circular [9] and afterwards extend normal
to the plane shown in figure 1.4 once the edge segment reaches the other wall. The walls
of a PSB are regularly spaced and have a dislocation density of around6 × 1015/m2 [6].
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PSB channel−vein structure

(a) (b)

Figure 1.4: Channel-vein structure and persistent slip band (PSB) (From [4]).

Although the dislocation density in the walls is much higher than in the veins, the overall
dislocation density in the PSB is roughly half of the density in the channel-vein structure,
because the volume fraction of the walls in the PSB, roughly10%, is smaller than the
volume fraction of the veins in the channel-vein structure.

Ex- and intrusions
A dislocation leaving the crystal produces a surface step. If two dislocations of opposite
sign move out of the crystal on different but parallel slip planes they produce an ex- or
intrusion, depending on whether the dislocations form an interstitial or a vacancy dipole,
respectively. A schematic drawing of ex- and intrusions and other terms is shown in fig-
ure 1.5. Moreover, in copper, intrusions and extrusions have a similar shape and size, as
shown by Basinski and Basinski [10].

An area where massive material is extruded is called protrusion, see e.g. figure 1.6.
These protrusions extend over the PSBs and are an evidence of the strong localization
of plasticity inside the PSB. However, not all PSBs lead to a protrusion at the free surface
[10]. Often, there are many smaller ex- and intrusions in a protrusion, as shown in figure 1.5
and 1.6.
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Intrusion

Surface

Extrusion

Localized slip
Persistent Slip Band

Dislocation wall

Dislocation veins
Channel

Channel

Matrix

Protrusion

Figure 1.5: Definition of terms.

Crack nucleation
Cracks often nucleate at or close to protrusions, as shown in figure 1.6. Basinski and
Basinski [5] found that cracks nucleate most likely at thin PSBs that were generated just
prior to fracture initiation. Furthermore, removal of the surface roughness leads to an
increase in fatigue life, as observed by Hahn and Duquette [11]. Moreover, it has been
observed that deep intrusions sometimes develop into cracks (e.g. [10]).

(a) (b)

Figure 1.6: Experimental observation of an early crack by Ma and Laird [12] (a) and by Vehoff [13] (b).

In many cases more than one crack nucleates. In the first stage all cracks grow and
follow the PSB, but at some point one crack finally wins and grows into the final crack. This
period is called stage I fatigue. Since this crack follows the primary slip direction, and this
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direction has the maximum resolved shear stress, stage I fatigue is commonly associated
with mode II fracture (cf. figure 1.1). In a subsequent, second stage the crack deviates from
the PSB direction and continues normal to the free surface due to the macroscopic stress
field. This stage II is associated with mode I fracture, because the maximum tensile stress
is normal to the crack.

1.4 Existing dislocation models of fatigue initiation

There are several models in the literature that attempt to explain fatigue crack initiation or
combine dislocation structuring and crack initiation. These models can be divided into two
groups. On the one hand there are continuum based models, which treat the dislocations
not individually but as an average over a region, e.g. [14]. On the other hand there are
models which are based on discrete dislocation or discrete slip plane events, e.g. [15]. The
latter try to explain experimental observations by a sequence of physical mechanisms. Only
a few of these are mentioned here due to space reasons.

One of the first models was proposed by Mott [16] in 1958. He suggested that vacancies
are generated below the surface as a result of the production of extrusions; since Mott found
more extrusions than intrusions on the surface, he concluded that vacancies accumulate
inside. These clusters of vacancies then grow and form cracks underneath the surface, as
illustrated in figure 1.7.

extrusion

cluster of
vacencies

Figure 1.7: Schematic of a cluster of vacancies below the surface that may give rise to crack initiation according
to Mott [16].

Antonopoulos et al. [17] extended Mott’s idea and proposed a model based on vacancy
dipoles, which are more likely to form than interstitial dipoles because their formation
energy is lower than that of interstitials. Due to the difference in formation energy, inter-
stitials are more likely to escape before examining the material by transmission electron
microscopy than vacancies according to Antonopoulos. Furthermore, they argue that there
would be twice as many vacancies as interstitials in the PSB during fatigue. To that end,
adding up the dislocation dipoles in a PSB wall, the resulting dislocation dipole is a ’su-
per’ vacancy dipole and is then placed at either end of the wall, as illustrated in figure 1.8.
These form a row of ’super dislocations’ along the PSB–matrix interface. Antonopoulos et
al. proposed that in the PSB this configuration leads to tension normal to the PSB–matrix
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interface. Moreover, they also computed the volume increase due to the growth of pro-
trusions from the density of vacancy dipoles, which agrees with the values measured in
experiments.

Matrix

PSB

Figure 1.8: Construction of ’super dislocations’ as it was used for the explanation of fatigue crack initiation by
Antonopoulos et al. [17].

Essmann et al. [7] started from the same observation, i.e. pre-dominance of vacancy
over interstitial dipoles, but proposed the sequence of events shown in figure 1.9 (a). A dis-
location pairA−B nucleates, dislocationA glides to the surface of the grain and produces
a surface step while dislocationB stays inside the bulk. Another dislocation pair is gener-
ated on an adjacent glide plane. DislocationC of the newly generated dislocation pair is
forming a vacancy dipole with dislocationB. Similar events continue to occur, i.e. gliding
and formation of vacancy dipoles, thus, a band of dislocation dipoles forms, as shown in
the figure by the dark dislocations. The endpoints of this band are dislocations with the
half-plane inside the PSB. A similar band develops from the lower left-hand to the upper
right-hand edge, as depicted by the grey dislocation dipoles in figure 1.9 (a). The slope of
the bands is a material property. For large crystals similar events occur except the dislo-
cations at the ends of the band do not form surface steps. They stay on the PSB–matrix
interface. Several of those bands develop, as shown in figure 1.9 (b) where each band is
denoted by a line, for simplicity. At the endpoints of these bands the extra half-plane of the
dislocations are inside the PSB.

It is interesting to note that the dislocations on the PSB–matrix interface in the Essmann
model (figure 1.9 (b)) are changed in sign compared to the Antonopoulos model, figure 1.8.
However, in both models extrusions develop on both sides of the crystal. These extrusions
are due to the vacancy dipoles which develop in the PSB.

Moreover, Essmann et al. [7] proposed that vacancies are diffusing along the disloca-
tion loops through pipe diffusion to the matrix which surrounds the PSB. They argued that
this effect leads to the growth of protrusions at elevated temperatures. At lower tempera-
tures diffusion is impossible and, therefore, the growth of protrusions is restricted. Repetto
and Ortiz [18] gave constitutive rules for vacancy generation and corresponding volumetric
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A
B

C

(b)(a)

Figure 1.9: Vacancy dipole model by Essmann et al. [7]. Two bands of dislocation dipoles form in a thin specimen
by a sequence of nucleation–glide–formation of dipoles events(a). In a wide specimen several bands
form, which are denoted by lines, for simplicity (b).

expansion inside the PSB at elevated temperatures. Moreover, they included the diffusion
of vacancies into the matrix. They found that the protrusion would grow and found simi-
larities in the shape of the protrusion between the simulation and experiments. On one side
of the protrusion, Repetto and Ortiz found that the free surface forms an acute angle with
the protrusion, which is not supported by the experiments shown in figure 1.6 but by the
models of Antonopoulos et al. (figure 1.8) and Essmann et al. (figure 1.9). They proposed
that fatigue crack initiation is due to the stress singularity arising from this acute angle.
Differt et al. [19] extended Essmann’s model to capture also the small ex- and intrusions
within a protrusion, see figure 1.6, based on the statistical irreversibility of slip.

Brown and Ogin [20] arrived at the same ’super dislocation’ distribution at the PSB–
matrix interface as Antonopoulos. However, they arrived at this distribution in a different
way, which is discussed in detail in chapter 3. Based on that dislocation distribution, they
calculated the stress at the free surface and in the material.

Neumann [15] developed a model based on the activation of two slip systems, as illus-
trated in figure 1.10. In the first tensile stroke slip planes 1 and 2 get activated after each
other and the material opens up. In the compression phase the dislocations glide back.
However, they cannot totally heal the material because both side of the evolving crack
touch macroscopically like ordinary pieces of metal. Therefore, a crack has initiated along
slip plane 1 to the intersection with slip plane 2. Consequently, the crack propagates in a
zig-zag fashion, as shown by the dashed line in figure 1.10.

All these models, with the exception of the one by Neumann, depend on the assumption
that there are more vacancy dipoles than interstitial dipoles in a PSB. Several researchers
looked into the change in electrical resistivity of metals during fatigue to investigate the
dipole formation. Johnson and Johnson [21], Helgeland [22], Eikum and Holwech [23],
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propagation
initiation

1 3 7 9

2 4 8

5

6

Figure 1.10: Fatigue crack initiation and propagation model by Neumann [15].

Poĺak [24] and Kromp and Weiss [25, 26] found an increase in the number of point defects
during fatigue. But none of them were able to quantify the number of vacancies with
respect to interstitials. However, if two-thirds of the defects are assumed to be vacancies,
the number of vacancies in those experiments is in agreement with the values predicted
by Antonopoulos et al. [17] and Essmann et al. [7], which are based on the size of the
protrusion.

1.5 Outline of thesis

All the models mentioned above either assume a specific sequence of slip events (i.e. Neu-
mann) or assume that a PSB has already formed, which will then nucleate a crack. Addi-
tionally, none of the models explains the channel-vein or the ladder-like structure in PSBs.
The general objective of this thesis is to shed more light on fatigue crack initiation by
numerical simulations with discrete dislocation plasticity. Rather than making ad-hoc pre-
sumptions about a dislocation structure, I start from the initial elastic field and, with a set
of constitutive rules for the dislocations, the simulations will lead to the development of a
dislocation structure with its residual stress field.

In chapter 2 I describe dislocation dynamics and the model of a grain at the free surface,
which is subjected to a uniform remote cyclic stress. For this – so called – 2DD model a
set of simple constitutive rules is used to mimic the nucleation of dislocations and the
short-range interaction between dislocations. This chapter concentrates on events inside a
grain that is close to the free surface. This model serves as a basis for further extensions,
summarized in figure 1.11. First, in chapter 2 the 2DD model is extended by the constitutive
rules given by Benzerga et al. [27] to incorporate three-dimensional effects, such as line
tension and the formation of junctions and segments that can act as dislocation sources.
We call this extended model the 2.5DD model.

Brown and Ogin [20] proposed a model for the elastic fields caused by a PSB, which
yields a logarithmic stress singularity at both ends of the PSB on the free surface. This
model is described in chapter 3 and compared to static dislocation calculations. The dis-
location arrangement proposed by Brown and Ogin is then used to investigate the stresses
inside a PSB analytically. Finally, these results are compared to the results obtained from
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Chapter 4:
Elastic fields due to
surface roughness

Cohesive surface
model

Chapter 6:
Fatigue crack initiation

Wavy surface
model

2.5DD model2DD dislocationstrain controlled
simulation model

Chapter 3:
Dislocation dynamics
at the surface

Chapter 5:
Stress−strain curves

Chapter 2:
Dislocation dynamics
in a grain

QuoVaDis model

Figure 1.11: Outline of models and chapters

the 2DD model.
Fatigue inevitably involves surface roughness. In chapter 4 the elastic fields due to

surface roughness are evaluated in order to include their influence on fatigue. Three ap-
proximate models are proposed to mimic the influence of the surface steps on the stress
and displacement fields. These models and others given in literature are compared to a nu-
merical calculation. Then we choose the approximation that agrees best with the numerical
results.

In chapter 5 we supplement the results of chapter 2 with simulations of the stress-strain
behavior using displacement-controlled boundary conditions. This requires a more elab-
orate analysis , where boundary conditions are incorporated by means of a superposition
method [28]. The results are compared to experimental observations. Furthermore, the
influence of the grain shape and size is investigated.

In chapter 6 we incorporate three models: the COhesive surface model of Xu and
Needleman [29], the model for the WAvy surface and the DISlocation dynamics model,
into the COWADIS model, which we will give the phonetic name ’QuoVaDis’. It will be
shown that this model is able to predict fatigue crack initiation – with a minimum of ad-hoc
assumptions.





Chapter 2

Dislocation dynamics

2.1 Basic Model

Computational grain
The three observations mentioned in the previous chapter are used as basis for the disloca-
tion dynamics model the so-called the 2DD model.

σσ

free surface

σ

t

45

grain boundary

obstacle

dislocation Frank−Read source

Figure 2.1: Plane strain strip of material subjected to a remote cyclic stress parallel to the free surface, with a
single grain inside of which dislocation dynamics is applied.

Cracks nucleate at or close to the free surface in high cycle fatigue. Therefore, we model
a grain at the free surface, which is assumed to remain flat during the simulation. The grain
at the surface is assumed to be favorably oriented for plastic flow, i.e. with one primary slip
system at45◦ from the tensile direction, where the shear stress is maximal. All other grains
surrounding this grain are taken to be less favorably oriented and are therefore assumed to
remain elastic. The grain is taken to be rectangular, as shown in figure 2.1, where the width

13
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denotes the length along the free surface and the height the length perpendicular to it.
The second observation is: structures of dislocations extend long into the line direction

of the dislocations, as shown in figure 1.4. This motivates the plane strain approximation.
Changes in the structure in the third dimension are so gradual compared to those in the
other dimensions that they can be neglected. Therefore, we reduce the three-dimensional
sample to a two-dimensional model.

Almost all dislocations found in channel-vein structures and in PSBs are edge disloca-
tions, according to the third observation. Therefore, plastic flow inside the grain is caused
by the motion of edge dislocations and furthermore, all dislocations in this model are of
edge character.

The effective plane strain slip planes of a fcc crystal are shown in figure 2.2 (a). For the
dislocation dynamics, we simplify the angles between the slip planes to an equal-angular
triangle as shown in figure 2.2 (b). The grain is assumed to be a linear elastic, isotropic
continuum in which plasticity is carried by dislocation motion. Since the grain and its
surrounding are elastic, grain boundaries have no effect on the elastic fields; they only
hinder dislocation motion.

[110]

[001] x

(110)

54.7o

60o

(b)

y

(a)

b

Figure 2.2: Crystallographic details of face-centered cubic crystal in 2D: Effective plane strain slip systems (a)
and simplification used here (b).

Elastic fields of dislocations
The dislocations are treated as singularities in a linear elastic, isotropic continuum. The
closed-form expressions of Freund [30] are used for the long-range elastic fields of dislo-
cations in the presence of a traction-free surface, so that this boundary condition is directly
taken into account. Using his definitions, see figure 2.3, the fields are expressed in terms of
the complex coordinateζ = x1 + ix2. Forx2 < 0 and with the complex notation for the
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h

x

x

1

b

2

α

Figure 2.3: Coordinate system used for the elastic fields of a dislocation in half-space close to a free surface by
Freund [30].

Burgers vectorb = b1 + ib2, Freund specifies the stress and displacement components as

σ22 − iσ12 = ϕ′(ζ)− ϕ′(ζ̄) + (ζ − ζ̄)ϕ′′(ζ)
σ11 + iσ12 = ϕ′(ζ) + ϕ′(ζ̄) + 2ϕ′(ζ)− (ζ − ζ̄)ϕ′′(ζ)

2µ(u1 + iu2) = (3− 4ν)ϕ(ζ) + ϕ(ζ̄)− (ζ − ζ̄)ϕ′(ζ) (2.1)

in terms of the complex-valued analytic functionϕ(ζ). The over-bar denotes the complex
conjugate.µ andν are the shear modulus and Poisson’s ratio, respectively. Freund gives
the analytic function for the problem in figure 2.3 as

ϕ′(ζ) =
µ

4π(1− ν)

(
ib

ζ + ih
− ib̄(ζ + ih)

(ζ − ih)2
− i(b− b̄)

ζ − ih

)

whereh denotes the distance of the dislocation from the free surface. By integration,
Cleveringa et al. [2] found

ϕ(ζ) =
µ

4π(1− ν)

(
ib {ln (m̄[ζ + ih])− ln (m[ζ − ih])} − 2

b̄h

ζ − ih

)
.

Here,m is the complex-valued integration constant which has to be determined in order to
properly align the displacement discontinuity of each dislocation with the slip plane.

The singular long-range stress fields, which are given in equation (2.1) and which are
used for the determination of the stress caused by dislocationI on dislocationJ , already
include the free surface effects – the so called image stress. However, each dislocation
also feels the free surface image of itself. The expressions for this stress are derived in
Appendix 6.5 and given by:

ϕ′(ζ) =
µ

4π(1− ν)

(
− ib̄(ζ + ih)

(ζ − ih)2
− i(b− b̄)

ζ − ih

)

The resolved shear stress of the free surface image stress, derived from the analytical
expressions in Appendix 6.5, is given by

τ =
µ

4π(1− ν)
b

h/ sinα
. (2.2)
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Here,h/ sinα is the distance of the dislocation along the slip plane to the surface andb is
the magnitude of the Burgers vector. This expression agrees to the one given by Hirth and
Lothe [31], which is given for a slip plane normal to the free surface.

Dislocation motion
Dislocation motion is driven by the Peach-Koehler force. This force, as shown in equa-
tion 2.3, is calculated from the resolved shear stress, which is a superposition of the sin-
gular long-range stress from the dislocation interactionσ̃, the free surface image stressσ
and the uniform applied stresŝσ. The remote applied stress, which is parallel to the free
surface, is taken to vary with time in a zig-zag fashion withσmin = −σmax, as shown in
figure 2.1.

f I = nI
i


∑

J 6=I

σ̃J
ij + σI

ij + σ̂ij


 bIj , (2.3)

whereb is the Burgers vector with a magnitude of0.25nm andn the slip plane normal. The
Peach-Koehler force governs the dislocation motion according to a linear drag relation,

vI = f I/B, (2.4)

whereB is the drag coefficient, which is a temperature-dependent material constant. Here,
B = 10−4Pa s. If inertia effects are included, this equation has to be rewritten as

mv̇I = f I −BvI

m = ρb2

whereρ andm are the density of the material and mass of the dislocation, respectively.
The mass of the dislocation has to be approximated, since a dislocation has no mass in the
physical sense but is just a fault in stacking atoms. We approximate the mass by the core
region of the dislocation.

We have compared results with and without inertia effects and found no considerable
difference in dislocation motion and dislocation density over time. However, with inertia
effects included, less junctions and dipoles form. Figure 2.4 shows an example of a dislo-
cation dipole. For simplicity, let us consider dislocation A as immobile. Dislocation B is
on an adjacent slip plane at some point between a and b, where b is the equilibrium position
of dislocation B. Furthermore, let us assume that the dislocations A and B are so close to
each other that all elastic fields of the other dislocations can be neglected. Dislocation B
might move during a time step from a point in the interval a – b to a point between b and c.
Here, the Peach-Koehler force pulls dislocation B backward to point b. However, due to the
inertia effect the dislocation may move past point c. Once dislocation B has passed point
c, it will not return since inertia and Peach-Koehler force drag it away. When neglecting
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Figure 2.4: Example for the influence of inertia: Two dislocations and the Peach-Koehler forcef of dislocation
A on B.

inertia effects, dislocation B finds the equilibrium position at b if dislocation B is between
a and c at the end of a time increment.

Moreover, the velocities of the dislocations during the simulation are quite low. There-
fore, changes in the velocity are small. In conclusion, inertia effects, or even relative inertia
effects can be neglected in our model.

To ensure that the dislocation cannot jump over the distance a – c when using equa-
tion 2.4, we have to restrict dislocation glide. This leads to a relation for the maximal
admissible time step for dipole formation:

∆t ∼ s
1
2h

(2.5)

wheres is a constant. Therefore, the minimal slip plane spacing can be determined such as
to allow for a time step which leads to a reasonable simulation duration while still allowing
for dipole formation.

We restrict the movement of the dislocations to glide. Climb of dislocations occurs at
elevated temperatures, since it is connected to the diffusion of vacancies or interstitials.
However, fatigue was also observed at temperatures of4.2K by McCammon and Rosen-
berg [32] with little change in the duration of fatigue life compared to experiments at room
temperature. At4.2K there is no diffusion of vacancies or interstitials leading to the con-
clusion that dislocation climb is not essential for fatigue.

However, cross-slip is possible at lower temperatures. Cross-slip is the movement of the
screw part of the dislocation out of the plane of the dislocation loop. We model the motion
of edge dislocations, as shown by the plane of observation in figure 2.5 (b). During cross-
slip these edge dislocations are not moving. For cross-slip to cause the edge dislocations
to rise , i.e. to follow the dashed line in figure 2.5 (b), vacancy or interstitial diffusion is
necessary, alike to climb. Therefore, also cross-slip is neglected here.
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Figure 2.5: Schematic representation of climb and cross slip of dislocation loops with edge dislocations in the
plane of observation.

Dislocation nucleation
A dislocation segment, which is pinned at its ends, can bow out and thereby act as disloca-
tion source. We incorporate the generation of edge dislocation pairs from pre-defined two-
dimensional Frank-Read sources, as described by Van der Giessen and Needleman [28].
When the resolved shear stress exceeds the source strengthτnuc for a sufficiently long time
tnuc a dislocation pair with a spacing ofLnuc is generated, as shown in figure 2.6. The

source f

m

n

−b +b

2
1

nucL L2
1

nuc

Figure 2.6: Schematic representation of dislocation nucleation.

nucleation distanceLnuc is defined as

Lnuc =
µ

2π(1− ν)
b

τnuc
. (2.6)

The Poisson’s ratioν = 0.33 and the shear modulusµ = 26GPa. For the nucleation
strengthτnuc, a Gaussian distribution is chosen, with a mean strengthτ̄nuc = 1.9× 10−3µ
and a standard deviation of0.2τ̄nuc. This leads to a nucleation distanceLnuc ≈ 100b. The
nucleation time for all sources istnuc = 2.6× 106B/µ = 10−8s.
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Dislocation annihilation
Especially during reverse loading, the newly generated dislocations may glide back, with
the two dislocations of opposite sign approaching each other. They annihilate when the
distance between them is less than a critical distance. This distance is a material parameter
and is taken to be6b here. Annihilation also occurs when two dislocations of opposite sign
from different dislocation pairs approach each other. In this case, the other dislocations of
those pairs are taken to recombine to form a new dislocation pair.

Furthermore, dislocations can leave the grain at the free surface, leaving behind a step
of the height equal tob. For this 2DD model this geometrical change at the surface is not
taken into account. According to St. Venant’s principle, the size of the area influenced by
the surface step is on the order of the surface step, i.e.b. This area is very small compared
to the grain size. Furthermore, this area is at the free surface. Here, the driving forces on
the dislocations are dominated by the image stress, which pulls the dislocations out of the
crystal. However, when more dislocations move out at the free surface, the step produced
by them increases and with it the area influenced by the surface roughness. Therefore, the
influence of the surface steps will be taken into account in the final model, which simulates
fatigue crack initiation at the free surface, as described in chapter 6.

