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a b s t r a c t

We study a single-item periodic-review inventory system with two sources of supply: in-house
production and outsourcing. The two sources differ in yields, costs, and leadtimes. Demands in
consecutive periods are independent random variables and stockout is fully backlogged. Our problem
is to characterize the optimal dynamic policy that simultaneously determines the in-house production
quantity and the outsourcing quantity for each period to minimize the total discounted cost. We show
that the optimal policy for in-house production can be characterized by a threshold and the production
quantity is decreasing in the starting inventory. The optimal outsourcing policy, however, is more
complex, and a threshold-type policy is only optimal under a more restrictive assumption about the
yields. Comparative statics about the effects of yield uncertainty, outsourcing on the optimal policy, and
cost performance are discussed.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, we address the problem of simultaneously determin-
ing inventory replenishment strategies from two sources with differ-
ent leadtimes, yields and costs. The importance of the sourcing
strategy has been emphasized by Erickson et al. (1995) in The
Purchasing Handbook: “Supplier selection is the most important
milestone in the purchasing process. The ultimate success of a new
product, the profitability of a product line, and the timeliness of
delivery to the marketplace may depend on this decision”. As Johnson
(2006) also points out, it is quite common for a manufacturer or
distributor to have different supply sources that have different grades
of reliability in terms of the quantity and quality of orders delivered.
When faced with this situation, it is imperative that replenishment
decisions take into account supply uncertainty and related cost
implications. Particularly, a company may need to protect itself from
the uncertainty by having diversified suppliers. Indeed, after the fiasco
of the UPS strike in the United States two years ago, most companies
vowed that they would never ever use a single supplier again. Waart
(2006) reports a case of Hewlett–Packard (HP). In 2000, HP was
unable to obtain sufficient volumes of flash memory cards. Conse-
quently, the company was unable to ship about 2,500,000 printers.
Subsequently, HP took a dual-sourcing strategy, which resulted in
annual procurement savings of more than 100 million by better
managing supply and demand risk. A more recent example is Apple

Computer, which uses Motorola as a unique chip supply source for its
very popular G4 model. Currently, Apple is suffering losses as a result
of Motorola's inability to supply enough chips. By implementing dual-
sourcing, GM has reduced its vehicle development cycle time from
four years to 18 months (Gutmann, 2003). Airbus, reported by
Wiesmann (2007), has ceded design and production of parts of its
planned A350 aircraft to Russia's United Aircraft Corporation as flag-
carrier Aeroflot firmed up an order for 22 of the wide-body jets. In
other words, the aircraft maker's outsource strategy can secure orders
despite fierce competition from US rival Boeing.

The above situations indicate that dual sourcing offers a
solution for reducing the risk in the procurement process and
closely matching supply with demand. However, how do compa-
nies find an effective way of deciding how to source, when and
from whom? That is the key issue that our paper addresses. To the
best of our knowledge, our paper is the first to consider the
combined impacts of leadtimes, yields and costs for achieving an
effective dual sourcing strategy. We assume that an original
equipment manufacturer can order a critical material or compo-
nent from two sources: in-house production and outsourcing.
Such sourcing practices are popular in various North American
industries, such as electronic appliances, automobile and toy.

We assume that in-house production has no leadtime while
outsourcing has an one-period leadtime. The reason is that due to
the geographical distance, the leadtime of outsourcing is usually
quite long compared with the leadtime of in-house production.
Moreover, this assumption is commonly used in the literature of
dual sourcing, such as Anupindi and Akella (1993), in order to
achieve the analytical tractability. Moreover, the variable costs of
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these two sources may be different. Next, we assume that the
replenishment yield from in-house production is uncertain while
the replenishment from outsourcing is certain. When the firm
produces the material in his or her own factory, the production
yield is uncertain due to the in-house operations, so that the
quantity received from a replenishment is also uncertain (see
Henig and Gerchak, 1990). Another case is that the domestic
supplier has a finite capacity and receives multiple orders in each
period (the firm's order is one of these orders and the number of
orders may change from time to time). As a result, the firm's order
from the domestic supplier can be modelled as an uncertain
portion of the total amount produced by the domestic supplier
in each period. The firm can apply a selective sourcing strategy to
safeguard the quality of the manufacturing process at the overseas
supplier's factory. For example, when products are being manu-
factured, a selective sourcing quality engineer is present to insure
that the product is being made to the proper standards and quality
level (see McNeill et al., 2005). Another suitable case is that the
firm can select the overseas supplier through a third party, such as
ONet (http://www.outsourcingnetwork.net), who will guarantee
the quality of the product on behalf of the firm. Therefore, it is
reasonable to assume that the replenishment from the overseas
supplier is with certain yield.