Dislocation obstacles
Dislocations can get pinned at point obstacles in this model. These represent either small
precipitates, forest dislocations or grain boundaries. They stop dislocation motion, unless
the Peach-Koehler force on the dislocation exceeds the strength of the obstacle. For sim-
plicity, this stress is taken to be independent of the direction, i.e. the stress required for the
dislocation to break free and move backward is the same as for the dislocation to move
forward through the obstacle. Moreover, all obstacles are taken to have an equal strength
τobs = 3τnuc. This strength leads to plastic hardening under bending which is close to that
of Aluminium, as mentioned by Cleveringa et al. [33].

Grain boundaries are another kind of obstacles to dislocation motion. Their behavior
is more complex and depends on the orientation of the atomic structure in the neighboring
grain. The dislocation interaction with different grain angles, tilt angles and orientations of
the grain boundary to the crystallographic structure is complex. We use simple constitu-
tive rules to capture the behavior of the boundary. Three different grain boundary models
have been implemented, however, only the first is used due to its simplicity. Here, grain
boundaries are assumed to be impenetrable for dislocations, which represents low-angle
grain boundaries. Dislocations once trapped in the boundary become immobile for the re-
mainder of the simulation. The second model for grain boundaries is similar to the first
one in the respect that the grain boundary is impenetrable for dislocations to move forward
through the grain boundary, but dislocations are not hindered to move backwards during
unloading. The third model represents high-angle grain boundaries by allowing disloca-
tions to move into the grain boundary, once their Peach-Koehler force exceeds the grain
boundary strengthbτgb. Then, the dislocations are taken to leave the grain and glide into
the wide and soft grain boundary, which is found at high-angle grain boundaries. Since
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we only evaluate the stress fields, we do not take these dislocations into account thereafter
anymore. However despite the difference of the models, there is no great difference in
the dislocation distribution between the results of the simulations with the different grain
boundary models. Pile-ups of dislocations against the grain boundaries are in neither case
significant.

Time integration
The dislocation dynamics is simulated in an incremental fashion using straight forward Eu-
ler time integration. With the updated applied stress and the updated dislocation positions,
the Peach-Koehler forces on all dislocations are calculated and the dislocations move cor-
responding to the drag relation. Based on the new configuration, the nucleation conditions
of the Frank-Read sources are checked and new dislocations are introduced. Afterwards,
the events in the next time are calculated.

The time step is small enough to capture events such as nucleation (∆t < tnuc) and
dislocation dipole formation, as was mentioned above. The time step is also bound by the
period of the cyclic loading (∆t ¿ T = 4 × 10−6s). In most cases,40000 time steps are
used within one cycle.

The dislocation structure that evolves is in no way presumed but is an outcome of the
simulation, with all dislocation sources and obstacles being randomly distributed in the
grain. With the constitutive rules described above, the uniaxial response of a single grain
without surrounding material is close to elastic-perfectly plastic. With the given average
strength of the nucleation sources, the yield stress is close to that of Aluminum.

2.2 Results

We start with an initially dislocation-free grain, in which Frank-Read sources and obsta-
cles are randomly distributed. In chapter 1 we have seen that all characteristic lengths
determined in experiments are around1µm: the wall spacing in the ladder-like structure,
the diameter of a vein and the width of a channel in a channel-vein structure. The grain
size of2× 2µm would allow those dislocation structures to develop in the simulation.

In PSB walls the density of dislocations is on the order of1000µm−2 according to
Grosskreutz and Mughrabi [6]. The average spacing of dislocations in the densest region in
the material therefore isd =

√
1/(πρ) = 0.018µm = 70b, when assuming the area around

a dislocation being circular. Therefore,70b is the upper limit for the slip plane spacing in
order to reach the given dislocation density in the simulation.

A sample realization of a random distribution of nucleation sources, obstacles and slip
planes is shown in figure 2.7. Here, the nucleation sources are distributed randomly in the
grain and randomly assigned to a predefined slip system. Then, the slip planes are deter-
mined by these dislocation sources. Thereafter, the slip planes are moved to be spaced with
a multiple of the magnitude of the Burgers vector to model the discrete crystallographic
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structure. The minimal slip plane spacing is assumed to be50b. Afterwards, obstacles are
randomly distributed on these slip planes.
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Figure 2.7: Random distribution of nucleation sites and obstacles inside a2µm × 2µm grain. The grey lines
represent slip planes. o and= denote dislocation sources and obstacles, respectively.

Since we start with no initial dislocations, there is no dislocation motion at the begin-
ning of the first tensile stroke. As soon as the resolved shear stress reaches the critical
stress for the weakest source, a dislocation pair is generated. Both dislocations glide to
either grain boundary or the free surface, reducing the stress in the middle of the grain.
Shortly after the first dislocation pair has been generated, the next follows, sometimes trig-
gered by the stress field of nearby dislocations. Over time many dislocations get generated;
all glide to the grain boundaries or the surface depending on the sign of the dislocation.

Dislocation distribution
Applying a cyclic stress, more and more dislocations are generated. These dislocations can
form dipoles and clusters. As an example, the dislocation distribution resulting after325
cycles from an initial state similar to figure 2.7 is shown in figure 2.8.

In figure 2.8, many dislocations are close to the grain boundaries, though there are no
long pile-ups of dislocations. In most cases, there is just a single dislocation on a slip plane
at the grain boundary. An almost dislocation-free region is found near the free surface,
due to the image stresses which pull dislocations outside. Many dislocations are found
along the long primary slip planes, i.e. the long slip planes at45◦ to the free surface.
Moreover, plastic deformation is not confined to a single slip plane but carried by several
slip planes. Some dislocations on these primary slip planes form junctions with dislocations
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Figure 2.8: Dislocation distribution after 325 cycles. The lower border is the free surface. All other grain bound-
aries are impenetrable.

on secondary slip planes. Away from the grain boundary and the long primary planes, e.g.
the area close to the upper left-hand corner, the dislocation density is low.

The stress due to the dislocation distribution is important for the initiation of a fatigue
crack. In figure 2.9 (a) the first principal stress, i.e. the maximal tensile stress, together with
its direction is shown for the dislocation distribution of figure 2.8.

Since figure 2.9 is plotted after 325 stress-controlled cycles, i.e. at zero applied stress,
the stresses shown are the ones caused by the dislocation distribution. Looking at figure 2.9
(a), the stresses caused by the dislocation distribution are on the order of the maximal
applied stress. These high stresses are found predominantly in three regions.

High stresses are found at the grain boundaries, where dislocations are piled-up against.
High stresses in this area could lead to inter-granular fracture. Inter-granular fracture for a
high plastic strain amplitude was found experimentally by Figueroa and Laird [34]. Addi-
tionally, high stresses are found along the primary slip planes. This is in agreement with
the experimental observation that fatigue cracks follow the primary slip system in the initial
stage of fatigue for single crystals (cf. chapter 1). The direction of the high stresses along
the primary slip planes is in some areas normal to these planes. If the maximal tensile stress
is perpendicular to the planes it could cause mode I fracture along these planes, given the
stress is high enough. Lastly, high stresses are found at the free surface. The high stresses
in this area will be discussed in more detail in chapter 3.
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Figure 2.9: First principal stress with the principle direction due to the dislocation distribution after 325 cycles.
(a) A figure without the directions is shown in figure 3.11. First principal stress distribution with
superposed dislocation distribution. (b)

While the stresses are as high as the maximum applied stressσmax in the absence of
an applied stress, the level is not high enough to cause cleavage. Interatomic de-bonding
requires stress levels on the order of the theoretical strength, i.e. approximatelyµ/10 – a
factor of17.3 larger thanσmax. On the other hand, peak stress levels alone are not suffi-
cient; high stresses must extend over sufficiently large regions in order to provide sufficient
energy release for atomic de-bonding. The extension of high stresses for cleavage has to be
larger than the area of high stresses due to a single dislocation, since the stress singularity
of a single dislocation does not lead to fracture. The minimal extension over which high
stresses have to extend is0.375µm, as calculated by equation 3.3.

In chapter 3 and 4, we will look at the stress along the free surface and at the stress
enhancement due to surface steps, respectively. Here, we focus on the stress in the bulk
and at the grain boundary. As mentioned before, high stresses are found along the long
primary slip planes. The maximum tensile stress along with the dislocation distribution are
shown in figure 2.9 (b). The dislocation dipoles on parallel primary slip planes cause high
stresses in between them. These stresses are not uniform and the width of these bands is
given by the distance of the active slip planes. Band A in figure 2.9 is roughly200b wide,
which is four times the minimal slip plane spacing.

However, dislocation dipoles are not the only cause for bands of high stresses, as shown
by the band of high stresses B in the lower right-hand corner of figure 2.9. Here, due to the
connection of local stress and local dislocation density, the high stresses are caused by the
local dislocation distribution. High stresses are found at bandB which is bound only on
one side by unevenly spaced primary dislocations.
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Figure 2.10: Deformation after 325 cycles, magnified by factor 10.

In the simulation dislocations distort material, leaving traces of their movement behind,
as shown in figure 2.10, where displacements are magnified by the factor 10 for clarity.
Strong slip markings are found along the primary slip planes but also at the upper left-hand
corner, which shows that slip is not restricted to the planes ending at the free surface. More
importantly, figure 2.10 shows only small secondary slip, although many secondary dis-
locations where observed in figure 2.8. This can be explained by secondary dislocations
averaging out and adding up to primary dislocations. The sum of a positive and a negative
dislocation on the secondary slip systems is equal to a primary dislocation, since the spac-
ing of the slip systems is60◦ and thereby producing deformation along the primary slip
planes.

In figure 2.10 secondary slip is found mainly connecting the primary slip, but there is
considerably less secondary than primary slip. Near the free surface, dislocations left the
grain, leaving a surface roughness behind. The grain boundary on the left-hand, right-hand
and upper side is highly deformed with dislocations being pinned there. It is important to
note, that the results are dependant on the conditions imposed along the grain boundaries.
The calculations here are for impenetrable grain boundaries, as an idealization of low-angle
boundaries.

In contrast, high angle grain boundaries are not expected to be impenetrable. Using
a grain boundary model which incorporates these characteristics, i.e. by putting a submi-
cron wide, soft zone along the grain boundary would lead to even stronger steps at the
grain boundary. To include this kind of grain boundary model in the simulation, superpo-
sition method for solving arbitrary boundary value problems with dislocation dynamics to
be explained in chapter 5 is necessary. However, that approach is computationally more
expensive, so we will restrict us to the low-angle grain boundary model in this thesis.
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Dislocation structures are commonly found in fatigue experiments, but the results shown
in figure 2.8 show no distinct dislocation structure. Experimentally, dislocation structures
could also be observed through lattice rotations, for example via electron backscatter or
electron transmission. Both methods study the lattice rotation using Kikuchi patterns.
While this method is automated to produce maps of lattice rotation for electron backscat-
ter, the automation is not satisfactory for electron transmission, which has a higher spacial
accuracy (0.5µm). However, both methods depend on Kikuchi patterns and their angular
accuracy is0.1◦ – 2◦ [35] depending on the deformation. On severely deformed samples,
like metals shortly before fatigue crack initiation, the determination of Kikuchi patterns is
not possible. The underlying idea is that dislocations arranged in a regular pattern produce
an area of uniform lattice rotation with a steep gradient at the boundary of the structure. An
example of such a dislocation structure is a low angle grain boundary made up of disloca-
tions stacked above each other, as shown in figure 2.11 (a).
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Figure 2.11: Lattice rotation caused by a low angle grain boundary (schematic drawing) (a) and lattice rotation
after 325 cycles (b).

To check for dislocation structures in the simulation, the lattice rotation in radians is
shown in figure 2.11 (b). After 325 cycles, three regions of lattice rotation can be identified.
At the top of the grain and on the lower left-hand corner positive rotations are found. The
lower right-hand corner shows high negative rotations. In the center of the grain and some
areas at the free surface the lattice rotation oscillates strongly over time. Elsewhere, the
lattice rotation distribution is quite stable over the time, but it shows no areas of uniform
lattice rotation, as produced by the ladder-like structure in PSBs.

The dislocation dense walls in a PSB are harder compared to the veins in between the
walls, which are almost dislocation-free. We idealize this configuration in the following
model. We use the 2DD model for a2µm × 2µm grain as described above. Additionally,
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Figure 2.12: Lattice rotation due to the ladder-like structure in a simulated PSB obtained by insertion of columns
of obstacles to enforce the PSB walls.

we add columns of hard obstacles, which are an idealization of the PSB walls. These walls
have a spacing of0.7µm and a width of0.07µm, which is similar to the values found by
experiments. Theses obstacles hinder the motion of primary dislocations by not preventing
penetration but allowing for the dislocations to glide back. The lattice rotation along with
the dislocation distribution after1 cycle is shown in figure 2.12. Here, the lattice rotation
shows a ladder-like structure with almost uniform light areas in between the dark walls.
However, the rotations are much smaller than the accuracy in experiments. Therefore, a
comparison of these results with experimental findings is impossible.

Time evolution
Until now we have concentrated on the dislocation distribution at a particular moment in
time. The evolution of the dislocation density with time is known from experiments. From
an initially almost dislocation-free sample (1/µm2) [6], the channel-vein structures form
with an average dislocation density of around1500/µm2 [6]. Afterwards, PSBs develop.
Although the dislocation density in the walls of the PSB is higher than in the veins of
the channel-vein structure, the average density is lower, since the volume fraction of walls
in the PSB is smaller than that of the veins in the channel-vein structure. The average
density in a PSB is about600/µm2 [6]. As shown in figure 2.13, the dislocation density
is generally found to increase fast at first until it reaches the maximum value when the
channel-vein structure is found everywhere in the material. Then, the dislocation density
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Figure 2.13: Dislocation density as a function of time determined by experiments [6].

slowly decreases as PSBs develop and approaches an asymptotic value of about half of the
maximum dislocation density when the PSBs have grown to the size of the sample.
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Figure 2.14: Dislocation density and applied stress for a2µm× 2µm grain.

In the simulation, the mobile dislocation density is zero at the beginning. In the first
tensile stroke not much happens. Once dislocations are nucleated, they glide away from
the source and more dislocations get generated. When decreasing the applied stress, some
dislocations glide back and annihilate each other, as shown in figure 2.14. This behavior is
also observed at the beginning of the compressive stroke. At about half of the compressive
stroke, the dislocation density starts to increase substantially again with the result that after
the compressive stroke the dislocation density is higher than after the tensile stroke. This
non-continuous increase of the dislocation density continues for roughly 300 cycles after
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which the dislocation density grows more slowly. The evolution of the dislocation density
for 2000 cycles is shown in figure 2.15 for four different grain sizes:h × w = 0.25µm ×
2µm, 0.5µm× 2µm, 1µm× 2µm and2µm× 2µm.
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Figure 2.15: Evolution of dislocation density for 2000 cycles, for grains with a height of0.25, 0.5, 1 and2µm
and a width of2µm.

The dislocation density stays constant after the first few cycles for theh = 0.25µm
grain. In every cycle the dislocations move in the same way, making the dislocation density
periodic. The dislocation behavior for this grain size is dominated by the free surface,
which pulls out all dislocations close to the free surface, keeping thereby the dislocation
density low. After each cycle the only dislocations left are the few ones pinned at the
impenetrable grain boundary.

As shown in figure 2.8, the dislocation-free zone close to the surface is about0.25µm
wide, which is half of the area for the0.5µm×2µm grain. Though the influence of the free
surface is less significant than for the smaller grain, it still leads to a low dislocation density
compared to the larger grains, as shown in figure 2.15. Compared to theh = 0.25µm
grain, dislocation motion is more restricted by obstacles and dislocation junctions in larger
grains. To that end, not all dislocations glide to the free surface but some remain in the bulk
of the grain. This gradual increase of dislocation density leads to irreversibility commonly
observed in plasticity.

For theh = 1µm grain, the dislocation density is highest, as shown in figure 2.15. The
reason it is somewhat higher than for the largesth = 2µm grain is as follows. The area
fraction of the dislocation-free zone at the free surface is smaller compared to the smaller
grains and, additionally, the area fraction of the zone influenced by the grain boundaries is
greater compared to theh = 2µm grain. As shown in figure 2.8, the dislocation density at
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the grain boundary is higher than in the bulk of the grain. Moreover, long slip planes exiting
at the free surface tend to have a high dislocation density, as is also seen in figure 2.8.

The effect of the grain height on the average dislocation density during the stress cycles
300 − 2000 is shown in figure 2.16. For all grains with a height larger than0.25µm the
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Figure 2.16: Average dislocation density as a function of the grain height.

dislocation density increases for 2000 cycles, figure 2.15. In figure 2.17, the evolution of
the dislocation density for two grains is shown in a logarithmic plot. During the first cycles
the curves have different slopes for the two grains. After around 20 cycles, however, both
curves show the same slope of the dislocation density. The slope of the dislocation density
for the1µm grain is about twice that of the2µm grain.

To further investigate the influence of the shape of the grain on the dislocation density,
simulations with larger grains are necessary. The computational expenses are the biggest
obstacle to continue the calculations for more cycles or for larger grains. The simulation
for the2×2µm2 grain took 100 processor months, i.e. 8 processor years (possible because
of parallel computing). Moreover, this is the expense for the most basic model which is
described in this thesis. For the more complex model incorporating three-dimensional ef-
fects, which is explained later in this chapter, the computational expense rises to 16 days per
stress cycle, which results in 88 processoryearsfor 2000 cycles. Most features in fatigue,
like the development of PSBs and the initiation of the fatigue crack, occur after around
100000 cycles in reality, though not at the material strength we employ in chapter 6. This
suggests that a speed up is imperative in order to simulate physically relevant mechanisms
in fatigue.
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Figure 2.17: Dislocation density versus number of cycles on a log-scale.

Reducing the computational expense
One method to speed up the simulations is the use of parallel computing. Especially the
dislocation interaction forces are computationally expensive and can be easily done in par-
allel. However, with increasing number of CPUs the inter-processor communication, i.e.
updating the dislocation positions, increases significantly. Because of this overhead we
find that 8 to 10 processors are optimal for this model. This number of CPUs leads to a
reduction of the computing time of around1/6 compared to a single processor code.

A second approach is the use of the Fast Multipole Method to compute the disloca-
tion – dislocation interaction. In the straight forward approach, the long-range dislocation
interaction forces for the Peach-Koehler force (2.3) are calculated each time step. ForN
dislocations, this is anO(N2) problem, leading to very high computational costs for a large
number of dislocations. The Fast Multipole Method (FMM), proposed by Greengard and
Rokhlin [36], solvesN -body problems withO(N). There the region is decomposed into
hierarchical elements. The interaction forces of dislocation in neighboring elements are
calculated directly as described above. The interaction forces of far away dislocations, i.e.
not in neighboring elements, are calculated using a hierarchical Taylor expansion as fol-
lows. Within an element, the dislocations are added up and the expansion coefficients of
four complex-valued functions, similar to the Airy stress function, are calculated. This is
continued upward the hierarchical structure at each step. Reaching the root of that struc-
ture, the second pass through the structure from the root to the leaves is done. For a small
number of dislocations this procedure is not beneficial, since a lot of time is spend on the
expansion coefficients for each of the hierarchical elements. Wang and LeSar [37] calcu-
lated the break-even-point for edge dislocations, i.e. the minimum number of dislocations
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for the FMM to be beneficial compared to the direct calculation, to be on the order of 1000
dislocations. Since we simulate the behavior only of around 1200 dislocations, the gain by
using the fast multipole method does not offset the time necessary for its implementation.

Moreover, the dislocation interaction forces are not calculated accurately with the Fast
Multipole Method. For an error of 1% six terms in the expansion are necessary [37].
Deshpande et al. [38] found that the dislocation behavior is chaotic even when using double
precision accuracy. An error in the dislocation interaction forces of 1% is therefore much
too high, i.e. the physical interaction of the dislocations cannot be captured. To achieve
an accuracy of10−8, fourteen expansion terms are necessary. These fourteen term lead to
a very high computational cost for the FMM. Moreover, this accuracy is still much lower
than double precision. In conclusion, the FMM would not be beneficial compared to the
direct calculation of the interaction forces.

The above discussion leads to an observation that holds for all methods which accelerate
the simulations: Whenever the calculation of the interaction forces within a time increment
is simplified or even skipped, information is lost. If all time steps would be done with the
same accuracy as the direct simulation no gain in time can be expected. However, we have
tested a few methods which aim at leaving the unnecessary fluctuations out while capturing
the physically relevant development of the dislocation distribution.

The first group of approaches estimates the change in the dislocation distribution. One
or more cycles are done with the full accuracy described by the constitutive rules. The
difference between the first and the last of these cycles is then used as an estimate for the
change in the dislocation distribution in the following cycle. Note that this approach cannot
be applied during the first few cycles, when the dislocation density changes rapidly; but
perhaps it may work when the changes per cycle are not so large anymore, cf. figure 2.15.

More specifically, we divide the grain into elements and calculate the change in dislo-
cation density and the change in the orientation of the sum of the Burgers vectors of the
dislocations within each element. The elements can be of different size and shape or can
even be segments of the slip planes. The difference in the local dislocation density is used
as local extrapolation for the next cycle. To this end, new dislocations have to be added or
existing ones have to be deleted.

When adding dislocations, they should not be close to any dislocation of opposite sign
on the same slip plane, since both would annihilate immediately. Apart from this exception,
the dislocations are placed randomly. When deleting a dislocation from an element where
there is no dislocation left, a problem arises. If one would place a dislocation of oppo-
site sign or omit this element altogether, the dislocation density estimation will be altered
significantly. Therefore, we delete a dislocation from a neighboring element.

In figure 2.18 the findings with three extrapolation algorithms are shown for a2µm ×
2µm grain. Algorithm 1 uses the change of dislocation density within each rectangular
element independent of sign and orientation of the dislocation. During the estimated cycles
the dislocation density decreases, although it should be increasing. Then, the dislocation
density increases during the next cycles, in which no acceleration is employed. Afterwards,
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Figure 2.18: Three examples of acceleration algorithms to speed up the simulations. Cycles in which no acceler-
ation is employed are marked by a thick line.

the dislocation density decreases again in the estimated cycles. Algorithm 2 behaves sim-
ilarly. In this model, the estimate of the change in the dislocation distribution is based on
the change of dislocation density in each element and for each slip system separately. Al-
though this algorithm is more complex, it shows an even greater decrease in the dislocation
density during the estimated cycles. The last example shown in figure 2.18 initially seems
to be a good approximation. However, after 15 cycles the dislocation density decreases
significantly. This model is the most complex of the three. Here, the slip planes are divided
into segments and the estimate for the number of dislocations on this segment for the next
cycle is based on the change in these segments.

Some other methods, e.g. estimating the next cycles by the flow of dislocations in the
previous cycles, were tested. However, none of the estimation methods yielded satisfactory
results. In most cases, the dislocation density was either shooting up or falling down.
A wavy behavior was observed when many cycles where estimated, like algorithm 2 in
figure 2.18. Another method used accurate time steps after each estimated cycle to form a
new equilibrium after the dislocations were added or deleted randomly during the estimated
cycle. With this method the dislocation density in- or decreased most significantly, which
made this method extremely unrealistic.

A different approach is to stay within the constitutive rules described above. Here, one
increases the time step during certain cycles and then decrease it when one is interested
in the ’real’ dislocation distribution and the ’real’ elastic fields at these points in time.
When increasing the time step, junctions and dislocation dipoles will not form so often
because the dislocations do not find the partner dislocation but move too far in each time



Dislocation dynamics 33

increment, as explained in figure 2.4. Therefore, dislocations will not be hindered so much
and will move to either end of the slip plane. This results in a reduced dislocation density
because the average path of a dislocation is longer; if each dislocation can glide further,
fewer dislocations are necessary to carry to same plastic deformation, resulting in a lower
dislocation density. This behavior for two time steps is shown in figure 2.19. The first
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Figure 2.19: Dislocation density as a function of time for a2 × 2µm2 grain. A fast estimated simulation is
performed with time step∆t = 10−9s. Two more accurate simulations employ a time step of
∆t = 10−10s.

cycles were approximated by big time steps, i.e.10−9s. Then, the time step was decreased
to the first accurate calculation with a ten times smaller time step. After further cycles, a
second accurate calculation is done. As shown in figure 2.19, this acceleration procedure
is not successful since the dislocation densities of the accurate calculations is not identical
after roughly 320 cycles. However, the difference between both dislocation densities is very
small. The difference in both time steps is merely the factor ten, which is not sufficient to
reach 100000 cycles with the constitutive rules described here.

In conclusion, all methods to accelerate the calculation do not approximate the disloca-
tion evolution accurately. Most even show a non-physical behavior, i.e. a sudden decrease
in the dislocation density, which is unacceptable. The method explained last in this section
promises the least error. Still the dislocation evolution is very chaotic and highly fluctuat-
ing. These fluctuations over many cycles make it even more difficult to find the underlying
physical evolution and to identify the superposed fluctuations, which could be neglected
when estimating a dislocation distribution.
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2.3 Extended constitutive rules

Although we have observed in chapter 1 that structured dislocations exhibit plane strain
characteristics, three-dimensional effects may still play a role. To incorporate line tension,
junction formation and the development of dynamic nucleation sites, Benzerga et al. [27]
proposed an extension to the constitutive rules of Van der Giessen and Needleman [28]
that were used so far. Since, this extended model intends to capture 3D effects in a 2D
framework, we refer to it as the 2.5DD model.

Line tension
Two long-range forces act on a three-dimensional dislocation loop. A segment of the dis-
location loop is pulled back by the other parts of the same loop due to the lattice mismatch
of the dislocation segments. Additionally, as the dislocation loop expands, the energy cost
associated with the increase in dislocation line length has also to be accounted for. This is
traditionally line tension, which acts as a back-stress. This force depends on the size and
shape of the dislocation loop [39].

In our two-dimensional model, a nucleation event produces a dislocation pair, whose
connectivity is traced during the simulation. If two dislocations of two dislocation pairs
annihilate, the remaining dislocations constitute a new dislocation pair. In the plane strain
model, the long-range attractive force of the pair dislocation are accounted for. However,
we have no knowledge neither of the shape nor of the size of the dislocation loop, which
determine the line tension. Therefore, we add this force explicitly through a constitutive
equation. In PSBs Mughrabi [9] found mainly circular dislocation loops. Benzerga et
al. [27] approximated the resolved shear stress on a dislocation as

σLT = αµ
b

s
, α = 0.4, (2.7)

wheres is the distance to the pair dislocation,b is the magnitude of the Burgers vector and
µ is the shear modulus.

Junction formation
In three-dimensions dislocations form junctions. Here, segments of two dislocations meet,
bow out to align each other. This behavior was simulated by Weygand [39] in three-
dimensions (cf. theoretical considerations of Lomer [40]). The strength of these junctions
can differ significantly depending on the local configuration of the dislocations.

In this 2.5DD model, junction formation is accounted for through a constitutive rule.
If two dislocations on intersecting glide planes are closer than a critical distanced∗ = 6b,
both dislocations form an immobile junction.
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Junction destruction
In three-dimensional computations, the process of junction destruction is seen as an un-
zipping of dislocation segments, which formed the junction. To that end, the Peach-Koehler
force on the junction has to exceed the strength for a critical time. Moreover, if two junc-
tions are close together, the loop connecting both junctions, i.e. a dislocation segment, is
short and therefore unable to bow out sufficiently since there is not sufficient space for the
un-zipping process to take place. This leads to two relatively strong junctions. To that end,
two junctions with a big distance are very weak.

Therefore, in the 2.5DD model the strength of a junction depends on the distances to
the closest junction, as shown in figure 2.20:

τcrit = βbreakµ
b

s
. (2.8)

Benzerga et at. [27] found thatβbreak = 5 gave physically reasonable results. If the Peach-
Koehler force on either dislocation forming the junction exceeds the strength, the junction
is broken. The critical time is neglected in the 2.5DD model.

s

junction

Figure 2.20: A pair of junctions.

Dynamic obstacles
In three-dimensions forest dislocations and dislocation junctions form evolving obstacles.
In the 2.5DD model, all junctions act as dynamic obstacles, i.e. they are generated and may
get destroyed. Here, junctions are circular obstacles with a radius ofd∗ = 6b. Any dislo-
cation approaching a junction is pinned at the perimeter of the junction until the junction is
broken.

Dynamic Frank-Read sources
A dislocation segment, which is pinned at its ends, can act as a dynamic Frank-Read source,
i.e. it can bow out and produce a dislocation pair. If the endpoints of the segment are not
fixed firmly, the segment breaks free due to the force which acts during the nucleation. This
would terminate the nucleation of the dislocation loop.

In the 2.5DD model junctions are stable junctions, so called anchoring points, with a
given probability (p = 0.02). Anchoring points have an infinite strength, i.e. an anchoring
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point cannot be destroyed. Junctions on a slip plane are connected by dislocation seg-
ments. If a dislocation segment is bound on one side by an anchoring point, it can act as
a dynamic source. If the segment is long it can bow out and produce easily a dislocation
pair. Therefore, the length of the segment determines the critical resolved shear stress and
the nucleation time through [27]

τnuc = βnucµ
b

s
,

tnuc = γ
s

|τ |b
whereτ is the resolved shear stress in the middle of the dislocation segment.γ = 0.1 and
βnuc = 5 are physically reasonable material parameters, as given by Benzerga.

2.4 Results

Simulations are carried out with the 2DD and the 2.5DD model for a2 × 2µm grain with
the same random distribution of static dislocation sources and obstacles. The evolution of
the dislocation density predicted by both models is compared in figure 2.21. At the begin-
ning, the dislocation density increases more slowly with the 2.5DD model because the line
tension, which is included in this model, delays the successful nucleation of dislocations.
Already in the first cycles, the oscillations of the dislocation density using the 2.5DD model
are more regular compared to the results from the 2DD model and have an almost constant
amplitude, as shown in figure 2.21.
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Figure 2.21: Comparison of the dislocation density for the models with 2DD and 2.5DD model.
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This amplitude of oscillations in the dislocation density stays almost constant also for
higher dislocation densities. Even after the step in the dislocation density during cycles 74-
86, as shown in figure 2.21, the amplitude stays roughly constant at about25 dislocations
/µm2 grain. In conclusion, only a relatively few dislocations are periodically moving back
and forth, and there is a stable evolution which involves many dislocations.

The dislocation density for the 2.5DD model is lower at the beginning than with the
2DD model. However, after∼10 cycles the increase in the dislocation density is larger
than with the 2DD model. After around40 cycles, both models give a similar average
slope in the dislocation density.

Since the 2.5DD model allows for more and stronger junction formation, dislocation
are hindered in their movement to a stronger extent. This decreases the average distance
a dislocation travels. To compensate this effect, the dislocation density has to rise to ac-
commodate the same plastic slip. In figure 2.21, a higher dislocation density is seen for
the 2.5DD model once sufficient junctions are formed. These junctions are self catalyzing.
If a junction forms, more dislocations have to get nucleated to accommodate for the same
plastic slip. This higher dislocation density leads to a higher probability of formation of
more junctions, which in turn increases the dislocation density and so forth.

The average dislocation density according to the 2DD model reveals in some parts,
e.g. between cycles22 − 35 in figure 2.21, a rapid increase that is similar to that for the
2.5DD model. However, these cycles are followed by cycles of decrease in the dislocation
density using the 2DD model. This evolution can be explained as follows. For the 2DD
model the evolution in the dislocation distribution is similar to that using the 2.5DD model.
Dislocations form junctions, which in turn leads to a higher dislocation density and so
forth. The difference to the 2.5DD model is that these junctions are weak and the entire
dislocation distribution is more unstable which gives rise to the more serrate response for
the 2DD model

The higher junction and dislocation density for the 2.5DD model can be seen in fig-
ures 2.22 and 2.23. Figure 2.22 shows the dislocation distribution for the 2DD model with
the following salient features. The area close to the free surface has a low dislocation
density, there are many dislocations along the primary slip planes and there are no long
pile-ups against the grain boundary. There is no structure in the dislocation distribution
that has developed in the 100 cycles shown.

A different behavior is shown in figure 2.23 for the 2.5DD set of constitutive rules.
Here, the area close to the free surface has about the same dislocation density as the bulk of
the grain, with the exception of the right-hand side. The only way to distinguish the grain
boundary from the free surface in figure 2.23 is that there are no dislocations pinned at the
free surface. The dislocation distribution in the entire grain is dominated by the junctions
in the 2.5DD model.

In neither of the two models, there are no long dislocation pile-ups at the grain bound-
aries. Just a few dislocations are pinned at the grain boundary. Long pile-ups give rise to
long-range stresses. Their absence leaves the grain uninfluenced by the grain boundary.
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Figure 2.22: Dislocation distribution in a2µm × 2µm
grain according to the 2DD model:

(a) 25 cycles (b) 50 cycles

(c) 75 cycles (d) 100 cycles

(e) 101 cycles
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Figure 2.23: Dislocation distribution in a2µm × 2µm
grain according to the 2.5DD model:

(a) 25 cycles (b) 50 cycles

(c) 75 cycles (d) 100 cycles

(e) 101 cycles
R

A

B
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Comparing figure 2.22 to 2.23, one sees the evolution of the structures of dislocations
with the extended set of constitutive rules is more stable. The region marked with ’R’ in
figure 2.23 (e) after 101 cycles is a result of stable development. After 25 cycles, the upper
and lower boundaries of this area are not well established. Over the next cycles, this area of
low dislocation density grows and the boundaries become more pronounced. Comparing
the dislocation distribution after 100 (figure 2.23 (d)) and 101 (figure 2.23 (e))cycles, dis-
locations travel across this area while the boundaries of the area do not move. The region
R is almost perpendicular to the primary sip planes, as are the veins in between the walls of
the PSB structure, mentioned in chapter 1. In experiments, dislocations are found to cross
these veins. In the simulation, dislocations travel back and forth from one boundary of the
regionR to the other during a cycle.

However, the structures found with the 2.5DD model are not ladder-like as in PSBs.
The width of the boundaries around region ’R’ in the simulation is smaller than that of
the channel-vein structure in experiments. In experiments, the width of the veins is found
to be as large as the width of the channels (∼ 1µm) in single crystals oriented for single
slip. For multiple slip however, Mughrabi (published by Suresh [41]) found cell structures
under cyclic loading, as shown in figure 2.24. Here, the dislocation-dense walls have a
width which is similar to width of the boundaries around region ’R’.

The dislocation distribution changes substantially from cycle 100 (figure 2.22 (d)) to
101 (figure 2.22 (e)) for the 2DD model. After 101 cycles the structures are dominated
by the primary slip planes which form the boundaries of areas of low dislocation density.
In the 2DD model, the dislocation distribution has more primary dislocations, while many
secondary dislocations are observed with the 2.5DD model. However, in experiments the
dislocations in PSBs and channel-vein structures are predominately primary dislocations.
Neither model can capture this distribution successfully. In the 2.5DD model only a few
dynamic dislocation sources develop. Therefore, the nucleation for both models is dom-
inated by the static dislocation sources, which where randomly distributed over all slip
systems. Dynamic dislocation sources play a more important role in physical situations.
There the initial majority of primary dislocations lead to many primary dynamic sources
which lead to an abundance of primary dislocations later on. This effect is not captured by
either model.

The main difference between both models is the development of dynamic junctions,
which we will now analyze in some more detail. They can be broken, but they still act as
strong obstacles against dislocation motion and trap passing dislocations. This is shown
in figure 2.25, which is a zoom of the junctions A and B shown in figure 2.23 (e), where
they are an entanglement of dislocation symbols. In figure 2.25 (a) dislocations K2 and L1
form a junction, because their combined elastic energy is lower than that of the individual
dislocations, i.e. they feel a strong attractive force. Dislocation L2 is of opposite sign as
L1 so it feels an attractive force to L1; but it is repelled by dislocation K2. These force
have large values because the distance between these dislocations is on the order of10b.
However, the attracting and repelling forces cancel each other and dislocation L2 does
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Figure 2.24: Cell structures formed by multiple slip observed by Mughrabi (published by Suresh [41]).

not move and the junction is not broken. The same observation holds for the dislocations
K1 and K3, which are are attracted to one dislocation but pushed away from the other
dislocation forming the junction. Additionally, dislocations K1, K3 and L2 are prevented
from entering the junction by being pinned at6b away from the intersection. Furthermore,
the dislocations cannot break free from the junction because the strength of the junction
is infinite. In conclusion, the Peach-Koehler force on the dislocations which constitute
the junction are not sufficient to break it. Therefore, the dislocation distribution is stable.
The absence of a junction strength in the the 2DD model leads to a less stable dislocation
distribution there.

L2

K3

L1

K2

K1

K2

L1 M1

L2K1

(a) (b)

Figure 2.25: (a) Close up of the junction marked withA in figure 2.23. (b) Close up of the junction marked with
B in figure 2.23.
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Another junction shown in figure 2.25 (b) involves three slip planes. Here, the dislo-
cations K1 and L1 form the junction. Dislocation M1 is attracted to the junction by both
dislocations K1 and L1, and therefore, is at the point closest to the junction. This example
shows that dislocations can be immobile, even if they are on slip planes other than the ones
forming the junction in the 2.5DD model. Since the junction is not so stable in the 2DD
model, this configuration is less likely to develop there.

2.5 Summary and Conclusion

The discrete dislocation model with the standard set of constitutive rules gives rise to a
rapid increase in the dislocation density at the beginning. After a few cycles, the growth
rate of dislocation density decreases, but continues to grow during the first 2000 cycles that
have been simulated. This behavior is independent of the grain height above a critical size.
Dislocations are mainly found close to the grain boundary and on the long primary slip
planes (figure 2.8). Here, the stresses are highest, with the maximal values on the order of
the applied stress. High stresses are also found at the surface, which is almost dislocation-
free. These areas of high stresses are connected; fracture could occur along the primary
slip planes. For cleavage, the stresses would have to be higher than the maximum applied
stress, while keeping the size of these areas of high stress.

The structures of dislocations are not well established for the 2DD model. They are
changing strongly from one cycle to the next and there is no monotonic development of
a structure. This is quite different when the 2.5DD model are used. Here, the structures
of dislocations are more stable and the dislocation distribution is in some areas structured.
Very late in the project it came to our attention that Zhang et al. [42] found no ladder-like
dislocation structures in PSBs in grains below3µm but well above that size.

The extended rules capture some of the three-dimensional effects found in dislocation
interaction, like line tension and junction formation. Furthermore, junctions can act as
nucleation sites, allowing dislocation segments to bow out. The junctions are hard obstacles
and hinder dislocation motion. Moreover, the dislocation density is higher for the 2.5DD
model to accommodate the plastic strain.

Comparing the structures from either set of rules to the experimental findings, no simi-
larity to the channel-vein structure nor the ladder-like structure found in PSBs is seen in the
simulation. However, the simulation does yield structures of dislocations which are similar
to the cell structures found for multiple slip under cyclic loading in experiments.

Simulations have been executed for 2000 cycles for the 2DD model and for one hundred
cycles with the 2.5DD model. The main practical obstacle to continue the calculation lies
in the computational expense. Different ways to accelerate the simulations were discussed
here, but time acceleration for the 2DD model has not been successful since an estimation
for the following cycle(s) is difficult due to the chaotic nature of dislocation motion.

The oscillations in the dislocation density are much smaller for the 2.5DD model and
a stable development of structure of dislocations. Therefore, the accelerating methods de-
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scribes here are likely to be more successful for the extended model. Moreover, the 2.5DD
model is computationally very expensive, because of junction formation and tracing of the
dislocation pairs. This makes the acceleration of the 2.5DD model more beneficial than for
the 2DD model. However, employing the accelerating methods described here adds addi-
tional problems, e.g. the connectivity of dislocation pairs after adding single dislocations
on a slip plane in the estimated cycles and the possibility of random deletion of dislocations
from junctions. For all these reasons we conclude to parallize the code and optimize the
time step.





Chapter 3

Stress concentrations at the free
surface due to dislocation
structures

3.1 Introduction

For cracks to form, interatomic bonds have to break. This requires very high stresses
over sufficiently large areas. Although the applied stress in fatigue is around one order
of magnitude smaller than the theoretical strength of the atomic structure (σapp ∼ σy ¿
σcrit ∼ E/30), breaking of bonds still occurs. The reason for this physical phenomenon
can only lie in stress concentrations at the surface.

During low cycle fatigue, i.e. large plastic strains per cycle, fracture mainly occurs
along grain boundaries, as observed by Figueroa and Laird [34] and Mughrabi et al. [43].
Figueroa and Laird found voids/flaws at the grain boundary caused by the impingement of
the grain boundaries by PSBs. Surface steps at grain boundaries also cause stress concen-
trations, if at least one active slip system is oriented at the intersection of the grain boundary
with the free surface according to Kim and Laird [44]. At smaller plastic strains per cycle
transgranular fracture has been observed, e.g. by Katagiri et al. [45], on which we focus
here.

One reason for stress concentrations is surface roughness, which will be discussed in
chapter 4. Another reason is the presents of specific arrangements of dislocations. During
fatigue of a fcc single crystal, dislocations cluster in channel-vein structures at first, which
mature into the ladder-like structure found in a PSB. The development and broadening of
the PSB is often accompanied by the initiation of small fatigue cracks. Therefore and for
the simplicity and periodicity of the ladder-like structure, this arrangement has received

45
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much attention in the literature, e.g. by Brown and Ogin [20]. They have modeled a PSB
as a continuous array of dislocations. We will focus on their model in this chapter and will
compare it to static and dynamic discrete dislocation results.

3.2 Brown model

To simulate through-specimen extrusions on both sides of the specimens, which were ob-
served in experiments as explained in chapter 1, Brown and Ogin suggested the following
sequence of steps, see figure 3.1. First the specimen is cut, figure 3.1 (a) and (b), then the
slice is stretched along the length of the band, figure 3.1 (c), resulting in a larger lattice
spacing in the band than in the surrounding matrix. Finally, the pieces are glued back to-
gether, as shown in figure 3.1 (d). The result of this scheme is an array of dislocations on
both sides of the PSB because of the lattice mismatch between the pieces.

Another interpretation for the internal dislocations are the surface steps of the protru-
sions, which can be regarded as inverse dislocations of those stored at the boundary between
PSB and surrounding matrix. The influence of the surface steps on the elastic fields is not
taken into account in Brown’s model and will, therefore, not be included in this chapter. It
is at the center of attention in chapter 4.

The resulting dislocation arrangement for the band surrounded by an undeformed ma-
trix by Brown and Ogin is the same as the dislocation arrangement of a through-specimen
PSB surrounded by the channel-vein structure according to the model by Antonopoulos et
al. [17], which was discussed in chapter 1. Comparing the amount of plastic slip in the
PSB to the channel-vein structure surrounding the PSB, the channel-vein structure can be
modeled as an undeformed matrix.

(d)(c)

d h

φ tmax

(b)

B A

(a)

x

(e)

Figure 3.1: Schematic explanation of the arrangement of dislocation as an analogy to PSBs by Brown and
Ogin [20] a)-d) and notation used in this chapter e).
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In the model of Brown and Ogin the dislocations are considered equally spaced along
the band. In a further approximation, the dislocations are assumed to be smeared out over
the length of the PSB. The Burgers vector per length is thereforeb/d, whereb is the mag-
nitude of the Burgers vector of discrete dislocations andd is the inter-dislocation spacing
as shown in figure 3.1(e). Withx being the coordinate along the free surface oriented from
the root of the PSB (pointB in figure 3.1(e)) Brown [46] computed the stress along the free
surface caused by this continuous dislocation arrangement as

σxx

D/d
= −2 sin 2φ ln




1− tmax sinφ
x− h secφ

+
t2max

(x− h secφ)2

1− tmax sinφ
x

+
t2max

x2




+2π cos 2φ [(sgn(x− h secφ)− sgn(x)] (3.1)

wheretmax is the length of the dislocation arrangement shown in figure 3.1 (e).d and
h denote the inter-dislocation spacing and width of the dislocation arrangement shown in
figure 3.1(e), respectively.φ is the angle of the PSB to the surface normal andx is the co-
ordinate along the free surface shown in figure 3.1(e). The stress factorD in equation (3.1)
is defined as

D =
Gb

2π(1− ν)
(3.2)

Equation (3.1) implies logarithmic stress singularities at the roots (x = 0 andx =
h secφ) of the PSB, i.e. the intersections of the PSB–matrix interface with the free surface.
The stress distribution is plotted in figure 3.2 for a PSB widthh =

√
2µm, orientation

φ = π/4 and an inter-dislocation spacing in the PSB ofd = 1µm. The material properties:
Burgers vectorb = 0.25nm, shear modulusG = 52GPa and Poisson ratio ofν = 0.33 are
used throughout this thesis.

Even for a very short lengthtmax = 1µm, equal to the dislocation spacing, there is
a logarithmic singularity at both sides of the PSB emerging at the surface. Withtmax in-
creasing to values several orders of magnitude larger than the width of the PSB the stresses
only increase, while the character of the singularity does not change. The reason for the
singularity at smalltmax is that a smeared-out dislocation of Burgers vectorb/d is on the
free surface of the PSB. This smeared-out dislocation, even though its Burgers vector is
just a fraction of that of a normal dislocation, carries a singularity – as every dislocation
does.

Thus, the presence of singularities at the PSB roots in the Brown-Ogin model is in-
timately related to the smearing-out of the dislocations. This is a feature of the model,
which allows for the closed-form expression (3.1). It is not physical, though, since every
dislocation is a discrete entity; smearing just serves mathematical convenience. Moreover,
dislocations close to the free surface are pulled out by their image force. Therefore, the sub-
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Figure 3.2: Logarithmic stress singularity along the free surface according to Brown and Ogin’s expression (3.1)

sequent section compares the Brown-Ogin stress field with those from discrete dislocation
distributions.

3.3 Discrete dislocation calculation

Discrete dislocations are lined up as drawn in figure 3.1(e). Each dislocation dipole is
representing a wall in the PSB, as it was explained in the model by Antonopoulos [17].
The parameters are chosen as in the previous section: the PSB widthh =

√
2µm, the

PSB orientationφ = π/4 and the inter-dislocation spacing in the PSB ofd = 1µm. The
spacing of the first dislocation to the free surface is taken to bed/2. The corresponding
stress profile along the surface is plotted in figure 3.3.

As with the Brown-Ogin model the discrete dislocation calculation shows that the stress
profile does not change much from very short to much longer dislocation dipole structures.
Even though it is more computationally expensive to calculate the stresses for 1000 dislo-
cation dipoles, this number is used for all following calculations to ensure accuracy.