The objective of this paper is to characterize the optimal dynamic
policy that simultaneously determines the order quantities from two
sources to minimize the total discounted cost. We show that the
optimal replenishment policy from in-house production is of a
threshold type, i.e., it is optimal to order if and only if the starting
inventory in a period is below a threshold value. The optimal order
quantity from in-house production decreases in the starting inventory.
The optimal policy from outsourcing is more complex, and a
threshold-type policy is optimal under a more restrictive assumption
about the yields. To understand the implication of dual sourcing and
random yields, we compare our model with two existing models in
the literature: one includes dual sourcing but not uncertain yield; the
other includes uncertain yields but only has one supply source.
Comparing to the first model, we prove that the threshold of
replenishment from in-house production with uncertain yield is
higher than that with certain yield. In addition, we demonstrate that
the suppliers' variable costs cannot dominate the decision of the
choice of sourcing when the yield is uncertain; the optimal order
quantity may not be monotone in yield variability; the yield variability
deteriorates the cost performance. Next, by comparison with the
second model, we find that although the dual-sourcing strategy can
achieve a significant cost saving under both supply and demand
uncertainties, the percentage cost saving becomes small when either
supply or demand uncertainty becomes high. The contribution of this
study is twofold. First, we analytically characterize the structure of
optimal replenishment policies for the dual-sourcing model with
different yields, costs, and leadtimes. Second, we develop fundamental
insights about the impact of dual sourcing and yield uncertainty by
comparison of the previous literature.

Our paper is closely related to two streams of research: lot sizing
with random yields and replenishment from multiple suppliers or
multiple delivery modes.

Research on lot sizing with random yields has been initialized by
Karlin (1958) and received a lot of attention in operations research.
Much work has been done on periodic-review and/or multistage
models in dynamic settings, including Henig and Gerchak (1990),
Parlar and Wang (1993), Wang and Gerchak (1996), and Chen et al.
(2001). The focus of these papers is on the structure of the optimal
policy. Yano and Lee (1995) provide a comprehensive review of
research before 1995 in this area. The issues recently addressed
related to uncertain yields are quite diverse, including for example,
dynamic pricing under uncertain yield (Li and Zheng, 2006), applica-
tions in agricultural and food businesses (Kazaz, 2004), diversification

(Tomlin and Wang, 2005; Dada et al., 2007; Chopra et al., 2007), and
the impact of yield improvement on expected profits (Gupta and
Cooper, 2005). Recently, Xu (2010) analyzes a decentralised supply
chain comprised of a supplier and a manufacturer with random yield.
The author finds that both the supplier and the manufacturer could
gain a high expected profit under an optional contract. Tang et al.
(2012) study a dynamic pricing strategy for the newsvendor problem
with random yield. The authors characterize the optimal price and
ordering decisions and compare the profit performances with
dynamic and fixed pricing policies. They find that such a dynamic
policy can result in a high benefit when demand uncertainty is low.
Wang et al. (2014) considers a periodic-review model with random
yield, disruption, and limited inventory capacity. Under the assump-
tions of an additive random yield and a linear production cost, the
authors find that an order-up-to policy is optimal.