In contrast to the Brown-Ogin model, however, there is no stress singularity at the sur-
face. Secondly the stress is not monotonically decreasing away from the PSB, but there are
fluctuations to the right-hand side of point A. The reason for this change in the stress field
is the discreteness of the dislocations and their complex stress field as shown in figure 1.3.

The difference with the approach by Brown and Ogin is the smearing-out of the dislo-
cations. To model the smearing-out of dislocations with discrete dislocations, the distance
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Figure 3.3: Stress distribution at the surface depending on the number of dislocation dipoles. The number of
dislocationsn sets the length of the dislocation arrangement throughtmax = nd. The distance
between dislocations isd = 1µm, the PSB widthh =

√
2µm and the orientation of the PSB to the

surfaceφ = π/4.

between the dislocations would have to be decreased to zero. Therefore, it is of interest to
look at the stress profile as the inter-dislocation spacingd→ 0, while reducing the Burgers
vector to keep the ratiob/d constant. However, the magnitude of the Burgers vector enters
all stress equations only as a scalar. Thus, the decrease in the length of the Burgers vector
does not change the character of the stress distribution but makes it convenient to compare
the results to Brown and Ogin. The solution of the Brown-Ogin model shown in figure 3.4
is calculated withtmax = 100µm, which is equal tond = 1000 × 0.1µm for this calcu-
lation. By decreasing the spacing between the dislocations while keeping the number of
dislocation dipoles constant, we reduce the length of the dislocation arrangement. As we
have seen in figure 3.3, this does not affect the results substantially.

Although the surface stressσxx remains finite in the calculations, figure 3.4 shows
an increase in the maximum compressive stresses when decreasing the spacing between
the dislocations at pointA. There is an increase in the maximum stress at pointB from
d = 1µm tod = 0.5µm but a slight decrease fromd = 0.5µm tod = 0.2µm. Furthermore,
the fluctuations aroundx = 2.5µm move into the stress maxima for small dislocation
spacings and they disappear for very small dislocation spacings.

It is important to note that the spacing of the first dislocation to the free surface is taken
to bed/2, as mentioned before. When decreasing the inter-dislocation spacing, the distance
of the first dislocation to the surface therefore also decreases. Putting the first dislocation
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Figure 3.4: Stress distribution at the surface depending on the dislocation spacing. The number of dislocation
dipoles is1000, the PSB width

√
2µm and the angle of the PSB to the surfaceφ = π/4. The

Brown-Ogin solution was calculated withtmax = 100µm. The ratiob/d is kept constant.

closer to the free surface also brings the stress singularity found at the dislocation closer to
the surface. This leads to an increase in the surface stress as the first dislocation approaches
the free surface. If the first dislocation is on the free surface, a singularity is observed at
the free surface.

In conclusion, the stress profile of the dislocation arrangement representing a PSB ap-
proaches the solution given by Brown and Ogin for very short inter-dislocation spacings,
i.e. if the Burgers vector is smeared out. However, substantial deviations from the Brown-
Ogin model are found for larger, more physical inter-dislocation spacings. Assuming a dis-
location dipole represents a wall in the ladder-like structure, the spacing would be around
1µm.

Brown and Ogin predicted the stress distribution along the free surface as a function
with two singularities, a monotonous decrease in the stress between the singularities and
a decay of the stress outside of the singularities (see figure 3.1). The discrete calculations
however, figure 3.4, show fluctuations to the right-hand side of the pointsA andB. These
fluctuations strongly depend on the width of the dislocation arrangementh as shown in
figure 3.5. Here, the stress profile is only monotonically decreasing between pointsA and
B for h =

√
2, but not for the other cases shown. The fluctuations are due to the complex

stress fields of the dislocations. In the case ofh =
√

2µm the stresses from the dislocations
cause no fluctuations in betweenA andB.
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Figure 3.5: Stress distribution at the surface depending on the width of the PSB. The number of dislocation dipoles
is1000, the distance between dislocations is1µm and the orientation of the PSB relative to the surface
φ = π/4.

Figure 3.5 also reveals that the maximum stress around pointB is not exactly atx = 0
and that the maximum stress occurs at different positions for different widthh. The reason
for not coinciding withx = 0 lies in the distance of the first dislocation to the free surface,
which is not zero. Indeed, the maxima approach pointsA andB when we decrease the
dislocation spacing and therefore the spacing of the first dislocation to the free surface.
The change in the position and the value of the maxima in the stress profile atB, with
constant dislocation spacing, is due to the row of dislocations starting at the opposite side
of the PSB, pointsA1 throughA3 in figure 3.5 depending on h. The long-range effects of
these dislocations decrease for increasing widthh.

Until now we have looked at the stresses at the surface. However, this is not sufficient
to predict fracture. High stresses have to be present also behind the surface for failure to
occur. Furthermore, knowledge of the stress in the bulk helps to predict the path of the
initiating crack. The stresses normal to the dislocation arrangement representing a PSB
are calculated, as these stresses would cause mode I opening along the PSB. The result is
shown as a contour plot in figure 3.6 for the case of a dislocation spacingd = 1µm and a
PSB widthh =

√
2µm. There is no stress singularity at the surface, as it was found in the

contour plots of Brown and Ogin [20]; stress singularities are found only at the positions
of the dislocations.

Although high stresses are found in between individual dipoles the length for a possible
crack to nucleate there is too small. Falk et al. [47] have given the following expression
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Figure 3.6: Distribution of stresses normal to the dislocation arrangement close to the free surface. The dislocation
dipoles are taken to represent dislocation walls in the PSB (see figure 1.8). The width of the PSB is
taken to be

√
2µm and the spacing of the walls is1µm. The dashed line marks the connection of

areas of high stresses.

for the length over which the stresses have attained the critical valueσcrit in order to cause
fracture:

lz =
9π
32

(
E

1− ν2

)
2γs

σ2
crit

(3.3)

Takingγs = 1N/m for the surface energy of aluminum [48] and the critical stressσcrit =
600MPa, which is used in chapter 6 as the strength of the material, one gets a critical length
of 0.375µm. Concluding, high stresses caused by a single dislocation or a dislocation
dipole cannot cause fracture.

Although dislocations carry a stress singularity, single dislocations cannot cause frac-
ture. Therefore, regions of high stresses have to be sufficiently large. The dashed line in
figure 3.6 shows a contiguous path of high stressed areas. Therefore, the crack is likely to
advance along the interface of the PSB with the matrix. Here, the stresses are smaller than
between the dislocation dipoles but the areas of high stresses are connected. However, in
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both areas the stresses are not sufficient to cause cleavage.

As seen in the Brown-Ogin solution and in figure 3.6, the stresses near pointB (cf.
also figure 3.1) are very high. At this point, the extruded material forms an acute angle
with the undeformed surface. Repetto and Ortiz [18] have argued that this geometry acts
as stress concentration and a crack would most likely nucleate here. The influence of the
angle of the extruded material to the free surface on the stress, is discussed in chapter 4 (see
figure 4.15) which deals with the influence of the surface roughness on the elastic fields.
The calculations presented here indicate that also the dislocation arrangement supports the
nucleation of a crack at pointB.

To verify the results and to try to find out more on how the PSB width and the dislo-
cation spacing influence the crack initiation path inside the crystal an analytical solution is
discussed now.

3.4 Analytical solution of the stress field of a dislocation
arrangement representing a PSB

In the previous sections the PSB has been modeled as an arrangement of dislocation dipoles,
every dipole representing a wall of primary edge dislocations (see figure 1.8). Here, we cal-
culate the analytical stress fields caused by an infinite dislocation arrangement in infinite
space, as shown in figure 3.7. Van der Giessen and Needleman [28] have given the stress

d x

y

h

Figure 3.7: Definition of coordinates in an infinite array of dislocations (black dislocations) and an infinite array
of dislocation dipoles (grey and black dislocations)

field for an infinite array of dislocations arranged along a line parallel to the Burgers vector
as

σyy =
2Dπ2

d

η(1− cos 2πξ cosh 2πη)
(cosh 2πη − cos 2πξ)2

, (3.4)

with the relative coordinatesξ = x/d andη = y/d, x being the coordinate parallel to the
array of dislocations andy perpendicular to it, as shown in figure 3.7.D is the same as in
equation (3.2).
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The stress fields of two rows of dislocations of opposite sign, as shown by the grey and
black dislocations in figure 3.7, are given by:

σyy =
2Dπ2

d2



y

(
1− cos

[
2πx
d

]
cosh

[
2πy
d

])

(
cosh

[
2πy
d

]
− cos

[
2πx
d

])2 −

(y + h)
(
1− cos

[
2πx
d

]
cosh

[
2πy + h

d

])

(
cosh

[
2πy + h

d

]
− cos

[
2πx
d

])2


 . (3.5)

This stress distribution of an array of dislocation dipoles, representing a PSB, is plotted
in figure 3.8. The stress distribution is similar to the distribution at the upper right-hand
corner of figure 3.6, where the effect of the free surface has faded.
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Figure 3.8: Distribution of stress normal to an infinite array of dislocation dipoles. The dislocation spacing is
d = 1µm and the width of the dipolesh = 1µm.

We use the stress in the middle of a dipole (pointsC in figure 3.8) as a measure for the
trigger of fracture. This stress is

σyy(0,−h/2) = 2π2D
h

d2

1
cosh(π h

d )− 1
(3.6)

and is plotted as a function of the dislocation spacingd and width of the dislocation ar-
rangementh in figure 3.9, because it is not immediately transparent howh andd influence
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Figure 3.9: Stress in the centers of dipoles (pointsC in figure 3.8) in an infinite array of dislocations, equa-
tion (3.6), depending on the dislocation dipole widthh and the dislocation spacingd. Above a certain
d, the stress contours are independent ofd. The range of theh axis is related to the minimal spacing
of active slip planes in figure 2.9.

the stress. It is seen that with decreasing PSB width the stresses increase leading to a higher
probability of mode I crack nucleation at thinner PSBs. This result is in agreement with
the experimental observation that fatigue cracks form mostly close to thin PSBs as was
discussed in the introduction.

Contrary to intuition, however, the stress in the middle decreases with decreasing dis-
location spacingd. The reason for this is the cancellation of the positive stresses of the
dipole with the negative stresses caused by the neighboring dislocations (see figure 1.3).
This effect becomes stronger when the inter-dislocation spacingd decreases. Moreover, if
the distance is decreased and especially in the limitd → 0, the other dislocations on the
same slip plane cancel the high stress in the middle of the dipole.

Figure 3.9 relates to an issue discussed in chapter 2 for the 2DD model. There we
have observed that the minimal spacing between two active slip planes wash = 200b =
0.05µm (see figure 2.9). Figure 3.9 reveals that for this distance the stress in the middle
of the dislocation dipoles is much below600MPa, which is the critical value for fracture
in chapter 6. Therefore, the minimal spacing in the 2DD model is not small enough to
cause fracture. Moreover, the smallest slip plane spacing, which is an input parameter of
our model, is50b = 0.0125µm. If dipoles would form at this distance, the stress is still
not sufficient to cause fracture. Therefore, other effects have to come into play in order to
simulate fracture.
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So far the dislocations forming the dipole where considered to be opposite to each other,
i.e. each dipole is perpendicular to the Burgers vector, because the models of Antonopoulos
et al. [17] and Brown [20] used this dislocation arrangement to model PSBs. However,
this dislocation configuration itself is unstable. A stable equilibrium between dislocations
of opposite sign is formed when the dislocation dipoles have a45◦ angle to the Burgers
vector. The stress in they-direction for this dislocation arrangement,

σyy =
2Dπ2
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is plotted in figure 3.10. In this configuration the dashed line connecting the areas of high
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Figure 3.10: Vertical stress distribution in an infinite array of dislocation dipoles. The dislocation spacing is
d = 1.5µm.

stresses is similar to that shown in figure 3.8. The middle of this dislocation arrangement
is characterized by compressive stresses along the line connecting the dislocations, so it is
not likely that cracks grow from dislocation to dislocation.

High tensile stresses are found on the PSB–matrix interface and at pointC in fig-
ure 3.10. However, the area of high stresses atC is not large enough for fracture as
mentioned above. For convenience, we use the stress at pointC as a trigger for fracture
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initiation. Since the widthh of the dislocation arrangement is connected to the dislocation
spacingd = 2h in this configuration, the maximum stress in the middle of the PSB (point
C in figure 3.10) depends only ond:

σyy =
Dπ2

cosh(π
2 )2 − 1

1
d
. (3.7)

Comparing this expression to equation (3.6), the tensile stress normal to the PSB decreases
with increasing dislocation spacingd, opposite to equation (3.6), cf. figure 3.9.

Until now we have calculated the stresses from dislocation arrangements consisting of
two rows of dislocations and compared the results of the different approaches. All these
results depend on the convenient assumption that dislocations cluster in PSB walls and that
these walls can be simplified as dislocation dipoles. In reality the dislocation configuration
is not that simple. PSBs do not form in crystals smaller than3µm as shown experimentally
by Zhang et al. [42]. Secondly, summing up the dislocations and replacing a wall by a
dipole is a crude approximation. The next section therefore uses the dislocation dynamics
simulation, discussed in chapter 2, to compare the results to the ones obtained so far.

3.5 Discrete Dislocation Dynamics results

We use the 2DD model of chapter 2 not taking into account three-dimensional effects of
dislocation interaction to calculate the stresses close to the free surface. The results will be
compared to the findings of the Brown-Ogin of Brown and Ogin and to the static dislocation
calculations in section 3.3.

As explained in chapter 2, no PSBs or similar structures were found with dislocation
dynamics. Since Brown and Ogin use this PSB structure as the basic assumption, a sig-
nificant difference is expected between the previous those results to results of dislocation
dynamics. In figure 3.11, contours of the maximal tensile stresses, i.e. the largest principal
stresses, are plotted at the end of cycle325, i.e. at zero applied stress. The stresses are
normalized by the applied stressσmax = 150MPa.

The stress distribution in the interior of the grain has been discussed in chapter 2; here
we concentrate on the stresses at the surface. Therefore, only a small reminder of the
behavior in the grain will be given here. High stresses are found close to the grain bound-
ary; these are caused by dislocation pile-ups against the impenetrable boundary. Secondly,
bands of high stresses follow the primary slip planes, i.e. at45◦ from the surface and the
loading direction. The direction of the maximum tensile stresses are mainly perpendicular
to the primary slip direction, causing mode I crack opening.

Let us turn now to the high tensile stresses at the free surface, where because of equilib-
rium they have to be parallel to the free surface. We focus on the high stresses at pointD
in figure 3.11, since they are the worst case for fracture initiation. According to figure 3.12
there are no dislocations close to pointD.



58 Chapter 3

1.0
0.8
0.6
0.4
0.2
0.0

-0.2
-0.4
-0.6
-0.8
-1.0

σ /σI max

D
E

Figure 3.11: Maximum principal tensile stressσI normalized by the applied peak stress for a2 × 2µm grain at
the surface after 325 cycles using the 2DD model described in chapter 2.

The stress at the free surface in figure 3.11 is maximal at pointD. We look for the origin
of this high stress. To identify the dislocation causing the local high stress, we pick point
E, which is the next nodal point of the mesh in the direction of the highest gradient in the
stress, as shown in figure 3.11. In order to identify the dislocations causing the high stress
at pointD compared to pointE we calculate the stress contribution at pointD of every
dislocation and compare it with pointE (0.04µm away fromD). Dislocations producing a
higher stress at pointD are marked in black in figure 3.12, while the other dislocations are
shown in grey.

There are380 black dislocations found on the primary slip planes, while there is an
average of230 black dislocations found on the two secondary slip planes. On the primary
slip plane there are496 grey dislocations and on the secondary planes351 grey dislocations
on average. Therefore, there is a higher number of dislocations that do not produce the high
stress at the surface. Of the dislocations that cause a high stress at the surface more than
average are found on the primary slip planes. Another finding is that the high stress is not
caused by nearby dislocations; the long-range stress fields of distant dislocations add up to
cause locally high stresses.
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D

Figure 3.12: Distribution of dislocations corresponding of figure 3.11. Black dislocations produce higher stresses
at pointD than atE. The gray dislocations depict the other dislocations.

Evolution of stresses along the surface
The stress distribution along the free surface obviously is not static but evolves with con-
tinued cycling. Figure 3.13 shows the stress along the free surface for a1 × 2µm grain
after 1000, 1999 and 2000 cycles. As we have seen in chapter 2 the dislocation density is
highest for this geometry compared to the other geometries discussed; which leads to the
expectation that also the stresses are highest in this case.

In chapter 2 we have seen that there is no steady development of the dislocation structure
for the 2DD model, which is also employed here. Therefore, also the stress along the free
surface is not expected to develop steadily. Comparing the stress profiles after 1000 and
2000 cycles, the maximum stress levels stayed constant, although at the later time there
are more areas of positive, i.e. tensile, stresses. To investigate the change in the stress
profile during a single cycle, we compare the stress profiles after 1999 and 2000 cycles in
figure 3.13. The general profile, e.g. the spikes aroundx = 0.5µm, of both curves is the
same. However, there are large changes in the stresses aroundx = 1.2µm.

The stress along the free surface for a2× 2µm grain, as shown in figure 3.14, fluctuate
as for the smaller grain. However, in this geometry there is a wide area of tensile stresses
which covers about3/4 of the free surface for the cycles displayed. The stresses for both
grain sizes are roughly equal.
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Figure 3.13: Stress distribution along the free surface for a1× 2µm grain after 1000, 1999 and 2000 cycles.
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Figure 3.14: Stress profile along the free surface for a2× 2µm grain after 1000, 1999 and 2000 cycles.

Dislocations piling up against the grain boundary cause high compressive stresses at
the corners of the grain near the free surface, i.e.x = 0µm andx = 2µm. Dislocations are
impenetrably pinned at the grain boundary, even if this point is on or extremely close to the
free surface. This is an artifact of the model, which depends on the random distribution of
slip planes, i.e. the distance of the ends of random slip planes to the free surface. A more
physical approach would allow dislocations to cross the grain boundary if the dislocation is
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close to the free surface, and thereby would allow dislocations to leave the material at the
free surface.

Until now we have looked at the stress at the surface after completing a cycle, i.e. at
zero applied stress. Now we turn our attention to the development of the stress at the free
surface over time. Using the 2DD model explained in chapter 2, figure 3.15 shows the
evolution of the stress in the first cycles at the point of maximal tensile stresses after a few
cycles, i.e.x = 0.6µm, y = 0µm.
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Figure 3.15: Development of the stress parallel to the free surface atx = 0.6µm, y = 0µm in a2× 2µm grain
and the applied stress using the 2DD model.

Comparing the stress at the free surface with the applied stress, one finds a phase shift.
When the applied load is zero, the stresses at the surface are maximal and vice versa.
Dislocation motion relaxes the stress in the material. In the beginning of the first cycle the
stress is relaxed, as shown in figure 3.15, due to dislocation motion. Due to the pile-ups of
dislocations against the grain boundaries and due to the attraction forces of dislocations of
opposite sign, the dislocations glide back after0.35T , when the applied stress is decreased.
Because the dislocations glide back the stress increases again. This behavior continues
and produces the phase shift, as shown in figure 3.15. Therefore, the dislocation motion
reduces the stress at the free surface and does not enhance it as one would expect. In
conclusion, fracture initiation is hindered by dislocation motion.

Figure 3.16 shows the development of the stress at two points using the 2.5DD model,
which incorporates three-dimensional effects. We have seen in chapter 2 that this model
produces a much more stable dislocation structure because of the formation of junctions.
Additionally, this stability seems to contribute to fracture initiation, as shown in figure 3.16.
In this case, maximum stresses atx = 0.6µm andx = 1.0µm are found when the applied
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Figure 3.16: Development of the stress parallel to the free surface atx = 0.6µm, y = 0µm andx = 1.0µm, y =
0µm and the applied stress using the 2.5DD model.

stress is maximum as well. Compared to the results obtained by the 2DD model, the dislo-
cation motion in this simulation does not decrease the stress at the free surface. Here, the
junctions and the line tension hinder the dislocation motion and thereby decrease the reduc-
tion of the stress in the plastic region. Over time more junctions from, which increases the
dislocation density, thus leading to a local increase in the stress, as shown forx = 1.0µm in
figure 3.16. Therefore, dislocations play a dual role. On the one hand, they reduce stresses
in the plastic zone. On the other hand, they enhance stresses locally.

In conclusion, the 2.5DD model not only shows some formation of structures of dislo-
cations as discussed in chapter 2, it also gives rise to the build-up of higher stresses at the
free surface. The much higher computational expense of the 2.5DD model, however, limits
its use. We therefore restrict us to the 2DD model for the remainder of this thesis.

3.6 Summary and Conclusion

In this chapter starting from the analytical approach by Brown and Ogin we went via dis-
crete dislocation calculations and refined analytic considerations to dislocation dynamic
simulations to investigate the stress at the free surface caused by dislocations. With the
discrete dislocation calculation we found no stress singularity where the PSB ends at the
free surface, but just high tensile and compressive stresses. These stresses depend strongly
on the configuration of the dislocation arrangement representing the PSB. The dynamic
simulation leads to high tensile stresses that are mostly caused by the long-ranging stress
fields of the primary dislocations.
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All stress levels calculated from dislocation dynamics so far are on the order of the
applied stress, which is much too small to cause interatomic fracture, as explained in the
introduction to this chapter. However, these stresses are calculated for a grain with a smooth
surface. A rough surface would cause stress singularities and this phenomenon is discussed
in chapter 4.

Fatigue cracks initiate at the free surface before the crack continues in the bulk. To shed
more light on the fatigue crack initiation at the free surface, we focus on the elastic fields
caused by the surface roughness, i.e. surface steps arising form dislocation motion, and
their influence on the fatigue behavior in chapter 4. A model of these effects is combined
with the 2DD model in chapter 6.





Chapter 4

Elastic fields due to surface
roughness

4.1 Experimental observation of ex- and intrusions

A single dislocation moving out of a grain at the free surface leaves a surface step. Multiple
of these events produce intrusions and extrusions, which continue to grow with continuing
load cycles. Basinski and Basinski [5] found that extrusions and intrusions in copper single
crystals have the same size and shape, and that the rate of growth decreases after around
104 cycles. This decrease in the rate of growth is accompanied by cross slip. Later in the
fatigue life, secondary slip is observed. Therefore, many ex- and intrusions develop during
fatigue.

It has also been observed by Basinski and Basinski [5] that PSBs develop. Inside a
PSB, dislocation motion is strongly localized compared to the matrix surrounding the PSB,
which leads to a pronounced roughness at the free surface, commonly referred to as protru-
sion. This protrusion generally consists of extruded material. If more material is extruded
than intruded in a PSB, the volume increases while the density decreases, as confirmed by
volume measurements.

The increase in the volume of a PSB can be explained by the production of vacan-
cies inside the persistent slip band (cf. vacancy dipole models in chapter 1) and therefore
a swelling of the material. This is generally believed to originate from the formation of
dipoles during cyclic deformation. These dipoles may collapse into vacancies/interstitials,
if the dipole height is smaller than a critical value. Since the formation energy of vacancies
is much lower than that of interstitials more vacancy than interstitial dislocation dipoles col-
lapse. Therefore, more vacancies than interstitials are produced and this leads to swelling
of the material.

65
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The difference in the formation energy of vacancies versus interstitials is an effect of
the core of the dislocations since the long-range attraction forces for interstitial and va-
cancy dipoles are identical. Since dislocation dynamics only takes the long-range fields
into account, as many vacancy as interstitial dipoles on average will be produced during
the simulation. Therefore, no protrusion is formed at the surface in the simulation. How-
ever, ex- and intrusions do develop as a consequence of discrete dislocations leaving the
grain.

Surface steps cause singular stress concentrations, which according to St. Venant’s prin-
ciple decay over distances on the order of the geometric disturbance. The region influenced
by a single surface step is therefore small, i.e. on the order of the Burgers vector of the dis-
location producing the surface step. However, as more dislocations leave the crystal the ex-
and intrusions may accumulate and therefore the area influenced by the surface roughness
increases.

Our model does not take the change in geometry of the material into account since a
small strain formulation is used. A finite strain formulation would be needed to capture
the evolving surface steps. The basics of the finite strain formulation were developed by
Deshpande et al. [49], but the numerics to deal with the continuous change of surface
shape are awaiting numerical implementation, e.g. mesh refinement. Therefore, we give
an analytical approximation to the elastic fields caused by the surface roughness in this
chapter.

4.2 Representative surface step

4.2.1 Introduction

To incorporate the effect of the surface steps, superposition is used for the stress and the
displacement fields. Therefore, the interaction of surface steps is neglected in this approach.
The total elastic stress is the sum of the stresses as described in chapters 2 or 5 (σ̃ + σ̂) and
a contributionσ̄ due to the surface roughness. The surface roughness itself can be seen as
an accumulation of surface steps of different step height, each leading to stress fieldsσ̄l,
so that

σ = σ̃ + σ̂ + σ̄

= σ̃ + σ̂ +
∑

l

σ̄l (4.1)

Since this is an elastic calculation, the stress fields caused by each step are self similar.
If one would increase the geometrical dimensions of the problem, i.e. increase the surface
step height, one would proportionally increase the size of the area affected by the surface
step. Therefore, it is not necessary to determine the elastic fields for different surface step
heights but only to compute the elastic fields for a representative surface step and scale all
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lengths by the step heighth, as shown in figure 4.1. There, the stress is applied parallel to
the free surface, which is divided in an upper and lower terrace.

Moreover, the elastic fields at each point scale linearly with the applied stress; without
the applied stress, there is no stress singularity. Hence the fieldσl caused by a step of
heighthl must be of the formσl = σappf(xp/hl) with the functionf to the determined
from elasticity theory.

σapp

lower
terrace

upper
terrace

σapp

h

step

y

x

Figure 4.1: Definitions used for the surface step.

To calculate the stress concentration caused by a surface step, three different approaches
for a representative surface step are studied in the following subsections and compared to
two solutions given in literature. After that, the model which most closely agrees to the
numerical solution is studied in more detail.

Since we search for the singular terms of the elastic fields due to the surface step, all
stress plots in this chapter show only the singular termσ̄ of equation (4.1) and call itσ, for
simplicity.

4.2.2 Reference calculation with FEM

To compare and validate the solutions of the different approximations, a plane strain finite
element calculation of a discrete surface step is executed and the results are verified with
mesh refinement for convergence. Figure 4.2 shows for the representative surface step the
distribution of the normal stresses in thex- and they-directionσxx andσyy, respectively.
This step has a heighth = 1µm and an angle of45◦ and is embedded in a200µm×200µm
block. A remote stressσyy = σapp is applied to the block. Due to the different lengths of
the upper and lower boundary the applied stresses are different at these sides. However, this
difference is small due to the huge difference between the block size and the step height.
The applied stress is subtracted from the stress distribution calculated by FEM, and the
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resulting stress is the singular term caused by the surface step. The stress distribution for
the6µm× 6µm core of the block is shown in figure 4.2.
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Figure 4.2: Stress componentsσxx (a) andσyy (b) for a representative surface step in a200 × 200µm block
subjected to a remote stressσyy = σapp calculated by FEM. This step has a heighth = 1µm and an
angle of45◦.

4.2.3 Approximation based on the wedge solution with homogeneous
boundary conditions

Figure 4.3 illustrates the first approach to solve the elastic problem of a surface step analyt-
ically. Here, the stress field caused by the surface step is approximated by the asymptotic
field of a wedge in infinite space. The definitions of the local coordinate systems and angles
for an infinitely long wedge with an opening angle of2(π − α) are shown in figure 4.4.

We try to find the elastic fields of a surface step using the Airy stress functionΦ and
use the following solution to the governing equation∆2Φ = 0:

Φ = rλ+1f(θ) (4.2)

with

f(θ) = c1 sin[(λ+ 1)θ] + c2 cos[(λ+ 1)θ]
+ c3 sin[(λ− 1)θ] + c4 cos[(λ− 1)θ] . (4.3)
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Figure 4.3: First approach to approximate the elastic fields of a surface step.
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Figure 4.4: Definitions used for the solution of an infinitely long wedge.

Then, the stress components in cylindrical coordinates (figure 4.4) are given by

σθθ =
∂2Φ
∂r2

(4.4)

= rλ−1(λ+ 1)λ
[
c1 sin[(λ+ 1)θ] + c2 cos[(λ+ 1)θ]

+c3 sin[(λ− 1)θ] + c4 cos[(λ− 1)θ]
]
;
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σrr =
1
r2
∂2Φ
∂θ2

+
1
r

∂Φ
∂r

(4.5)

= −rλ−1λ
[
c1 sin[(λ+ 1)θ](λ+ 1) + c2 cos[(λ+ 1)θ](λ+ 1) +

+c3 sin[(λ− 1)θ](λ− 3) + c4 cos[(λ− 1)θ](λ− 3)
]
;

σrθ =
1
r2
∂Φ
∂θ

− 1
r

∂2Φ
∂r∂θ

(4.6)

= rλ−1λ
[
− c1 cos[(λ+ 1)θ](λ+ 1) + c2 sin[(λ+ 1)θ](λ+ 1)

−c3 cos[(λ− 1)θ](λ− 1) + c4 sin[(λ− 1)θ](λ− 1)
]
.

For all Airy stress functions the equilibrium equations are satisfied automatically. The com-
patibility condition is satisfied if the Airy stress function fulfills the biharmonic equation,
as this approach does.

In this approach, the wedge flanks atθ = ±α are traction-free (σθθ = σrθ = 0),
leading to∂2Φ/∂r2 = 0 on the boundary. Comparison of equation (4.3) to (4.4) leads
to the observation thatΦ = 0 if ∂2Φ/∂r2 = 0. Therefore, the traction-free boundary
conditions are fulfilled if

Φ(θ = ±α) = 0
∂Φ
∂θ

(θ = ±α) = 0 .

These equations give rise to a linear system of equations,

Ac = 0 , (4.7)

wherec is the vector ofci’s and the matrixA is defined by

A =




sin[α(λ+1)] cos[α(λ+1)] sin[α(λ−1)] cos[α(λ−1)]

sin[−α(λ+1)] cos[−α(λ+1)] sin[−α(λ−1)] cos[−α(λ−1)]

cos[α(λ+1)](λ+1) − sin[α(λ+1)](λ+1) cos[α(λ−1)](λ−1) − sin[α(λ−1)](λ−1)

cos[−α(λ+1)](λ+1) − sin[−α(λ+1)](λ+1) cos[−α(λ−1)](λ−1) − sin[−α(λ−1)](λ−1)


 .

A solution to equation 4.7 other than the trivial solutionc1 = c2 = c3 = c4 = 0, requires
the determinant of the matrixA be zero, which is true for

(λ sin 2α)2 = (sin 2αλ)2. (4.8)

Now let us focus on some energy considerations for the wedge to study the physical
boundaries ofλ. The energy per unit area in an infinitesimal domain isdW ∝ σ2. Thus,
the energy in a region of radiusR around the tip isW ∝ ∫ R

0
σ2 2πr dr. Since,σ ∝ rλ−1
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(see equations (4.4) to (4.6)) and we getW ∝ R2λ. This energy cannot be singular, so that
λ has to be greater than zero.

Depending on the wedge angleα, multiple values ofλ exist according to equation (4.8),
which are shown in figure 4.5. To account for these multiple values the subscriptk is
introduced.
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Figure 4.5: Admissible values ofλ for wedge anglesα between0 andπ.

Keeping in mind the remarks about the self similarity of elastic fields from the begin-
ning of this section, equations (4.4) to (4.6) can be rewritten, similar to the solution for an
infinitely sharp crack, as

σ =
∑

k

rλk−1Kk

∗
fk (λk, θ)

Kk = akσapph
1−λk . (4.9)

∗
fk are the unit versions offk (see equation (4.2)) andak are non-dimensional scalars,
which have to be fitted.σapp is the uniform applied stress andh is the surface step height,
as shown in figure 4.1.

λk = 1 is a solution for all wedge anglesα. The correspondingci’s of equation (4.3)
are[0, 0, 1, 0]. This leads toΦ = 0 and∂Φ/∂θ = 0 for all θ, which in turn leads to all stress
components vanishing everywhere in the domain. Therefore,λk = 1 is a trivial solution
and will not be considered any further.

Having excluded the solutionλk = 1, an even number of solutions exist for almost all
wedge anglesα, as shown in figure 4.5. Determiningck from equation (4.7), one finds
that eitherc1k andc3k are zero or thatc2k andc4k are zero. Furthermore, according to
equations (4.4) and (4.5)c1 andc3 are the pre-factors to the sine whilec2 andc4 correspond
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to the cosine forσθθ andσrr. For the shear component it is vice versa. Therefore, half of
these solutions result into symmetric stress fields with respect to theξ axis (see figure 4.4),
the other half into antisymmetric fields.

For the representative surface step, i.e.α = 7/8π, so that2(π − α) = π/4, two

values ofλk can be determined by figure 4.5, for each of which the vector
∗
ck is calculated

according to equation (4.7), (the star denotes that the vector is a unit vector). This leaves
the coefficientsak of equation (4.9) as the only fitting parameters. We fit the resulting
expressions for the stress fields to the results obtained by FEM, as shown in figure 4.2.
Figure 4.6 gives the resulting distribution ofσxx andσyy.
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Figure 4.6: First approximation of the stress distribution near a surface step using the wedge solution with traction-
free boundary conditions. Stress components in thex-direction (a) and in they-direction (b).

Comparison with figure 4.2 reveals that there are points of agreement and disagree-
ment. The stress componentσxx is matched quite well, except at points close to the upper
terrace (see figure 4.1). These points have a negativex-coordinate as shown in figure 4.1
and, therefore, lie outside the region of analysis for the small-strain formulation of the dis-
location dynamics model, where this approach is to be used. Therefore, the difference of
this first approach to the numerical solution is not significant. However, the stress compo-
nent in they-direction does not show such a good agreement and overestimates the stresses
determined by FEM.

The differences of this approach to the FEM solution arise because the upper surface
terrace (see figure 4.1) is not taken into account by this approach (cf. also dashed line in
figure 4.4). Only the lower terrace and the step are accounted for. The influence of the
upper surface terrace on the elastic fields is strong in the area shown in figure 4.6 because
the surface step height is on the same order of length as the size of the area of interest.
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Therefore, St. Venant’s principle indicates that the stresses at the wedge are influenced by
the upper surface terrace.

However, the general shape of the distributions of both stress components is in fair
agreement with the FEM solution. A second approach is given in the following subsection
which attempts to avoid the problem of this approach.

4.2.4 Approximation using the wedge solution with traction boundary
conditions

σapp σapp

xyσ    =σ    = 0xx xyσ    =σ    = 0xx xyσ    =σ    = 0xx

τ= t=0 τ= t=0.5 σapp τ= t=−0.5σapp

= +

σ    =σ    =σ    = 0xy xx yy

Figure 4.7: Second approach to approximate the elastic fields of a surface step.

In figure 4.7 the second approach is shown, where the elastic field due to a surface
step is modeled as a uniform half-space from which a wedge is removed. This leads to
one zero and one non-zero traction boundary condition on the wedge. The tractions on the
lower terrace are zero, since the uniform applied stress is parallel to this line. However,
the tractions on the step are given by Mohr’s circle as half of the uniform applied uniaxial
stress since the wedge has an angle of45◦.

Equations (4.2) to (4.6) of the previous subsection apply also for this approach. How-
ever, because there are tractions on one side of the wedge, as shown in figure 4.7, the
right-hand side of equation 4.7 is non-zero in this case. We call the right-hand side vector
b, which incorporates the boundary conditions. The solution of the equationAc = b reads
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c =
1
4
σapp

cos[(λ− 1)α](λ− 1) + sin[(λ− 1)α]
cos[(λ− 1)α] sin[(λ+ 1)α](λ− 1)− cos[(λ+ 1)α] sin[(λ− 1)α](λ+ 1)

sin[(λ− 1)α](λ− 1)− cos[(λ− 1)α]
cos[(λ− 1)α] sin[(λ+ 1)α](λ+ 1)− cos[(λ+ 1)α] sin[(λ− 1)α](λ− 1)

− cos[(λ+ 1)α](λ+ 1)− sin[(λ+ 1)α]
cos[(λ− 1)α] sin[(λ+ 1)α](λ− 1)− cos[(λ+ 1)α] sin[(λ− 1)α](λ+ 1)

− sin[(λ+ 1)α](λ− 1)− cos[(λ+ 1)α]
cos[(λ− 1)α] sin[(λ+ 1)α](λ+ 1)− cos[(λ+ 1)α] sin[(λ− 1)α](λ− 1)

Notice,c depends only on a singleλ, which in this approach is a fitting parameter. Further-
more,λ < 1 if there is a stress singularity at the surface step. However from the energetic
considerations of the previous approach,λ > 0. Therefore, one does not have much free-
dom in fitting the solution of this approach to the numerical result. Figure 4.6 shows the
stress distribution for the second approximation withλ = 0.8.
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Figure 4.8: Second approximation of the stress contours of the surface step using the wedge solution with non-
traction-free boundary conditions. Stress components in thex-direction (a) and in they-direction
(b).

Comparing the results shown in figure 4.8 to those in figure 4.2, one finds more dif-
ferences than with the first approach. For instance, the numerical solution ofσxx reveals
a butterfly-like stress distribution around the singularity at the tip; but this is not observed
in figure 4.8 (a). Notice,σxx is equal to zero at the lower terrace, as prescribed by the
boundary condition in figure 4.7. However, this is not shown by the contours in figure 4.8
due to the strong gradient inσxx and the rough mesh. Moreover comparing this approach
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to the numerical calculation,σyy has much higher values here, because the highest stress
contour extends to the bottom of figure 4.8.

Differences to the numerical result arise because the upper terrace (see figure 4.1) is
also not taken into account in this approach, while the lower is. Therefore, the traction is
non-zero along the upper terrace. For that reason the remarks given at the end of the pre-
vious subsection about the area influenced by the surface step also apply in this approach.
Differences to the previous approach originate from the fast that the latter involves homo-
geneous boundary conditions and therefore a decrease of the rank of matrixA, which leads
to two variablesa1 anda2 being fit parameters. In this approach, however, only a single
valueλ is fitted.

4.2.5 Third approximation using the crack solution

In the third approach the elastic solution for an infinitely sharp crack is used to model
the stress concentration at the surface step as shown in figure 4.9. Towards this end, the
representative surface step (see figure 4.9 (a)) is copied, rotated by180◦ (see figure 4.9 (b))
and glued to the first piece along the upper and lower surface terrace (see figure 4.9 (c)).

σapp

σapp

(c)(b)(a)

x

y
η

r

ξ

θθ0

Figure 4.9: Surface step (a), copied and rotated surface steps before glueing them together (b). Definitions used
for this approach (c).

The dashed line in figure 4.9 (c) marks the glue. Along the step, i.e. the diagonal line, no
glue is applied. The result of this sequence is a diagonal,h

√
2 long, infinitely-sharp crack

in infinite space.
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The crack as shown in figure 4.9 (c) is subjected to mixed mode I – II loading such that
the combined stress givesσ∞yy = σapp andσ∞xx = σ∞xy = 0. The stress fields near a mode I
and mode II crack are (see, for instance, [50])
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The stress intensity factorsKI andKII are determined by the resolved normal and tangen-
tial stress (both1/2σapp for aθ0 = 45◦ wedge) according to the first order estimate:

KI = 0.5σapp

√
π
√

2h

KII = 0.5σapp

√
π
√

2h,

The interaction of the tip atx = −h, y = −h is neglected because there, i.e. at the tip of
the wedge, a singularity is unphysical. Note, there is no fitting involved in this approach.
The resulting distribution ofσxx andσyy are shown in figure 4.10.
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Figure 4.10: Combined mode I and II crack solutions are used as an approximation of the stress fields of the
surface step. Stress components in thex-directionσxx (a) and in they-directionσyy (b).
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Comparing figure 4.2 to figure 4.10 the stress component in thex-direction close to
the tip is higher than for the numerical solution. Furthermore,σxx is not zero at the lower
terrace, as one can see from the contours in figure 4.10 intersecting the lower terrace. How-
ever, this surface is traction free. The reason for the unphysical stress distribution lies in the
glueing together of the upper and lower surface terrace. The surfaces in figure 4.9 (b) are
traction free, but this is lost once the pieces are glued together to become the configuration
shown in figure 4.9 (c). Moreover, in this approach the stress component in they-direction
is substantially higher than the numerical result and also higher than the analytical result of
the first approach.

After having tested three novel approaches to approximate the results obtained by FEM
for the representative surface step, we now look at some approaches given in literature.

4.2.6 Comparison with existing solutions

When growing crystals by atom vaporization, flat surface islands, i.e. terraces, develop
(see, e.g., [51]). Based on the surface stress of the crystal Marchenko and Parshin [52]
have suggested the following scaling relation for all stress components for a surface step of
arbitrary shape:

σ ∝ 1√
r

(4.10)

wherer is the distance from the surface step. Since Marchenko and Parshin do not give
the pre-factors nor the angular dependence, the figure shows only a qualitative picture.
Therefore, the shape and the values of the stress contours are arbitrary. Nothing can be said
about the boundary conditions at the free surface, because the angular dependence could
satisfy them. However, the solution given by Marchenko and Parshin predicts a stress field
which decays with

√
r, which is the same as for an infinitely sharp crack. Our first approach

(section 4.2.3) predicts two exponents for the stress, i.e.λ1− 1 = 0.49 andλ2− 1 = 0.35.
The first exponent is very close to the Marchenko and Parshin value of0.5.

Kukta and Bhattacharya [51] have extended the model of Marchenko and Parshin [52] to
model atom vaporization on a specimen under tension. Therefore, they calculated the stress
fields for surface steps with an elastic background stress. This extension makes the solution
quite long and difficult. Nevertheless, still the surface energy dominates, which is the
dominating part for atom vaporization. However, supported by the experimental findings
by Forsyth [53] and Cottrell and Hull [54] of long and very thin sheets of extrusions, the
surface energy apparently is not dominant.

Brochard et al. [55] gave a different solution based on the point force approach of
Boussinesq (see, e.g. [56]). Here, with a stress along the surface step the finite-width speci-
men is in equilibrium, as shown in figure 4.11 (a). Afterwards, the stress at the surface step
is idealized as a point forceF = σapph, which is applied at the surface of the half-space,
as shown in figure 4.11 (b). According to the Boussinesq solution, the stress distribution is
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σapp

(a) (b)

σapp

h

σapp

σappF=      h

Figure 4.11: Surface step in equilibrium (a). Idealization to a point force (b).

given by

σrr = − 2
π
σapph

sin θ
r

σθθ = σrθ = 0

with (r, θ) a cylindrical coordinate system at the point of application of the point force.

This solution is very simple and satisfies the equilibrium, compatibility and the bound-
ary conditions on the wedge flanks except of at the upper terrace. The corresponding stress
distribution is shown in figure 4.12. The solution predicts equally high stresses in thex-
andy-direction. This is not in agreement with the numerical solution where the stress com-
ponent in they-direction is dominating (see figure 4.2). In this approach the surface step
is idealized as a point. This idealization of a step to a point does not influence the stress
fields far away from the surface step. However, for points very close to the surface step,
i.e. the area shown in figure 4.12, this idealization is not fair. The distance of these points
to the surface step is on the same order as the surface step height. Therefore, St. Venant’s
principle predicts a change in the elastic fields in the area due to a change in the shape of
the surface step.

Furthermore, the surface step is traction-free if a material with a surface step is sub-
jected to tension. This observation results in the applied stresses at the ends of the body
not being equal. Therefore, the assumption of Brochard that there are stresses along the
surface step is not physical.
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Figure 4.12: Stress contours of the elastic fields of a surface step according to Brochard et al. [55]. Stress compo-
nents inx-direction (a) and iny-direction (b).

4.2.7 Concluding remarks on step modeling

None of the analytical solutions mentioned here is in perfect agreement with the numerical
solution. No model captures the free surface boundary conditions at the upper terrace.
Some models even fail to take the free surface at the lower terrace into account. The models
given in literature are either based on surface tension or on the assumption that a stress is
applied at the surface step. Neither is relevant for fatigue. Moreover, all models predict
higher stresses than the numerical computation. Nevertheless, in order to have a workable
approximation, we choose to adopt the first approach because it shows most similarity with
the numerical solution for both stress components.

To further investigate the quality of the first approximation, figure 4.13 shows the nor-
malized stress componentσyy/σapp against the normalized coordinatex/h in a log-log
diagram for a surface step with an opening angle of45◦, i.e.α = 7/8 π. For equilibrium
both negative and positive stress componentsσyy have to be present along thex-axis, as
shown by the numerical and the analytical solution, i.e. both curves cross thex-axis at
aroundx/h = 8.

Furthermore, close to the wedge tip (x = 0) the slope of the numerical curve is very
close to−1/2, which is the analytical value for an infinitely sharp crack. For increasing
x the slope decreases fast for the FEM solution and somewhat slower in the analytical
solution. In conclusion, the analytical approximation overestimates the stress compared to
the numerical solution for points far away from the surface step, but otherwise gives a fair
correspondence, as shown in figure 4.13.
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Figure 4.13: Surface step-induced stress profileσyy into the crystal according to the numerical ’FEM’ and ana-
lytical ’wedge’ solution.h is the step height of the surface step.