There is also an extensive literature related to either multiple
suppliers or multiple delivery modes. Fukuda (1964) is the first to
consider an inventory model with two delivery modes. The lead
times of the two modes vary by exactly one period and the faster
one is more expensive. The optimal policy is shown to have the
following form. There are two base-stock levels. If the initial stock
level is below the smaller base stock level, then an order with the
faster mode is placed to bring the stock level back up to that base-
stock level. No order with the faster mode is placed otherwise. The
system stock level is then brought up to the larger base stock level
by ordering with the slower mode. Whittemore and Saunders (1977)
first analyze a two-supply-option model where the difference of
delivery time can be more than one period. Anupindi and Akella
(1993) study three different models with two uncertain suppliers.
Different from our model, the authors do not simultaneously
integrate the impact of leadtimes and yields into one model. Güllü
et al. (1999) consider a single supplier with supply uncertainty. The
supply availability is three categories: unavailable, partially available,
and fully available. The authors find that an order-up-to policy is
optimal. Mohebbi (2004) examines a continuous review of a single
supplier with random lead time and disruption. Feng et al. (2006)
show that when the number of modes is more than two, only the
fastest two modes have optimal base stocks. Veeraraghavan and
Scheller-Wolf (2008) extend the literature by allowing the difference
between the lead times of the two modes to be more than one.
Wang et al. (2010) investigate whether a buying firm should do
multiple sourcing and/or improve supplier reliability. Li et al. (2009)
and Zhu (2012) consider the use of expediting orders as an
additional source in response to demand uncertainties. Note that
none of the above mentioned papers consider the impact of
uncertain yield. Giri (2011) studies a single-period dual-source
model under yield uncertainty and risk aversion. Recently,
Kouvelis and Li (2013) study how to use an emergency sourcing as
contingent action after the yield uncertainty of the regular cycle
order is realized. The authors explore the impact of yield and
demand uncertainty on the cycle order size, the emergency order
size, and the way to split the available good units between the fast
and slow shipping modes. Ahiska et al. (2013) investigate a dual-
source model with one reliable supplier and one unreliable supplier.
The unreliable supplier status is controlled by a two-state Markov
process. But, there is no lead time difference between two suppliers.
Through numerical experimentation, the authors determine the
structure of the optimal ordering policy. Riezebos and Zhu (2015)
generalize theory on material requirements planning ordering by
including the occurrence of dynamic lead-time variation and order
crossovers in a multiple-supplier environment.

We end this section by describing the organization of the paper. In
Section 2, we introduce the notation, our assumptions, and some
properties of the one-period profit function. In Section 3, we formulate
the finite-period problem with Markov decision programming
and explore various structural properties of the optimal policies.
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We investigate the operational effects of yield uncertainty and dual
sourcing in Sections 4 and 5, respectively. We conclude the paper with
some discussion of the results and suggestions for possible future
research in Section 6. All proofs can be found in the appendix.

2. Model description

We consider a single-item, periodic-review inventory model with
two sources of supply: in-house production and outsourcing. In period
n, the unit variable cost of in-house production is cn and that of
purchasing from outside is cn

o. In-house production is instantaneous
but outsourcing takes a leadtime of one period for order processing,
transportation, etc. We assume that the outside market is large
enough and quality inspection is done at the supplier sites. Therefore,
there is no capacity constraints on how much the firm can buy and
each order is guaranteed to be delivered with satisfactory quality. For
the in-house production, the quantity received from a replenishment
is a random variable whose distribution depends on the production
quantity. We assume a stochastically proportional yield model, i.e., in
period n, a production run of q units will yield ϵnq usable units, where
ϵn is a nonnegative random variable with mean ϵn and support ½0;1�.
This model is widely used in the literature (e.g., Li and Zheng, 2006). It
applies to circumstances such as in electronic fabrication and assem-
bly, where yield is sensitive to random environmental changes or
variations in materials. In these circumstances, the yield rate could be
relatively predictable under a specific environmental condition, but
the condition itself is random. Hence, the yield rate distribution
reflects the likelihood of various environmental conditions (Yano
and Lee, 1995). The assumption that ϵn is upper bounded by 1 is
made without loss of generality. For an arbitrary finite upper bound,
rescaling of the production quantity will lead to the same qualitative
results. The demand in period n is given by a random variable Dn with
distribution function Φn. Demands in consecutive periods are inde-
pendent. Stockout is fully backlogged.