Displacement fields
To account for the opening of the cohesive surface, which we will use in chapter 6, the
displacement fields are calculated. The constitutive equations for cylindrical coordinates
are similar to those for Cartesian coordinates and in plane strain (see, for instance, [57])
read

εrr =
1 + ν

E
[(1− ν)σrr − νσθθ];

εθθ =
1 + ν

E
[−νσrr + (1− ν)σθθ];

εrθ =
1 + ν

E
σrθ

In addition, the strain-displacement relationships read (see, for instance, [57])

εrr =
∂ur

∂r

εθθ =
ur

r
+
∂uθ

∂θ

εrθ =
1
2

(
1
r
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Substitution of the stress field equation (4.9) and integration leads to the displacement
fields for the surface step,

ur =
1 + ν

E

∑

k

rλkKkRk(λk, θ);

uθ =
1 + ν

E

∑

k

rλkKkΘk(λk, θ) .

where the coefficientsRk andΘk are given by

Rk = c1k sin[(λk + 1)θ](λk + 1) + c2k cos[(λk + 1)θ](λk + 1) +
c3k sin[(λk − 1)θ](λk + 1− 4ν) + c4k cos[(λk − 1)θ](λk + 1− 4ν)

Θk = (λk − 1)
[
−c1k cos[(λk + 1)θ] + c2k sin[(λk + 1)θ]−

c3k cos[(λk − 1)θ]
λk + 1− 4ν
λk − 1

+ c4k sin[(λk − 1)θ]
λk + 1− 4ν
λk − 1

]

whereKk is given by equation (4.9) and was determined by fitting the expressions for the
stress fields to the numerical solution.λk andc1k to c4k are given by equations (4.8) and
(4.7), respectively. The subscriptk denotes the multiple values ofλ for a givenα from
equation (4.8).

Both displacement components increase with the radiusr from the wedge sinceλk >
0, ∀k. For a physical solution the integration constant would have to be identified such that
the additional displacement to the uniform background displacement is zero at the boundary
of the body. The value of the integration constants is irrelevant for the cohesive surface
model since we are interested in the opening, i.e. in the difference of the displacement
between both sides of the cohesive surfaces where the integration constant cancels out.

4.3 Application to dislocation model

Stress field
To account for the change in the stress field due to the surface roughness on dislocation
nucleation and movement, the stress fields of the discrete surface steps are added to the
other stress components(σ̃+ σ̂), as already introduced in equation (4.1), which is repeated
here for completeness:

σ = σ̃ + σ̂ + σ̄

= σ̃ + σ̂ +
∑

l

σ̄l
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Adoption to slip systems of our model
In the dislocation dynamics simulation described in chapter 2 three discrete slip systems

slip system 1 slip system 2 slip system 3

y

x

y

x

y

x

1 3 5
α = +/− 5/8π α = +/− 19/24π α = +/− 23/24π 

2 4 6

x

y

x

y

x

y
α = +/− 7/8π α = +/− 13/24π α = +/− 17/24π 

Figure 4.14: Six cases of surface steps for three slip systems. The top row depicts the cases for positive steps; the
bottom row for negative steps. The dashed line marks the slip plane. The magnitude of the Burgers
vector has been scaled so that the step heighth is the same in all cases.

are used, which can have either a positive or negative step at the free surface. This leads to
six unit cases shown in figure 4.14. The first slip system is favorably oriented for plastic

slip atπ/4 and is shown in the first column. The values ofλk (see, equation (4.9)) and
∗
cik,

which are the unit vectors ofcik (see, equation (4.3)) are

slip system case α λ
∗
c1

∗
c2

∗
c3

∗
c4

1 1 5/8 π 0.674 0.000 0.629 0.000 0.777
1.302 0.495 0.000 0.869 0.000

2 7/8 π 0.505 0.000 0.358 0.000 0.934
0.660 0.631 0.000 -0.776 0.000

2 3 19/24 π 0.525 0.000 0.430 0.000 0.903
0.813 0.416 0.000 -0.909 0.000

4 17/24 π 0.574 0.000 0.529 0.000 0.849
1.019 0.044 0.000 0.999 0.000

3 5 23/24 π 0.500 0.000 0.321 0.000 0.947
0.545 0.700 0.000 -0.714 0.000
1.091 0.000 0.694 0.000 -0.720
1.499 0.000 0.206 0.000 -0.979
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slip system case α λ
∗
c1

∗
c2

∗
c3

∗
c4

3 5 23/24 π 1.638 0.686 0.000 -0.728 0.000
1.997 0.337 0.000 -0.942 0.000
2.187 0.000 0.678 0.000 -0.735
2.492 0.000 0.426 0.000 -0.905
2.740 0.667 0.000 -0.745 0.000
2.984 0.491 0.000 -0.871 0.000
3.301 0.000 0.653 0.000 -0.757
3.467 0.000 0.546 0.000 -0.838

6 13/24 π 0.857 0.000 0.697 0.000 0.717
1.711 0.685 0.000 0.729 0.000
2.007 0.000 0.339 0.000 0.941
2.557 0.000 0.671 0.000 0.741
3.035 0.497 0.000 0.868 0.000
3.379 0.650 0.000 0.760 0.000

To investigate the influence of the surface step opening angle2(π − α) on the stress
field, a series of numerical calculations is executed. The additional stress to the uniform
background stress is shown in figure 4.15 for some pointP within a distance h from the
wedge tip. Over a wide range of wedge opening angles the stress is almost constant. When
α → π/2, i.e. the flat surface without any stress singularity, the additional stress to the
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Figure 4.15: Numerical calculation: Additional stress to the uniform background stressσapp at point P =
(3/5 h;−3/5 h).
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uniform background stress approaches zero. However, whenα increases these stresses
increase. This result agrees to the finding of Repetto and Ortiz [18]; the fatigue crack is
most likely to nucleate from the acute angle of the PSB with he surface. However, between
the extreme configurations, the stresses can be considered constant. Because almost all 6
cases lie inside the constant region, especially those of the primary slip systems, i.e. cases
1 and2, all surface steps shown in figure 4.14 will be treated in the sequel as case2, i.e.
with α = 7/8 π.

Comparisons of the analytical to the numerical solution for a complex surface struc-
ture
After having looked at a single surface step we now focus on a more realistic surface
roughness with hundreds of surface steps. There is no assumption on the evolution of sur-
face roughness. It is an outcome of the dislocation dynamics simulation, in which we track
the number of dislocations moving out for each slip plane individually. Based on these
numbers we calculate the step heights and the elastic fields due to the surface steps. The
calculation of the elastic fields at every time step of the simulation is very expensive. To
accelerate the calculation for complex surface structures with many surface steps, the ap-
plicability of a cut-off radius is investigated. The results for a1µm× 2µm grain after 500
stress cycles are shown in figure 4.16.
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Figure 4.16: The influence of a cut-off radius on the stress distributionσxx/σapp inside a1µm × 2µm grain
caused by the surface roughness after500 stress cycles. The surface roughness was simulated by the
2DD model and is similar to that in figure 2.10 (a).
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In figure 4.16 the grain is shown after 500 stress cycles with the free surface along
y = 0 and the applied stress parallel to the free surface. According to St. Venant’s principle
the elastic fields are altered by the surface step in an area which has a size on the order of
the surface step height. We usercutoff/h = 10, rcutoff/h = 100 andrcutoff/h = 1000
to investigate the influence of a cut-off radius. For those cut-off radii, there is a significant
difference in the stress distribution compared to that without a cut-off. In conclusion, the
cut-off radii underestimates the effect of the surface steps significantly. This can be under-
stood by recalling that in figure 4.6 the analytical approach predicts that the stress decays
rapidly; the radius of the1/2σapp contour is smaller thanh. However, there are a great
number of steps along the surface after 500 cycles. This defines the width of the grain as
the characteristic length for St. Venant’s principle. Therefore, the region with an influence
in the stress field due to the surface roughness is characterized by the size of the grain.

Now we compare the analytical solution to the numerical one for a complex surface
structure. The 2DD model described in chapter 2 is used to calculate a surface roughness for
a2µm×2µm grain. For convenience of mesh generation, a sample of that surface profile is
simplified, i.e. small ex- and intrusions are deleted from the profile. Subsequently, an elastic
FEM calculation is performed that will only reveal the stress field caused by the surface
steps. Figure 4.17 shows the stress distribution for a coarse mesh, which gives only a crude
approximation to the elastic fields caused by the surface roughness. Therefore, the stress
distribution is different than the result for the single step shown in figure 4.2. Moreover,
only a few contours are shown in figure 4.17. Comparing figure 4.17 to figure 4.16 (d), the
area with a stress enhancement of1/3σapp due to the surface roughness is much smaller for
the numerical solution than for the analytical solution. Moreover, the stress enhancement
close to the free surface is smaller for the numerical than for the analytical solution.

0.5
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0.166667
0

-0.2
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xxσ   /σapp

0.5
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Figure 4.17: Stress enhancement in thex-directionσxx/σapp under tensile loading in thex-direction at a partic-
ular surface roughness, which is similar to the surface roughness used for figure 4.16.

Evolution of stress due to accumulation of surface roughness
The stress in the grain due to the surface roughness is determined, according to equa-
tion (4.9), by the height of the surface roughness and the background stress. In figure 4.18
the evolution of the surface roughness, i.e. the sum of the heights of the surface steps, is
shown for a2 × 1µm grain using the 2DD model explained in chapter 2. Like the dislo-



86 Chapter 4

cycles

su
rf

ac
e 

ro
ug

hn
es

s

0

50

100

150

200

250

300

350

400

450

500

0 200 400 600 800 1000 1200 1400 1600 1800 2000

Figure 4.18: The evolution of the total surface roughness
P

hi/b for a2× 1µm grain for 2000 cycles using the
2DD model described in chapter 2.hi denotes the height of the individual surface steps.

cation density, which is shown in figure 2.15, the surface roughness is increasing rapidly
at the beginning and starts to level off after600 cycles. Evidently, surface roughness and
dislocation density are connected. If a slip plane, which is bound on one side by the free
surface, has an impenetrable grain boundary on the other end, the surface roughness stops
growing once the number of dislocations on the slip plane stops increasing, which is evident
by the comparison of figures 2.15 and 4.18.

The second parameter determining the stress caused by surface roughness is the back-
ground stress, i.e. the applied stressσapp for the representative surface step in section 4.2.
In figure 4.19 the evolution of the average and the standard deviation ofσ̃xx along the
free surface is shown (recall thatσ̃xx is the stress caused by the singular fields of all dis-
locations). Because the dislocation density does not evolve monotonically but with large
oscillationsσ̃xx also oscillates. For the2000 cycles shown, the average stress along the free
surface is roughly a third of the peak applied stress. However, the standard deviation in-
creases during time. This leads to an increase in the instantaneous local background stresses
σapp, which acts on the discrete surface steps. This local increase in the stress could lead,
if other conditions are satisfied, to crack initiation which is also a local phenomena.

In conclusion, the stress due to the surface roughness increases over time since both the
surface roughness and the local stresses at the free surface increase. The elastic fields in
the entire grain are influenced by the surface roughness and the stress enhancement due to
the surface steps is on the order of the applied stress. This leads to the final conclusion that
the region of influence and the enhancement in the stress due to surface roughness are quite
substantial in initiating fracture.
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Figure 4.19: The evolution of the average and standard deviation of the stress componentσ̃xx/σmax along the
free surface for2000 cycles. This stress is due to the dislocation distribution in a2µm× 1µm grain
using the 2DD model explained in chapter 2.σmax is the maximal applied stress (cf. figure 2.1)
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Stress-strain curves

5.1 Introduction

Now we want to look into the stress-strain response for different loading conditions and
grain geometries. Stress-strain curves are a standard result of fatigue experiments. We,
therefore, have to find a a strain measure for the stress-controlled simulations we per-
formed so far. For the strain-controlled simulations we have to setup a method to prescribe
displacements.

Until now, the traction-free boundary conditions on the simulated grain were taken
into account analytically. This approach is applicable when modeling dislocations in half-
space with a uniform applied stress, as it was mentioned in chapter 2. For strain-controlled
simulations, as well as for those with more complex boundary conditions it is not feasible to
include the boundary conditions analytically and a more general approach to the boundary
value problem is necessary. We use the superposition method proposed by Van der Giessen
and Needleman [28] here.

The approach proposed originally by Van der Giessen and Needleman uses the elastic
solution of a dislocation in infinite space. Here, as in [2] we use the half-space solution
because it satisfies the boundary conditions at the free surface intrinsically and therefore
reduces the numerical effort of the boundary problem significantly. However, both ap-
proaches, i.e. the infinite space and the half-space solution, give the same result since the
solution to an elastic boundary value problem is unique.

The formulation adopted here is one for small strains and does not take the surface
steps into account that are produced by dislocations moving out at the free surface. In
chapter 4 an approximate approach to include the effects of surface roughness is suggested.
Deshpande et al. [49] have proposed a finite strain formulation of the superposition method.
In the finite strain model, re-meshing is necessary to account for the change in geometry.
Moreover, the elements at the surface step would have to be small enough to capture the

89
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surface roughness, which is on the order of a nanometer. On the other hand, the mesh
has to cover the grain, which is on the order of a micrometer. Therefore, a complex re-
meshing routine is necessary to prevent very elongated elements and a very large number
of elements is needed. This would lead to a significant increase in the computational costs,
which are already substantial in the small-strain formulation. Therefore, we use the small-
strain formulation here.

5.2 Model for strain-controlled simulations

The small-strain framework of Van der Giessen and Needleman [28] is used here to solve
quasi-static boundary value problems for bodies with dislocations. As a reminder, at some
instant the body contains a distribution of dislocations which are regarded as point de-
fects in this two-dimensional representation and are embedded in a linear elastic isotropic
continuum. At the boundaryS = Su ∪ Sf mixed boundary conditions are prescribed;
displacement boundary conditions are prescribed alongSu while tractions are prescribed
along theSf boundary. The tractions on the boundary areT = nσ, wheren is the outer
normal to the boundary.

T on Sf

u on Su

T on Sf

u on Su

T on Sf

u on Su

u u

~

~

~

u

Figure 5.1: The boundary value problem as superposition of a discrete dislocation problem for a half-space and a
correction for the boundary conditions.

The elastic fields of the body containing the dislocations are calculated, as shown in
Figure 5.1, by superposition of the elastic fields of the dislocation distribution˜ and thê
fields, which correct the boundary conditions:

σ = σ̃ + σ̂

u = ũ + û

ε = ε̃ + ε̂

Here, the elastic fields of the dislocation distribution˜ are calculated as the sum of the
elastic fields of the individual dislocationsI:
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σ̃ =
∑

I

σ̃I

ũ =
∑

I

ũI

ε̃ =
∑

I

ε̃I

These elastic fields are evaluated using Freund’s [30] equations, mentioned in chapter 2
and which already satisfy the free surface boundary conditions. The boundary conditions
on the other boundaries have to be accounted for through theˆ correction fields.

The˜ fields are continuous and non-singular at any point except at the sites of the dis-
locations. Therefore, thêfields are also continuous and non-singular along the boundary
and can be easily solved by numerical techniques such as the finite element method, which
is used here. Therefore, the governing equations for theˆ fields read (cf. chapter 1)

divσ̂ = 0;

ε̂ =
1
2

(
grad û + grad Tû

)
;

σ̂ = Cε̂,

which have to be satisfied throughout the body. The boundary conditions for theˆ fields
are

nσ̂ = T̂ = T − T̃ on Sf

û = u− ũ on Su

The iterative method of the simulation is as follows. First, the updated dislocation
distribution is calculated based on the singular long-range dislocation interaction forces,
the free surface image stress and the correction fields from the previous time step. To
that end, the applied stress in equation (2.3) already indicated with aˆ is replaced by the
correction stress and the dislocations move according to the drag relation (2.4). Then, the
surface tractions and displacements due to this dislocation distribution are evaluated. After
that, the boundary conditions for the finite element method are calculated asT̂ = T − T̃ to
fulfill the prescribed boundary conditions. After solving forσ̂ the next time step is started.

Here, we use the constitutive rules of the 2DD model, as described in chapter 2. The
extended rules of the 2.5DD model are not used because they are computationally very ex-
pensive. The 2.5DD model is barely feasible for the stress-controlled simulation, as shown
in chapter 2; since solving the boundary value problem numerically is more expensive than
the analytical approach the use of the 2.5DD model was not considered feasible.
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5.3 Stress versus strain-controlled experiments

The characteristic stress-strain curve for stress-controlled fatigue experiments is shown in
Figure 5.2 (a). In the first cycle the material is soft, not many dislocations form junctions
and the material therefore shows little hardening in the plastic regime. With continued
cycling the number of dislocations increases. The dislocations form junctions and hinder
the movement of each other. This hardening leads to an increase in the plastic slope with
continued cycling. Furthermore, since the maximal admissible stress within each cycle is
prescribed, the plastic strain is decreasing in each cycle.

σ

ε

σ

ε

(a) (b)

Figure 5.2: Hysteresis loop for stress-controlled (a) and plastic strain-controlled (b) experiments.

Strain-controlled experiments are more common. Here, the plastic strain in each cycle
is prescribed. During these experiments, stress the total strain are measured, which are then
used to control the plastic strain. The hardening also increases with this loading condition
from one cycle to the next, but since the plastic strain has to reach a constant value in each
cycle, the maximum applied stress reached per cycle increases. After thousands of cycles
the dislocation density saturates. Therefore, the hardening saturates and the maximum
applied stress reaches a saturation level.

5.4 Results for stress and strain-controlled simulations

First we look at the stress-strain response predicted under stress control as described in
chapter 2. In this stress-controlled simulation, the difference between the average displace-
ment of the left-hand with respect to the right-hand grain boundary is used to calculate the
strain.

We apply a cyclic stress, as shown in figure 2.1, and evaluate the strain. The result of
this stress-controlled simulation is shown in figure 5.3. The difference between the elastic
and plastic regime is well defined in the first cycle. The slope in the plastic regime is
high since the grain is constrained by the surrounding elastic half-space. The fact that the
attained strain reduces with increased cycling agrees with the expectation in figure 5.3.
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Figure 5.3: Stress-strain curve for stress-controlled simulations, for cycles1 to 4.

We suspect that the reason for the first cycle moving to a higher strain, rather than to a
lower strain, lies in the chaotic nature of dislocation movement, as shown by Deshpande et
al. [38].

To simulate strain-controlled fatigue in a polycrystalline material, we model a grain
inside a uniform isotropic continuum. To that end, we perform simulations for a2µm ×
2µm grain at the free surface which is embedded in a24µm × 13µm computational cell,
see figure 5.4.

grain

elastic isotropic continuum

Figure 5.4: Computational cell for the strain-controlled simulations.

To compare the stress and strain-controlled results, we measure the displacements,
which are used to calculate the strain, at the grain boundaries. For this simulation the dis-
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placements are controlled at the boundary of the computational cell. In figure 5.5 the plastic
regime is clearly distinguishable from the elastic regime in the hysteresis loop. Moreover,
the stress-strain response at the grain boundaries is soft. However, the hysteresis loop
shows stress-controlled characteristics, i.e. the attained stress is roughly constant during
the simulation and the maximal attained strain is decreasing due to hardening. Therefore,
stress and strain-controlled simulations lead to the same material stress-strain response for
a grain inside a relatively large elastic continuum.
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Figure 5.5: Stress-strain hysteresis loop measured at the grain boundary for 3 cycles for strain-controlled simula-
tions in a2µm × 2µm grain. The stress-strain curve of the computational cell (figure 5.6) is shown
as reference.

In terms of the overall strainε, based on the displacements at the boundary of the com-
putational cell, the plastic region is not well defined and the stress-strain response is much
harder than the one at the grain boundary, as shown in figure 5.6 (a). The irreversibility on
this macroscopic cell is small. However, in fatigue only a small irreversibility is necessary
to cause failure.

We zoom to the upper right-hand corner of the hysteresis loop to find the evolution
of the maximum stress over time. As shown in figure 5.6 (b), the maximum stress rises.
However, this evolution is not monotonic, which is again attributed to the chaotic nature of
dislocations.

Let us look at the reason for the grain having almost no influence on the stress-strain
behavior for strain-controlled simulations, as shown in figure 5.6 (a). For the stress and
strain-controlled simulations the displacement, which is used to calculate the strain, is mea-
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Figure 5.6: Macroscopic stress-strain curve for strain-controlled simulations (a). Zoom of the maximal strain
region (b).

sured at different sites. For stress-controlled simulations the displacements are measured
along the grain boundary, as mentioned above. However, for the strain-controlled simu-
lations the displacements and stresses are measured at the boundary of the computational
cell. Moreover, the grain is small compared to the computational cell, as shown in fig-
ure 5.4. The size of the computational cell is chosen such that the elastic fields due to the
grain are negligible at the boundaries of the computational cell according to St. Venant’s
principle; the proportion of the grain to the computational cell is1 : 10.

In this work, we try to model a plastic grain inside a macroscopic polycrystalline ma-
terial. Therefore, the grain is subjected to remote strain-controlled boundary conditions.
In the simulation the influence of the plastic grain inside the elastic continuum is small
on the macroscopic material, as it is shown in figure 5.6 (a). Moreover, the influence of
the plasticity in the grain on the elastic fields at the boundary is necessarily small in this
configuration.

5.5 Influence of grain size and shape on the stress-strain
curve

We return to the stress-controlled simulations to study the stress-strain response for var-
ious grain sizes and grain shapes. We chose the stress-controlled model over the strain-
controlled because of its simplicity.

The Orowan equation is given by

ε̇ = bρdislvdisl,

whereρdisl is the mobile dislocation density andvdisl is the average dislocation velocity.
Time-integration leads to

ε = bρdislsdisl, (5.1)
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Figure 5.7: Stress-strain curve for a1µm× 1µm, 2µm× 2µm and4µm× 4µm grain surrounded by an elastic
continuum.

wheresdisl is the average the dislocations have traveled. The average path of a dislocation
decreases when the grain size decreases due to the impenetrable grain boundary. According
to equation (5.1), therefore, the dislocation density increases to accompany the same plastic
strain. Furthermore, because of the higher dislocation density, hardening is stronger for
small grains, as shown in figure 5.7 for1 × 1, 2 × 2 and4 × 4µm2 grains. The density
of obstacles and dislocation sources is the same in all grains. Small grains are harder
than large grains, which is called the Hall-Petch effect. Furthermore, large grains have
a smoother stress-strain curve than small grains, as shown in figure 5.7. In larger grains
there are more discrete dislocations, which average out the discrete effects like nucleation,
pinning, annihilating or dislocations moving out at the free surface. For much larger grains
an even smoother and softer curve than the curve for the4µm × 4µm grain is expected,
which is likely to approach an elastic-perfect plastic stress-strain curve for an infinitely
large grain.

Figure 5.8 reveals an additional reason for the hardness of small grains during stress-
controlled simulations. The figure shows the displacement parallel to the free surface nor-
malized by the grain width. The displacements are small far inside the elastic continuum,
but along the grain boundaries the influence of the plastic grain increases because the grain
is softer. The region along the grain boundary where the elastic surrounding decreases the
displacement can be taken to have a constant size independent of the grain size, as can be
seen by comparison of the1µm×1µm and2µm×2µm grain. Therefore, the area fraction
where the displacements are mainly influenced by the hard surrounding is increasing for
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x

Figure 5.8: Displacement in the x-direction normalized by the width of the grain for a1µm × 1µm, 2µm ×
2µm and4µm× 4µm grain surrounded by an elastic continuum at the peak stress of the first cycle,
magnified by factor100.

smaller grains.

The shape of the grain is square in most simulations presented in this thesis to allow
dislocations to form structures. To study the influence of the grain shape on the stress-strain
response, results for2µm × 1µm, 1µm × 2µm and

√
2µm × √2µm grains are shown in

figure 5.9. The density of obstacles and dislocation sources is the same in all grains. The
square grain is softest because the maximum slip plane length, i.e. the maximum distance
a dislocation can travel, is longer. This grain, therefore, exhibits the least hardening due to
grain boundaries. The tall and the wide grain have the same maximum slip plane length.
However, the taller grain is softer, as explained above and by figure 5.8. In this grain, the
area fraction of the grain boundary is smaller in which displacements are influenced by
the elastic – and therefore hard – continuum surrounding. Therefore, the tall grain has a s
softer stress-strain response than the wide grain.

Summarizing this chapter, the difference between the stress and strain-controlled exper-
iments is revealed in the evolution of the stress-strain hysteresis loop. For stress-controlled
simulations the grain size and shape influence the stress-strain response: smaller and wider
grains are harder. The hysteresis loop measured at the grain boundaries for the strain-
controlled simulations is similar to the one of the stress-controlled simulation. For strain-
controlled simulations the computational cell is sufficiently large that the plasticity inside
the grain does not influence the elastic fields at the boundaries of the computational cell.
Furthermore, with this approach it is possible to simulate a grain of arbitrary shape inside a
uniform continuum that represents a polycrystalline material. The strain-controlled simu-
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Figure 5.9: Stress-strain curves for grains with the same area but different shapes,2µm × 1µm, 1µm × 2µm
and

√
2µm×√2µm, for stress-controlled simulations.

lations are, therefore, a step into the direction of the ’QuoVaDis’ model, which is described
next in chapter 6.



Chapter 6

’QuoVaDis’ model

6.1 Introduction

We introduce the ’QuoVaDis’ model, which is the phonetic name for ’CoWaDis’, which re-
minds one that the model incorporates COhesive surfaces, takes into account the WAviness
of the free surface and includes 2D DISlocation dynamics. We employ this model based
upon the ingredients of the preceding chapters to simulate fatigue crack initiation.

u  on S0 u
T  on S0 f T  on S0 fu  on S0 u

u

T  on S0 fu  on S0 u

u uu ~

~
~

= + +

(b)(a) (c) (d)

Figure 6.1: ’QuoVaDis’ model (a) as the compilation of a dislocation model (b), described in chapter 2, a model
to incorporate the cohesive surface and the boundary conditions (c), partially described in chapter 5,
and a surface step model (d), developed in chapter 4.

The model splits up the problem we want to analyze, figure 6.1 (a), into three parts.
The first part is the 2DD model described in chapter 2. This part models the structuring of
dislocations and their collective stress fields and is shown in figure 6.1 (b).

The cohesive surface as well as the boundary conditions are included into the model

99
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through the second part, figure 6.1(c). The cohesive surface model is described in this
chapter. Since the cohesive surface law is nonlinear, the boundary value problem is being
formulated as an incremental problem using forward Euler time integration. Furthermore,
we assume a reversible cohesive surface law, since we neglect oxidation and all other pro-
cesses, which alter the evolving crack suface and prevent it from healing.

The third part is the approximate description of the fields caused by surface steps, as
developed in chapter 4. This is included to account for the influence of surface steps on
fatigue.

The three parts are coupled by their elastic fields in a way that is described in section 6.3.
The cohesive surface has not been discussed at all so far, so we therefore start this chapter
with that.

6.2 Cohesive surface theory

To model cleavage, the cohesive surface model of Xu and Needleman [29] is adopted.
This cohesive law couples normal and tangential separation and thus is an extension of the
universal binding law by Rose et al. [58], which only includes normal separation.

∆t∆n s

Figure 6.2: Definitions used for the cohesive surface

As shown in figure 6.2,∆n denotes the normal separation and∆t the tangential sep-
aration in the reference configuration. The work of normal and tangential separation is
denoted byΦn andΦt, respectively, and the characteristic lengths are denoted byδn and
δt, respectively. The traction vectorT, with componentsTn andTt, is determined by the
cohesive energyΦ through

T = − ∂Φ
∂∆

(6.1)

where

Φ = Φn − Φn exp
(
−∆n

δn

)[(
1− r +

∆n

δn

)
1− q

r − 1
−

(
q +

r − q

r − 1
∆n

δn

)
exp

(
−∆2

t

δ2t

)]

The material parametersq andr govern the coupling between the normal and tangential
response as
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Φn = eσmaxδn (6.2)

Φt =
√

e/2τmaxδt (6.3)

q =
Φt

Φn
(6.4)

r =
∆∗

n

δn
(6.5)

wheree = exp(1) and∆∗
n is the value of∆n after complete shear separation withTn → 0

(cf. r in figure 6.3 (a)). The traction-separation relations are given by

Tn = − ∂Φ
∂∆n

(6.6)

=
Φn

δn
exp

(
−∆n

δn

)[
∆n

δn
exp

(
−∆2

t

δ2t

)
+

1− q

r − 1

(
1− exp

(
−∆2

t

δ2t

))(
r − ∆n

δn

)]

Tt = − ∂Φ
∂∆t

(6.7)

= 2
Φn

δt
exp

(
−∆n

δn

) (
q +

r − q

r − 1
∆n

δn

)
∆t

δt
exp

(
−∆2

t

δ2t

)

and figure 6.3 shows the corresponding graphs.σmax andτmax are the normal and tangen-
tial strengths, respectively.
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Figure 6.3: Traction-separation law for normal (a) and tangential direction (b) normalized by the maximal normal
σmax and tangential stressτmax.
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Let us first focus on the normal traction response for∆t = 0 shown in figure 6.3. At
small∆n the normal traction is increasing almost linearly with increasing normal separa-
tion. Thereafter, the slope is decreasing and the maximal normal tractionσmax is reached
at the characteristic openingδn. Afterwards, the traction is decreasing and asymptotically
approaches zero when a fully open crack is formed. With increasing tangential separation
the maximal normal stress decreases and reaches a non-zero value for complete tangential
separation, providedq < 1.

The tangential traction – separation curve exhibits the same qualitative behavior as for
the normal direction with a maximum ofτmax reached at1/

√
2δt but is antisymmetric.

Also, under complete normal separation, there is no tangential strength left.

Figure 6.4 shows the influence of the parametersr andq. Figure 6.4 (a) shows that
with r = q, for increasing normal opening the tangential strength decreases, which can be
physically explained by atomic planes being separated and therefore having less resistance
for shearing. Ifr − q > 0 the same behavior is seen under compression, but for tension
the tangential strength becomes negative, which is unphysical. Forr − q < 0, there is a
maximum in the compressive area, which leads to a lower tangential strength for greater
compression, which also is not physical. These observations lead to takingr = q. Given
this, figure 6.4 (b) shows how the normal strength on the tangential separation. In the
limit when the atomic planes are infinitely sheared the maximal normal stress decreases to
(1− q)σmax.
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Figure 6.4: Influence of the parametersr andq on the cohesive surface laws (6.6) and (6.7).Tmax
t andTmax

n
are the tangential and normal strength. Whileτmax andσmax are the corresponding strengths with
opening∆n = 0 and∆t = 0, respectively.
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6.3 Boundary value problem

The elastic fields of the body containing the dislocations are calculated, as shown in fig-
ure 6.2, by superposition of the elastic fields of the dislocation distribution˜ described in
section 5.2, thê fields, which correct the boundary conditions and the elastic fields due to
the surface roughness̄:

σ = σ̃ + σ̂ + σ̄,

u = ũ + û + ū.

The boundaries, at which the boundary conditions are prescribed, are sufficiently far away
that the elastic fields due to the surface roughness can be neglected. Therefore, theˆ fields
correct only for the elastic fields caused by the dislocation distribution:

T̂ = T − T̃ , û = u− ũ.

The virtual work for an elastic body with a cohesive surface, neglecting body forces
and surface tension, can be written as

∫

V

σ δε dV −
∫

Scoh

T δ∆ dS =
∫

Sext

T δu dS. (6.8)

Here,σ andε are the components of the stress and strain tensor, respectively.V is the
volume of the analyzed body, andScos andSext are the cohesive and external surface,
respectively.∆ is the separation vector of the cohesive surface, described in the previous
section. Naturally,∆ is evaluated in the deformed configuration.T is the surface traction
related to the surface normaln by T = σn.

In addition to equation (6.8) at timet, we also consider the virtual work expression att+
∆t. The equilibrium of thẽ fields is already enforced through the analytic expressions, as
mentioned in section 5.2. Moreover, as described above, the external boundary conditions
are corrected for by the finite element method. The volume integral can thus be rewritten
in ˆ form:∫

V

σ̂(t+∆t) δε dV −
∫

Scoh

T (t+∆t) δ∆ dS =
∫

Sext

T̂
(t+∆t)

δu dS (6.9)

Cleveringa et al. [2] gave the Taylor expansion for the cohesive tractions aboutt + ∆t
for all surfaces:

T
(
∆(t+∆t)

)
= T

(
∆̃(t+∆t) + ∆̂(t+∆t)

)
= T

(
∆̃(t+∆t) + ∆̂(t) + ∆t ˙̂∆

)

∼= T
(
∆̃(t+∆t) + ∆̂(t)

)
+ K

(
∆̃(t+∆t) + ∆̂(t)

)
∆t ˙̂∆ (6.10)

whereK is defined by

K =
∂T
∂∆



104 Chapter 6

T is the traction vector, while∆ is the separation vector. Recall that the superposed dot
denotes differentiation with respect to timet. Approximating the stresses att+ ∆t to first
order gives

σ̂(t+∆t) = σ̂(t) + ˙̂σ ∆t. (6.11)

Substituting equations (6.10) and (6.11) into (6.9) gives the following equation:

∫
V

˙̂σ
(t)
δε dV−∫

Scoh
K

(
∆̃

(t+∆t)
+∆̂

(t)
) ˙̂∆ δ∆ dS−∫

Sext
K̂

(
ũ(t+∆t)+û(t)

)
˙̂u δu dS

=

− 1
∆t

[ ∫
V

σ̂(t)δε dV−∫
Scoh

T
(
∆̃

(t+∆t)
+∆̂

(t)
)
δ∆ dS − ∫

Sext
T̂

(
ũ(t+∆t)+û(t)

)
δu dS

]

Along the external boundary where tractions are prescribed, we invokeT = 0. Addi-
tionally, the contribution of the dislocation distributioñT = 0 here, since we employ the
half-space solution for the elastic fields of dislocations. Therefore,T̂ = 0 along the ex-
ternal surfaceSext where tractions are prescribed. Furthermore, we invokeδu = 0 on the
external surface where the displacements are prescribed. In conclusion, all contributions
from the external surface vanish. Furthermore, substituting equation (6.8) for the volume
integral on the right-hand side and rearranging, one obtains

∫
V

˙̂σ
(t)
δε dV − ∫

Scoh
K

(
∆̃

(t+∆t)
+ ∆̂

(t)
) ˙̂∆ δ∆ dS = (6.12)

1
∆t

[ ∫
Scoh

[
T

(
∆̃

(t+∆t)
+ ∆̂

(t)
)
− T

(
∆̃

(t)
+ ∆̂

(t)
)]
δ∆ dS

The first line of equation (6.12) forms the left-hand side of the linear system of finite ele-
ment equationsKu = f after some derivations. The second line is the change in energy
due to the cohesive surface opening.

To incorporate the boundary conditions of the˜ fields in the incremental forward Euler
time integration, we rewrite the tractions on the surfaces due to the dislocation distribution
as a function of the dislocation velocity:

dT (ũ)
dt

=
dT (ũ)
ds

ds

dt
=

∑

disl

dT i(ũ)
ds

vi

Together with equation (6.12) the solution to the rate boundary value problem is defined,
which is used in the QuoVaDis model. In addition to the influence of the dislocations,
the displacement due to the surface roughness is incorporated into the model in a similar
fashion.
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6.4 Problem formulation

We use the QuoVaDis model with a random distribution of sources and obstacles. More-
over, we use the analytical approximation to the elastic fields of the surface steps, as de-
scribed in chapter 4. Initially, the surface is perfectly flat.

stress concentration

most active
slip plane

(a) (b)

first cohesive
surface of set 2

mµ0.5

mµ0.5

mesh
for set 1

set 2set 1

Figure 6.5: Lower left-hand corner of a2 × 2µm grain with two sets of cohesive surfaces (a). Schematic repre-
sentation of first cohesive surface at intersection of most active slip plane with free surface (b).

For different random distributions of dislocation sources and obstacles in a2µm×2µm
grain we have observed the highest stresses at the surface due to the dislocation distribution
betweenx = 0 andx = 0.7µm. One particular configuration was discussed in chapter 2.
We place 12 different sets of cohesive elements in this high stressed area. We employ
here the two sets shown in figure 6.5 (a) that fracture in the given time. They differ in
the orientation of the cohesive element to the free surface, so that we can investigate the
sensitivity of the direction of crack initiation. Both cohesive elements of the first set are
oriented along the primary slip system, i.e.45◦ to the free surface.

The first cohesive element of set 2 is normal to the free surface, because the stress
normal to this cohesive element is maximum in this configuration. The second cohesive
element is taken to follow the primary slip system. Furthermore, the first cohesive element
is placed at the intersection of the most active slip plane with the free surface, as shown
in figure 6.5 (b). Therefore, the stress concentration caused by the surface roughness is
maximal for this cohesive element. Additionally, we choose a material with a lower normal
fracture energy. In conclusion, this is the ’worst case’ scenario.

In both simulations, we use the material parametersr = q = 0.5 in equations (6.6) and
(6.7), which have been used previously to model fatigue crack propagation [2]. The critical
normal openingδn is 4b and2b for set 1 and 2, respectively. The tangential openingδt = 4b
for both sets. The strength of the cohesive surfaceσmax = 600MPa = 6σyield = 4σapplied,
whereσyield is derived from the average Frank-Read source strength.
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Shearing along a slip system produces dislocation motion. However, it does not damage
the material, i.e. it does not reduce the normal strength of the cohesive surface. Therefore,
if a cohesive element is parallel to a slip system, e.g. the cohesive elements of set 1, we
do not allow for any tangential opening of the cohesive element, i.e. we enforce∆t = 0.
The cohesive element therefore retains its unchanged normal stress-separation law. For
cohesive elements that are normal to the free surface the interaction between normal and
tangential modes is modeled according to equations (6.6) and (6.7).

We use a small-strain formulation for the description of the dislocation fields and the
finite element correction, i.e. the coordinates are given in the undeformed configuration.
However recall from the previous section, the cohesive surface opening is calculated in
the deformed configuration. This difference in the configurations leads to a problem when
calculating the opening of the cohesive element, because the cohesive element is moving
relative to the slip planes. While at timet the cohesive element is one side of the slip
plane, and the displacement jump due to dislocations on that plane, in the next time step
the endpoints of the cohesive element might be on either side of the displacement jump, as
shown in figure 6.6. In this case the opening at these endpoints changes significantly from
one time step to the next. Depending on the amount of slip, this change can be a multiple
of the critical openingsδn andδt. Special rules were developed for this case to prevent a
non-continuous change in the opening of the cohesive element and therefore in the stiffness
matrix.

t     tt

(a) (b)

∆+timetime

slip planecohesive surface element

Figure 6.6: At timet, slip plane and cohesive element (a) and at timet + ∆t, cohesive element intersects slip
plane, i.e. two opposing nodes (¥) of a cohesive element are on either side of the slip plane, causing a
problem (b).

Closure of the surfaces during cycling is taken into account implicitly in the cohesive
law (6.6) and (6.7). If the normal opening becomes negative the stiffness increases expo-
nentially. This behavior can be explained physically as follows. Both rows of atoms, which
are modeled through the edges of the cohesive surface, are physically not able to penetrate
or to cross each other. Therefore, the stiffness increases for negative openings.
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6.5 Results

In figure 6.7 the normal opening of the cohesive element at the free surface is shown as a
function of time for the second set of cohesive elements. Additionally, the envelope of this
opening, i.e. the connection of the maximum openings per cycle, is shown. The opening
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Figure 6.7: The normal opening of the cohesive element∆n at the free surface. The model is used for a2µm×
2µm grain and with the second set of cohesive elements.100% equals the critical openingδn.

in the compressive phase is smaller (in absolute value) than in the tensile phase. This is
due to the exponential increase in the stiffness of the cohesive element for negative normal
openings.

The normal opening of the cohesive element at the free surface for both sets as a func-
tion of time over many cycles is shown in figure 6.8 (a). The opening for the second set
is almost constant initially and then increases rapidly until fracture initiates after∼ 36 cy-
cles. We stop the simulation once the normal opening∆n has reached the critical normal
openingδn of the cohesive element and refer to this event as ’fatigue crack initiation’. At
this point, the deformed mesh, i.e. the atomic structure, is highly distorted and dislocations
are assumed to be unable to glide across the cohesive surface. Therefore, additional rules
for the dislocation motion would be necessary whenever the cohesive element has an open-
ing greater thanδn. Moreover, dislocations moving into an open cohesive surface would
produce a surface step in the flanks of the evolving crack. This cohesive surface roughness
would prevent closure of the cohesive surface. All these additional rules would further
complicate the model. In these simulations we terminate the simulation once∆n = δn.

For the first set of cohesive elements, initially the maximum normal opening grows
slowly and then the opening increases rapidly during cycle140, figure 6.8 (a). Afterwards,
the maximum opening increases slowly again but with a larger amplitude for a few cycles.
In cycles142 the normal opening reaches93% of the critical opening and afterwards100%.
We note that the amplitude of the opening is constant until cycle140. However, the average
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normal opening per cycle (b) for both sets of cohesive elements in a2µm× 2µm grain.

opening per cycle increases. When the maximum normal opening increases the minimum
opening reaches positive values, i.e. the cohesive element does not close anymore, even
during cycles137–140.

The maximum normal opening per cycle,max(∆n), is shown for both sets of cohesive
elements in figure 6.8 (b). For set 2, it initially increases slowly with an average of∼
0.025% per cycle. During cycles14−20 the maximum opening decreases before increasing
rapidly after cycle 20.
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Figure 6.9: Contribution of the dislocation distribution and the surface roughness to the opening at the free surface
for set 2. The total opening is caused by the elastic deformation, the dislocation distribution and the
surface roughness.
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In figure 6.9 the contribution of the dislocation distribution and the surface roughness
to the normal opening of the cohesive element is shown for the second set of cohesive
elements. Since there are only a few dislocations, the opening in the first cycle is assumed
to be entirely elastic. Moreover, the elastic opening∆e is constant during the simulation.
Therefore, the contribution of the dislocations is∆̃ + ∆̂ − ∆e and this contribution is
initially very small. However, it increases and reaches large positive values shortly before
crack initiation. The contribution of the surface roughness∆̄ is small during most of the
simulation, and increases only right before fracture initiation. This despite the fact that we
placed the first cohesive element at the intersection of the most active slip plane with the
free surface to maximize the contribution of the surface roughness.
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Figure 6.10: Evolution of dislocation density for both sets of cohesive elements.

The dislocation density evolution for both simulations is shown in figure 6.10. Similar
to the findings with the stress-controlled 2DD model, presented in chapter 2, the dislocation
density initially increases rapidly and afterwards the rate of growth decreases. Contrary to
the stress-controlled model however, the dislocation density starts to grow again later in the
simulation. For the first set of cohesive elements the dislocation density increases rapidly
after roughly100 cycles. Several cycles later the maximum cohesive opening starts to in-
crease rapidly, as shown in figure 6.8 (b). With the rapid increase in the opening of the
cohesive element the dislocation density increases even more rapidly. Finally, the aver-
age dislocation density inside the grain reaches1000/µm2 = 1015/m2. This introduces
another practical limitation, beside the problem of dislocations crossing the cohesive sur-
face once∆n = δn. The dislocation density is so high that the computational costs of the
simulation are enormous and continuation of the simulation unfeasible.

To look in more detail at the predicted behavior, figure 6.11 shows the normal opening at
the free surface and the dislocation density for the first set of cohesive elements during the
last cycles of the simulation. Until cycle140 the opening has a constant amplitude and the
average value gradually increases. Afterwards, within half a cycle, the opening increases
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Figure 6.11: Evolution of dislocation density and normal opening at the free surface for set 1 of cohesive elements
shortly before fracture initiation.

by almost80% and the dislocation density increases as well. During cycles141− 143 the
maximum normal opening stays almost constant while the dislocation density increases
faster than before cycle140, although not monotonically as during cycle140.

So far we have looked at the total dislocation density, but the dislocation distribution is
not uniform. In figure 6.12 the dislocation distribution after142 cycles obtained with the
first set of cohesive elements is shown. Many dislocations have clustered in an area close
to the cohesive elements. Moreover, two primary slip planes, i.e. those at45◦, contain a
very large number of dislocations. The upper left-hand corner and the grain boundary have
a much lower dislocation density. The cohesive element cannot correctly take into account
the elastic fields of the large number of dislocations close to the cohesive element due to
the low number of integration points used in the simulation.

It should be pointed out, though, that the high density of dislocations around the co-
hesive element causes a numerical stability problem. In the few cycles preceding crack
initiation the opening shows spikes. Within a time step the normal opening at the free sur-
face might increase or decrease by several multiples of the Burgers vector; a few time steps
later the opening jumps back. The number of these spikes and their height increase with in-
creasing normal opening and increasing dislocation density. The reason for this numerical
problem lies again in the difference between the configuration of the cohesive element and
the dislocation distribution. This instability can be neglected, since it only occurs in the
last cycles preceeding fracture initiation. Furthermore, for the clarity of the figures, these
spikes are not shown.

The deformed grain is shown in figure 6.13. On the left-hand side of the surface a
protrusion has developed in conjunction with the pronounced primary slip. The remainder
of the free surface has moved inward. The principal stresses are high close to the free
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Figure 6.12: Dislocation distribution for a grain with the first set of cohesive elements after142 cycles.

surface. The cohesive element, which is parallel to the primary slip system, has only a
normal opening. Therefore, this model predicts that fatigue initiation is associated to mode
I crack opening and not to mode II, as commonly believed.

The strength of the cohesive surface,σmax = 600MPa, is not reflecting actual bond
properties even though the normal fracture energyΦn = 1.63J/m2 is realistic (cf. the
fatigue crack growth simulations in [3]). It is much lower to allow for the simulation to
finish in the given time. Therefore, the number of cycles to reach fatigue crack initiation is
much smaller than those found in experiments. With a larger cohesive surface strength the
material is expected to break later. With the values used here, the QuoVaDis model predicts
a crack, as shown in figure 6.13, and therefore is able to simulate fatigue crack initiation.
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[38] V.S. Deshpande, Y. Bréchet, A. Needleman, and E. Van der Giessen. Dislocation
dynamics is chaotic.Scripta Materialia, 45:1047–1053, 2001.

[39] D. Weygand, L.H. Friedman, E. Van der Giessen, and A. Needleman. Aspects
of boundary-value problem solutions with three-dimensional dislocation dynamics.
Modelling and Simulation in Materials Science and Engineering, 10:437–468, 2002.

[40] W.M. Lomer. A dislocation reaction in the face-centred cubic lattice.Philosophical
Magazine, 42:1327–1331, 1951.

[41] S. Suresh. Fatigue of Materials. Cambridge UK: Cambridge University Press, 2
edition, 1998.

[42] G.P. Zhang, R. Schwaiger, C.A. Volkert, and O. Kraft. Effect of film thickness and
grain size on fatigue-induced dislocation structures in cu thin films.Philosophical
magazine letters : physics of condensed matter, 83(8):477–484, 2003.