The sequence of events is as follows. At the beginning of each
period, the buyer first observes the current inventory level and
simultaneously decides the quantities of in-house production
and outsourcing. Then, the actual demand occurs and is fulfilled
by the stock available. The unsatisfied demand is backordered.
Finally, inventory costs (such as holding cost and backordering
cost) are counted based on the inventory level at the end of the
period.

Let Rn(z) denote the holding and the backlog cost in period n
when the ending inventory is z. We assume that Rn(z) is convex in
z, and RnðzÞ-1 as j zj-1. In period n, if the initial inventory is x,
production quantity is q and the order quantity from outsourcing
is v, then the one-period expected cost is

Lnðx; q; vÞ ¼ E½Rnðxþϵnq�DnÞ�þcnqþconv: ð1Þ

The formulation in (1) assumes that the firm pays for all the
quantity produced. This is the case for in-house production and
the firm must pay for the cost regardless of the yield outcome. If
random yield arises from an external supplier, however, it is more
appropriate that costs are calculated based on the quantity
received. In this case, the total expected purchasing cost is cnq,
where cn ¼ cn=ϵn represents the cost of getting a good unit of
product. By rescaling cn, one should get the same qualitative
results. For outsourcing, we assume that payment is made when
orders are placed, instead of when shipments arrive. However, this
assumption is also made without affecting the qualitative results.
We conclude this section by presenting a useful property of
Lnðx; q; vÞ.

Lemma 1. Lnðx; q; vÞ is continuous and jointly convex in ðx; q; vÞ.

3. Structure of optimal replenishment policy

Suppose that the length of the planning horizon is N periods.
Let Vn(x) denote the optimal discounted cost from period n to the
end of the planning horizon when the initial inventory at the start
of period n is x. Then, from the standard theory of Markov decision
processes (MDP), we have, for n¼ 1;…;N,

VnðxÞ ¼ min
0rq;0rv

~J nðx; q; vÞ; ð2Þ

where ~J nðx; q; vÞ ¼ Lnðx; q; vÞþαEVnþ1ðxþvþϵnq�DnÞ.
For the terminal condition, we define VNþ1ðxÞ ¼ 0 for xAR.

Here, α is the discount factor, with 0rαr1.

Lemma 2. For n¼ 1;2;…;N, ~J nðx; q; vÞ are jointly convex in ðx; q; vÞ
and Vn(x) is convex in x.

Because ~Jnðx; q; vÞ is jointly convex in ðx; q; vÞ, we can find the
global optimum by the sequential optimization; i.e., we can
rewrite (2) as

VnðxÞ ¼min
0rq

Jnðx; qÞ; ð3Þ

where we define

Jnðx; qÞ ¼E½Rnðxþϵnq�DnÞ�þcnq�conxþGnðx; qÞ; ð4Þ

Gnðx; qÞ ¼min
yZx

fconyþαEVnþ1ðyþϵnq�DnÞg; ð5Þ

and y¼ xþv.
For the rest of the paper, we will focus our analysis on (3).

Before we discuss the properties of (3), we first present the
following technical lemma.

Lemma 3. If hðz; yÞ is jointly convex and supermodular in (z,y), then,
for arb,

f ðx; yÞ ¼ min
xþar zrxþb

hðz; yÞ:

is jointly convex and supermodular in (x,y).

Lemma 4. For n¼1,…,N,

(i) Gnðx; qÞ is jointly convex and supermodular in (x,q);
(ii) Jnðx; qÞ is jointly convex and supermodular in (x,q).

Denote qn
nðxÞ ¼ argmin0rqJnðx; qÞ, SnðxÞ ¼ argminyfconyþ αEVnþ

1ðyþϵnqn
nðxÞ�DnÞg, and vnnðxÞ ¼ ½SnðxÞ�x�þ . Note that Sn(x) could be

treated as the desirable stock level from outsourcing. In case of
multiple solutions, ðqn

nðxÞ; vnnðxÞÞ is defined as the smallest mini-
mizer. Throughout this paper, we shall use “decreasing” and
“increasing” in the nonstrict sense to mean nonincreasing and
nondecreasing, respectively. Note that both qn

nðxÞ and vnnðxÞ are
continuous in x given that both Jnðx; qÞ and Gnðx; qÞ are continuous
in (x,q).

Lemma 5. For n¼1,…,N, Sn(x) is increasing in x and qn
nðxÞ is

decreasing in x.

Lemma 5 indicates that when the initial stock is sufficient, the
firm intends to reduce the order quantity from in-house produc-
tion. Moreover, the firm prefers to set a higher stock level from
outsourcing due to the reliability. However, a higher stock level
does not always indicate a large order quantity as shown later.

Define

In ¼ inffx : qn

nðxÞ ¼ 0g; ð6Þ
where In is the threshold value.

The following theorems characterize the structure of the
optimal replenishment policies.
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Theorem 1. For in-house production, the optimal policy is a thresh-
old type: qn

nðxÞ ¼ 0 if xZ In; 0oqn
nðxÞ if xo In.

Theorem 2. Denote Ŝn ¼ SnðInÞ.

(i) For xZ In, SnðxÞ ¼ Ŝn and vnnðxÞ is decreasing in x.
(ii) If InZ Ŝn, then vnnðxÞ ¼ 0 for xZ Ŝn.
(iii) If Ino Ŝn, then vnnðxÞ ¼ Ŝn�x40 for xA ½In; ŜnÞ and vnnðxÞ ¼ 0 for

xZ Ŝn.

Theorem 1 provides a full characterization of the optimal policy
for in-house production: there exists a threshold such that an
order is placed if and only if the initial inventory is below the
threshold. The characterization of the ordering decision from
outsourcing by Theorem 2, however, is only partial; there is a
region in both (ii) and (iii) where the behavior of vnn is unclear. One
may easily hypothesize that vnnðxÞ may also be decreasing and
hence ordering from outsourcing also follows a threshold-type
policy. However, the following example shows that this does not
hold in general.

In this example, we consider two periods and all parameters are
stationary. Demand is deterministic and given by 50 per period. The
one-period inventory cost is RnðzÞ ¼ 0:1ðzÞþ þ13ð�zÞþ , where
0.1 represents the unit holding cost and 13 represents the unit
backorder cost. The random yield is modelled by ϵn ¼ 0:8 with
probability 0.6 and ϵn ¼ 0:4 with probability 0.4. Other parameters
are α¼0.7, c¼2, and co¼2.2. For this example, after solving the two-
period model as a special case of the MDP defined by (2), optimal
policy is given by

vn1ðxÞ ¼

0; xo0;
x; 0rxr50;
100�x; 50oxo100;
0; xZ100;

8>>><
>>>:

and

qn

1ðxÞ ¼
50�x
0:4

; xr50;

0; x450:

8<
:

The optimal policy is shown in Fig. 1. As we can see from the
figure, vn1ðxÞ is not decreasing in x. In particular, it is strictly
increasing in ½0;50�. To understand why this happens, let us
examine the optimal policy when xA ½0;50�. Note that in this
example, the penalty cost is much larger than the holding cost and
hence preventing stockout is the primary concern. The order qn

1
can result in either high or low yields and it is chosen such that

there is no stockout even when the yield is low. If the yield is low,
another order from in-house production should be placed again in
period 2. If the yield is high, then no order from either source
should be placed in period 2; instead, the unused inventory carried
over from period 1 and the order from outsourcing, which is
placed in period 1 but arrives in period 2, will be exactly enough to
fill the demand in period 2. When x increases, qn

1 decreases, which
means that the unused inventory carried over to period 2 is
decreasing in x. Therefore, to fill the same demand in period 2, a
larger vn1ðxÞ needs to be placed.