[43] H. Mughrabi, R. Wang, K. Differt, and U. Essmann. Fatigue crack initiation by cyclic
slip irreversibilities in high-cycle fatigue. In J. Langfort, D.L. Davidson, W.L. Morris,
and R.P. Wei, editors,Quantitative Measurement of Physical Damage, Special Tech-
nical Publication 811, pages 5–45. Philadelphia, PA: American Society for Testing
and Materials, 1983.

[44] W.H. Kim and C. Laird. Crack nucleation and stage I propagation in high strain
fatigue – II. mechanism.Acta Metallurgica, 26:789–799, 1978.

[45] K. Katagiri, A. Omura, K. Koyanagi, J. Awatani, T. Shiraishi, and H. Kanerhiro. Early
stage crack tip morphology in fatigued copper.Metallurgical Transactions, 8A:1769–
1773, 1977.

[46] L. M. Brown. Dislocations and the fatigue strength of metals. In Hartley Ashby, Bul-
lough and Hirth, editors,Proceedings of the International Conference on Dislocation
Modeling of Physical Systems, pages 51–68. New York: Pergamon Press, 1980.

[47] M.L. Falk, A. Needleman, and J.R. Rice. A critical evaluation of cohesive zone
models of dynamic fracture.Journal de Physique IV, 11:43–50, 2001. Proceedings
to the 5th European Mechanics of Materials Conference.

[48] M. Peet. Strength of materials. http://mathewpeet.org/science/materials/strength.

[49] V.S. Deshpande, A. Needleman, and E. Van der Giessen. Finite strain discrete dis-
location plasticity. Journal of the Mechanics and Physics of Solids, 51:2057–2083,
2003.

[50] D. Gross and T. Seelig.Bruchmechanik. Springer Verlag, 3 edition, 2001.

116



[51] R.V. Kukta and K. Bhattacharya. A micromechanical model of surface steps.Journal
of the Mechanics and Physics of Solids, 50:615–649, 2002.

[52] V.I. Marchenko and A.Y. Parshin. Elastic properties of crystal surfaces.Sov. Phys.
JETP, 52:129–131, 1980.

[53] P.J.E.. Forsyth. Extrusion of material from slip bands at the surface of fatigued crystals
of an aluminium-copper alloy.Nature, 171:172–173, 1955.

[54] A. H. Cottrell, F.R.S. Hull, and D. Hull. Extrusion and intrusion by cyclic slip in
copper. InProceedings of the Royal Society London, volume A242, 1957.

[55] S. Brochard, P. Beauchamp, and J. Grilhé. Stress concentration near a surface step
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Appendix: Image force of a
dislocation in half-space

In chapter 2 the analytical expression of Freund [30] for a dislocation in half-space was
divided into the infinite space solution and the expression representing the effect of the free
surface, i.e. image stress. This derivation is explained here. The definitions are given in
figure 1.

h

x

x

1

b

2

α

Figure 1: Coordinate system used for the elastic fields of a dislocation in half-space close to a free surface by
Freund [30].

The complex coordinateζ is defined asx1 + ix2. The complex notation for the Burgers
vector is given byb = bx1 + ibx2 . In this appendix we will denote the half-space solution
with σ, infinite space solution byΣ and the free-surface image stress byσ̌:

σ = Σ + σ̌

Freund [30] gave the following equations for the stress field of a dislocation in infinite
space:

1
2
(Σ11 + Σ22) = 2<(Φ′(ζ)) (1)

1
2
(Σ11 + Σ22) + iΣxy = ζ̄Φ′′(ζ) + Ψ′(ζ) (2)
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where

Φ′(ζ) =
µ

4π(1− ν)
ib

ζ + ih

Ψ′(ζ) = − µ

4π(1− ν)

[
ib̄

ζ + ih
+

bh

(ζ + ih)2

]

For the half-space,

σ22 − iσ12 = ϕ′(ζ)− ϕ′(ζ̄) + (ζ − ζ̄)ϕ′′(ζ) (3)

σ11 + iσ12 = ϕ′(ζ) + ϕ′(ζ̄)− (ζ − ζ̄)ϕ′′(ζ) + 2ϕ′(ζ) (4)

where, as mentioned in chapter 2,

ϕ′(ζ) =
µ

4π(1− ν)

(
ib

ζ + ih
− ib̄(ζ + ih)

(ζ − ih)2
− i(b− b̄)

ζ − ih

)

ϕ′′(ζ) =
µ

4π(1− ν)

(
− ib

(ζ + ih)2
+ 2

ib̄(ζ + ih)
(ζ − ih)3

+
i(b− 2b̄)
(ζ − ih)2

)

From (3) and (4) one gets

1
2
(σ11 + σ22) = 2<(ϕ′(ζ)) (5)

which is similar to equation (1) of the infinite space solution. Also

1
2
(σ22 − σ11) + iσxy = ζ̄ϕ′′(ζ)−

(
ϕ′(ζ̄) + ϕ′(ζ) + ζϕ′′(ζ)

)
(6)

Based on comparing this expression to the infinite space solution (2), the last part in the
parenthesis will be called−ψ′(ζ).

We continue to identify the free surface image fields. These can be calculated form the
difference of the infinite space and the half-space solution. Therefore, we have to identify
ψ′(ζ) as

ψ′(ζ) = ζϕ′′(ζ) + ϕ′(ζ) + ϕ′(ζ̄)

= µ
4π(1−ν)

[
ib̄

ζ+ih + bh
(ζ+ih)2 − ib

ζ−ih + i(bζ−3b̄ζ−ib̄)
(ζ−ih)2 + 2ib̄ζ(ζ+ih)

(ζ−ih)3

]

= −Ψ′ +
µ

4π(1− ν)

[
− ib

ζ − ih
+
i(bζ − 3b̄ζ − ib̄)

(ζ − ih)2
+

2ib̄ζ(ζ + ih)
(ζ − ih)3

]
(7)

If we use the separation of the functionϕ of the half-space into an infinite space function
Φ and a free-surface solutioňϕ,

ϕ′(ζ) = Φ′(ζ) + ϕ̌′(ζ). (8)
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Equation (7) leads to

ζϕ′′(ζ) + ϕ′(ζ) + ϕ′(ζ̄) = −Ψ(ζ)′ + Φ′(ζ̄) + ζϕ̌′′(ζ) + ϕ̌′(ζ) (9)

Finally we get with equations (2), (6), (8) and (9):

1
2
(σ11 + σ22) + iσ12 =

1
2
(Σ11 + Σ22) + iΣ12 +

1
2
(σ̌11 + σ̌22) + iσ̌12

= ζ̄Φ′′(ζ) + ζ̄ϕ̌′′(ζ) + Ψ′ −
[
Φ′(ζ̄) + ζϕ̌′′(ζ) + ϕ̌′(ζ)

]
(10)

Therefore, with equation (2) we get for the free surface fields

1
2
(σ̌11 + σ̌22) + iσ̌12 = ζ̄ϕ̌′′(ζ)−

[
Φ′(ζ̄) + ζϕ̌′′(ζ) + ϕ̌′(ζ)

]

= (ζ̄ − ζ)ϕ̌′′(ζ)− Φ′(ζ̄)− ϕ̌′(ζ) (11)

Rewriting this equation in the style of the half-space solution, one ends up with

σ̌22 − iσ̌12 = ϕ̌′(ζ)− Φ′(ζ̄) + (ζ − ζ̄)ϕ̌′′(ζ)
σ̌11 + iσ̌12 = ϕ̌′(ζ) + Φ′(ζ̄) + 2ϕ̌′(ζ)− (ζ − ζ̄)ϕ̌′′(ζ) (12)

However, it is more convenient to separate the functionϕ′:

ϕ′(ζ) =
µ

4π(1− ν)

(
− ib̄(ζ + ih)

(ζ − ih)2
− i(b− b̄)

ζ − ih

)

ϕ′′(ζ) =
µ

4π(1− ν)

(
2
ib̄(ζ + ih)
(ζ − ih)3

+
i(b− 2b̄)
(ζ − ih)2

)

This analytic expression determines the elastic fields of the free surface on the dislocation.
Now we calculate the stress on the dislocation itself. We evaluate equation (12) at the

dislocationζ = −ih:

σ̌22 − iσ̌12 = − µ

4π(1− ν)
b

h

σ̌11 + iσ̌12 =
µ

4π(1− ν)
b

h

and calculate with the definition of the Burgers vector, as shown in figure 1 the shear
component:

σ̌12 =
µ

4π(1− ν)
|b|
h

sinα (13)

whereα is the angle of the dislocation with respect to the surface. When we rewrite equa-
tion (13) in terms of the distances = h/ sinα from the dislocation to the surface along
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the slip plane, we recover the image stress, as it was given by Hirth and Lothe [31] for a
dislocation perpendicular to the free surface:

σ̌12 =
µ

4π(1− ν)
|b|
s
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Summary

Dislocations have been found experimentally to play a fundamental role for fatigue crack
initiation. Even prior to macro-scale plasticity, dislocations get generated during cyclic
loading, which cluster and form channel-vein structures and later on ladder-like structures.
Ladder-like structures are found inside persistent slip bands which carry most of the plastic
deformation and lead to surface roughness, in the form of so-called ex-, in- and protrusions.

This thesis presents a study of these phenomena by way of a two-dimensional discrete
dislocation model of a grain near a stress-free surface. The neighboring material is assumed
to remain elastic, while the grain can deform plastically by edge dislocations moving on
multiple slip systems. Their movement is controlled by the Peach-Koehler force, incorpo-
rating the singular long-range effects of the other dislocations, the image stress from the
free surface as well as the applied load. Dislocation pairs can be generated from Frank-
Read sources. Annihilation is taken into account, as well as disappearance of dislocations
at the free surface, leading to surface roughening. Finally, dislocations can become pinned
at point obstacles, which represent, for instance, forest dislocations and small precipitates.
The model predicts high tensile stresses at the grain boundaries, along the primary slip
planes and at the free surface. For the chosen material parameters and stress levels, the dis-
location density is initially increasing very rapidly and after around 100 cycles the rate of
growth decreases. The dislocation density is high along the primary slip planes and along
the grain boundaries. The area close to the free surface is almost dislocation-free due to
the image force pulling dislocations out of the grain. However, with this model it is not
possible to capture the clustering of dislocations.

In a subsequent extended version, three-dimensional effects are included. Here, dislo-
cations can form junctions that act as obstacles or nucleation sites. These junctions are nu-
cleated and broken depending on three-dimensional mechanisms. Additionally, line tension
is incorporated. With these extensions, dislocations form stable clusters and dislocation-
free regions. Furthermore, the dislocation density is higher due to junctions hindering the
dislocation motion. This dislocation distribution is similar to the cell structure found in
experiments for multiple slip. However, still no channel-vein structures are found in the
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simulations.

The experimental finding that dislocations arrange in structures during cyclic loading
has been used by various authors in the past to estimate dislocation-structure induced
stresses near a free surface, which may lead to fatigue crack initiation. These structures
were highly idealized ones. Here, dislocation statics and dynamics is used for a more re-
alistic calculation of the stresses near the surface as the dislocation configuration evolves
during cyclic loading.

A single dislocation moving out of the grain at the free surface leaves a surface step.
Multiple of these events produce intrusions and extrusions, which continue to grow with
continuing load cycles. These surface steps produce stress singularities, which may assist in
triggering fatigue crack initiation. The stress field due to the surface steps is approximated
analytically using the wedge solution from the theory of elasticity. This approximation is
compared to approximations proposed by other authors and to numerical calculations. It is
found to be fair close to the surface step, but to overestimate the stresses in the bulk.

Stress-strain curves are considered to investigate the influence of grain shape and size
as well as the loading condition. Dislocation dynamics predicts a size effect, i.e. small
grains are harder. Furthermore, under stress-controlled conditions the maximum strain is
decreasing over time due to hardening. For the same reason, the maximal stress increases
in strain-controlled simulations.

Cohesive surfaces, which account for both mode I and mode II opening, are added to
model crack initiation. The stress leading to crack opening includes contributions from
the dislocation distribution as well as from the surface roughness. Initially the cohesive
opening at the free surface behaves elastically and the dislocation density builds up as
without cohesive surfaces. Afterwards, the dislocation density increases significantly and
this leads to an increase in the cohesive opening up to the formation of a crack. The model
prefers the crack to initiate normal to the free surface. Moreover, the contribution to fatigue
crack initiation from the dislocation distribution is stronger than the contribution from the
surface roughness.

The simulation predicts, without any assumptions about dislocation structures, that dis-
locations can cause fatigue crack initiation with the help of the surface roughness they
produce. Fatigue cracks initiate without any environmental influence, i.e. damage to the
atomic structure due to the oxidation of the crack surface, or thermal effects, like climbing
of dislocations to form clusters of vacancies. Furthermore, fatigue initiation is associated
to mode I crack opening and not to mode II, as commonly believed.

The main obstacle to continue the simulations, to use more physical material properties
and to use the three-dimensional extension together with the cohesive surface model is the
computational expense. The long-range dislocation interaction forces are computationally



very expensive thereby limiting the number of cycles that can be simulated. Different
algorithms to accelerate the simulations are suggested but they fail due to the chaotic nature
of dislocation interactions. More work in this direction is needed in the future in order to
be able to perform more physically realistic simulations.

Quo vadis 2D dislocation dynamics? Except for the numerical issues mentioned before,
one path is to model the grain boundary behavior and the interaction between two neighbor-
ing grains. Nucleation of dislocations at grain boundaries is a first step. An additional step
is the material behavior of the grain boundary, which has to allow grain boundary sliding
and an evolution of the grain boundary structure depending on the elastic fields. The last
step would be to model penetration of grain boundaries by dislocations and the continua-
tion of the dislocation motion of a different slip system. This is definitely the most difficult
task and needs detailed input from either atomistic simulations or experiments.

An additional path is coupling dislocation dynamics with atomistic simulations and
crystal plasticity. This compilation could be used to model fracture propagation. The atom-
istic part would model areas close to the crack tip to incorporate dislocation nucleation from
the crack tip and the interaction of dislocations with the tip. The grain which surrounds this
area would then be modeled by dislocation dynamics to incorporate the long-range inter-
action of the crack tip with dislocations. The other grains surrounding the grain of interest
would be modeled by crystal plasticity to allow for plastic anisotropic deformation in the
polycrystalline material.

2D dislocation dynamics is a matured material model, which cannot only model fatigue
crack initiation but also propagation of fatigue cracks, two-stage hardening under uniaxial
tension, hardening caused by large inclusions, the stress build-up in thin films and much
more. 3D dislocation dynamics is still bound to smaller dimensions, lower dislocation
densities and shorter time-scales. Therefore, there are large areas of material problems
which can be modeled by 2D dislocation dynamics. Quo vadis?





Samenvatting

Vermoeiing, of metaalmoeheid, is de angst van iedere vliegtuigpassagier. Een heel klein
scheurtje kan ineens uitgroeien tot een grote scheur met mogelijk fatale gevolgen.

Er is experimenteel aangetoond dat dislocaties een fundamentele rol spelen in het ontstaan
van vermoeiingsscheurtjes. Zelfs voordat plasticiteit zichtbaar optreedt worden dislocaties
gegenereerd door een cyclische belasting, ze klusteren en vormen kanaalstructuren en later
laddervormige structuren. Laddervormige structuren worden gevonden in zogenaamde
’persistent slip banden’ die tot de meeste plasticiteit geleid hebben en tot de oppervlak-
teruwheid in de vorm van zogenaamde ex-, in- en protrusies.

In dit proefschrift worden deze fenomenen onderzocht door middel van een twee di-
mensionaal discreet dislocatie model van een korrel bij een spanningsvrij oppervlak. Er
wordt verondersteld dat het aangrenzende materiaal elastisch blijft, terwijl de korrel plas-
tisch kan vervormen door randdislocaties die over meervoudige slipsystemen glijden. Hun
beweging wordt gestuurd door de Peach-Koehler kracht, waarbij rekening wordt gehouden
met het singuliere lange-afstands effect van de andere dislocaties, de spiegelbeeld span-
ningen van het vrije oppervlak en de voorgeschreven belasting. Dislocatie paren kunnen
gegenereerd worden door Frank-Read bronnen. Annihilatie van twee dislocaties van tegen-
overgesteld teken wordt in rekening gebracht als ook het verdwijnen van dislocaties aan het
vrije oppervlak. Dit laatste leidt tot het ruw worden van het oppervlak. Tenslotte kunnen
dislocaties verstrengeld raken aan obstakels, waarbij men kan denken aan dislocaties op an-
dere glijsystemen en kleine precipitaten. Het model voorspelt hoge drukspanningen bij de
korrelgrenzen, langs de primaire glijvlakken en aan het vrije oppervlak. Voor de gekozen
materiaalparameters en spanningsniveau’s, neemt de dislocatie dichtheid in eerste instantie
zeer snel toe en na ongeveer 100 cycli neemt de mate van groei af. De dislocatie dichtheid
is hoog langs de primaire glijvlakken en langs de korrelgrenzen. Het gebied dicht bij het
vrije oppervlak is bijna dislocatie vrij door de spiegelbeeld kracht die de dislocaties uit het
kristal trekt. Met dit model is het echter niet mogelijk om het effect van klustering van
dislocaties te laten zien.
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In een volgend model zijn drie-dimensionale effecten als uitbreiding meegenomen.
Hier kunnen dislocaties knooppunten vormen die werken als obstakels of als nieuwe dis-
locatie bronnen. Deze knooppunten worden gemaakt en ontbonden afhankelijk van drie-
dimensionale mechanismen. Hierbij wordt rekening gehouden met de lijnspanning van
dislocaties. Met deze uitbreidingen kunnen dislocaties stabiele klusters en dislocatie-vrije
ruimtes vormen. Tenslotte is de dislocatie dichtheid hoger, omdat de knooppunten de be-
weging van dislocaties verhinderen. Deze dislocatieverdeling vertoont gelijkenis met de
celstructuur die in experimenten met meervoudige slip zijn gevonden. Echter, in deze sim-
ulaties zijn nog geen kanaalstructuren gevonden.

Het experimentele gegeven dat dislocaties groeperen in structuren tijdens cyclische
belasting is in het verleden door diverse auteurs gebruikt om de door de dislocatiestruc-
tuur gegenereerde spanningen te schatten bij een vrij oppervlak omdat deze kunnen leiden
tot het ontstaan van een vermoeiingsscheur. Dit zijn sterk gedealiseerde structuren. In
dit proefschrift worden dislocatie statica en dynamica gebruikt om een meer realistische
berekening van de spanningen nabij het oppervlak te maken wanneer dislocatiestructuren
ontwikkelen tijdens cyclische belasting.

Een dislocatie die uit een korrel glijdt aan het vrije oppervlak laat daar een stap achter.
Een veelvoud van deze gebeurtenissen leidt tot intrusies of extrusies, die blijven groeien
tijdens verdere cyclische belasting. Deze oppervlakte stappen veroorzaken spanningssin-
gulariteiten, die kunnen bijdragen tot het ontstaan van een vermoeiingsscheur. Het span-
ningsveld ten gevolge van de oppervlaktestappen wordt analytisch benaderd door de wig-
oplossing uit de elasticiteitstheorie. Deze benadering is vergeleken met benaderingen van
andere auteurs en met numerieke berekeningen. Er is gevonden dat de oplossing dicht bij
de oppervlakte sprong zit, maar de spanning in de bulk wordt overschat.

Spannings-rek krommes zijn gebruikt om de invloed van kristalvorm en -grootte te
onderzoeken. Dislocatiedynamica voorspelt een grootte effect: kleine korrels zijn harder.
Verder blijkt tijdens spannings-gestuurde condities de maximale rek in de tijd af te nemen
tengevolge van de versteviging. Door dezelfde reden neemt de maximale spanning toe in
rek-gestuurde simulaties.

Cohesieve oppervlakken, die zowel mode I als mode II opening beschrijven, zijn toegevoegd
om scheurinitiatie te beschrijven. De spanning die leidt tot het initiren van de scheur be-
vat bijdragen van zowel de dislocatieverdeling als van de oppervlakte ruwheid. Initieel
gedraagt de cohesieve opening aan het vrije oppervlak zich elastisch en ontwikkelt de dis-
locatiestructuur als zonder de cohesieve oppervlakken. Later neemt de dislocatiedichtheid
significant toe, wat leidt tot een toename in de cohesieve opening tot en met het ontstaan
van een scheur. Volgens het model heeft de scheur de voorkeur te ontstaan loodrecht op
het vrije oppervlak. Verder is gevonden dat de bijdrage aan het ontstaan van vermoeiingss-
cheuren door de dislocatieverdeling sterker is dan de bijdrage van de oppervlakteruwheid.



De simulatie voorspelt, zonder enige veronderstelling aangaande de dislocatiestruc-
tuur, dat dislocaties het ontstaan van vermoeiingsscheuren kunnen veroorzaken met behulp
van de oppervlakteruwheid die ze zelf produceren. Vermoeiingsscheuren ontstaan zonder
uitwendige invloed zoals oxidatie of thermisch geactiveerde processen, zoals het klimmen
van dislocaties, om clusters van lege ruimtes te vormen. Bovendien is het ontstaan van ver-
moeiing geassocieerd met mode I scheuren en niet met mode II scheuren zoals algemeen
verondersteld wordt.

Het grootste obstakel om de simulaties voort te zetten, met gebruik van meer fysische
materiaalparameters en het gebruik van drie-dimensionale uitbreidingen samen met het
cohesieve oppervlakte model, is de vereiste rekenkracht. De lange afstand waarover de
spanningsveld van de dislocaties effect heeft, leidt tot een hoge rekenintensiteit, waardoor
het aantal cycli dat gesimuleerd kan worden beperkt is. Verschillende algoritmes om de
simulaties te versnellen zijn geprobeerd, maar ze falen door het chaotische karakter van de
dislocatieinteracties. Meer werk in deze richting is in de toekomst nodig om in staat te zijn
om meer fysisch realistische simulaties uit te kunnen voeren.
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Propositions

• When planning a project in time one usually forgets that ”When one wants to climb
the Mount Everest, he has to pass through valleys.” Therefore, a tight setting of mile-
stones is meaningless.

• Research is asearch, which can or cannot deliver results. Therefore, planning ahead
of what to do with results of research is nonsense.

• ”Nobody knows himself, nobody understands the element in which he floats and
works. [...] Wealth and rapidity is what the world admires and what everybody
seeks; [...] all kinds of communication are, what the educated world tries to surpass
each other on [...] We will, perhaps with exception of a few, be the last of a era,
which will not return soon.”1 During three centuries, people have complained about
an increase in the speed of life and the connected unrest. Since nothing has changed
it is unlikely that people will slow down in the future.

• Current dislocation models are not able to capture the formation of ladder-like dislo-
cation structures in fatigue.

• Dislocations move because of the local force and ignore the global field. In that re-
spect, they are just like humans.

• A few dislocations in a previously perfect crystal will soon trigger a large number
of dislocations if some force is applied. In that respect, dislocations are like humans
who conquer and modify the earth, creating an imperfect world.

1Goethe,1825
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