Lemma 6.

V 0
nðxÞ

r�cn if xo In;

Z�cn if xZ In:

(

By Lemma 6, when xo In, the marginal benefit of having more
initial inventory is greater than the average cost of producing one
(good) unit; when xZ In, the marginal benefit of having more
initial inventory is smaller than the same average cost. These are
consistent with our conclusions that it is optimal to get supply
from local source when xo In, and not to order when xZ In.
Similar results have appeared in Henig and Gerchak (1990) and
Li and Zheng (2006) under different settings.

Now, let us consider a special case of the stochastic propor-
tional yield model. Suppose the yield of the in-house production is
given by

ϵn ¼
1 w:p: βn;

0 w:p: βn ¼ 1�βn:

(
ð7Þ

This is known as all-or-nothing yield model. All-or-nothing yields
may arise due to batch failures, acceptance sampling, supply chain
disruptions, or supplier delays if the delivery occurs too late to serve
demand and the model has been frequently used in the literature (e.g.,
Anupindi and Akella, 1993; Tomlin and Wang, 2005; Dada et al.,
2007).

Under the all-or-nothing yield model, we have

VnðxÞ ¼ min
0rq;0rv

Ef½βnRnðx�DnÞþβnRnðxþq�DnÞ�þcnqþconv

þα½βnVnþ1ðxþq�DnÞþβnVnþ1ðxþqþv�DnÞ�g:

Theorem 3. Under the all-or-nothing yield model

(i) vnnðxÞ is decreasing in x.
(ii) Let Ion ¼ inffx : vnnðxÞ ¼ 0g. Then, In

o is the threshold value for
replenishment from outsourcing: order vnnðxÞ40 if xo Ion, and
do not order if xZ Ion.

By Theorems 1 and 3, for the all-or-nothing yield model, the
optimal policy for both the in-house production and outsourcing is
of a threshold type.

In what follows, we suppose that the yield distribution is sta-
tionary and hence the subscript of βn can be dropped.We examine the
effects of β on the optimal policy and the optimal cost function. Note
that a change in β affects not only the yield variability but also the cost
of obtaining a good unit of product. To focus on the effects of
variability, we assume that cn ¼ βcn, where cn is independent of the
yield distribution.

Theorem 4. If the yield distribution is stationary and cn ¼ βcn, then

(i) Both In and In
o are decreasing in β.

(ii) V 0
nðxÞ is increasing in β and Vn(x) is decreasing in β.

−100 −50 0 50 100 150 200
0

100

200
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400
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Fig. 1. The optimal policy in period 1.
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Note that ð1�βÞ=β represents the squared coefficient of varia-
tion of the yield distribution and it is decreasing in β. Therefore,
Theorem 4 implies that the higher the yield variability, the higher
the cost, and the more frequently the firm orders to hedge against
the risk caused by uncertain yield.

Next, to study the impact of the unit production and purchas-
ing costs on the thresholds and the optimal solution, we denote
con ¼ γncn without loss of generality, where γn reflects the cost
difference between the unit production cost and the unit purchas-
ing cost in period n.

Theorem 5. Suppose that the unit production cost and the unit
purchasing cost are stationary, i.e., cn ¼ c, con ¼ co, co ¼ γc. We have

(i) In and qn
nðxÞ are increasing in γ.

(ii) In
o and vnnðxÞ are decreasing in γ.

(iii) There exists a unique γ
n
and γn such that qn

nðxÞ ¼ 0 for γrγ
n

and vnnðxÞ ¼ 0 for γZγn.
(iv) V 0

nðxÞ is decreasing in γ and Vn(x) are increasing in γ.

Theorem 5 indicates that when the cost difference between the
unit production cost and the unit purchasing cost is significant
(i.e., γrγ

n
), the in-house production is not used with qn

nðxÞ ¼ 0.
Similarly, when the cost difference between the unit production
cost and the unit purchasing cost is marginal (i.e., γZγn), the
outsourcing replenishment is not used with vnnðxÞ ¼ 0.

4. Effects of yield uncertainty

One of the important features of our model is its consideration
of uncertain yield for in-house production. A natural question to
ask is: what are the potential benefit of removing this uncertainty
that could result from quality improvement efforts or learning
over time? In this session, we compare our model with the dual-
sourcing certain-yield model. We use the superscript c to signify
the notation for the model with certain yield. The optimality
equation for the model under certain yield is

Vc
nðxÞ ¼ min

0rq;0rv
EfRnðxþq�DnÞþcnqþconvþαVc

nþ1ðxþvþq�DnÞg:

ð8Þ

For (8), we can show that the optimal policy for both the in-
house production and outsourcing is a base-stock type. Define

Icn ¼ inffx : qcnðxÞ ¼ 0g; ð9Þ

where In
c represents a base-stock level for in-house production.

By following the similar argument of Theorem 1 by Fukuda
(1964), we can show that the optimal replenishment decisions are
given by

qcnðxÞ ¼
Icn�x; xo Icn;

0; xZ Icn;

(
ð10Þ

and

vcnðxÞ ¼
ðŜcn� IcnÞþ ; xo Icn;

ðŜcn�xÞþ ; xZ Icn;

8<
: ð11Þ

where

Ŝ
c
n ¼ arg min

y
fconyþαEVc

nþ1ðy�DnÞg;

which represents the base-stock level for outsourcing. Both qcnðxÞ
and vcnðxÞ are decreasing in x.

Lemma 7.

Vc0
n ðxÞ

¼ �cn; xo Icn;

Z�cn; xZ Icn:

(

The following theorem examines the effects of yield uncertainty
on the optimal policy and the cost. As a change in yield rate also
affects the marginal cost of obtaining a (good) unit, we assume
cn ¼ ϵncn in order to focus on the impact of yield uncertainty.

Theorem 6. If ERnðx�DnÞ is continuous and differentiable almost
everywhere, and cn ¼ ϵncn: (i) ŜnZ Ŝ

c
n; (ii) InZ Icn; (iii) V

0
nðxÞrVc0

n ðxÞ;
(iv) VnðxÞZVc

nðxÞ; (v) qcnðxÞrqn
nðxÞ.

Part (i) of Theorem 6 states that if in-house production is not used
in the current period, the firm would raise the inventory to a higher
level when the production yield is uncertain than otherwise, simply
because supply is not reliable in the future. Part (ii) compares the
thresholds for in-house production. A higher threshold will allow
diversification over time when yield is uncertain. The value of having
one more unit in starting inventory is higher under uncertain yield
because supply in future periods is not guaranteed, and yield
uncertainty leads to a higher total expected cost, as stated in parts
(iii) and (iv), respectively. Finally, (v) indicates that the yield uncer-
tainty causes the increase of the in-house production quantity.

Note that under certain yield, if conZαcn, the outsourcing is
never used because in-house production is more beneficial in both
lead time and cost. However, when yield is uncertain, we find that
the firm may still outsource even when con4αcn (see Fig. 1). The
presence of yield uncertainty significantly complicates the sour-
cing decisions.

In the previous analysis, we have been able to compare the optimal
policies under uncertain and certain yields. Next, we intend to
investigate the impact of the variation of the yield distribution on
the firm's replenishment strategy and performance. Let us consider
the following mean-preserving transformation: ϵ¼ θξþð1�θÞ=2;
where 0rθr1, and ξ follows a uniform distribution on ½0;1�. Note
that ϵ follows a uniform distribution on ½1�θ

2 ; 1þθ
2 �. The variance and

the coefficient of variation of ϵ are increasing in θ. We use a two-
period stationary model and assume c¼2.4, co¼2, α¼0.6, and zero
initial inventory. The demand per period is constant at d and
RnðxÞ ¼ hðxÞþ þbð�xÞþ , where h is the unit holding cost and b is
the unit backlog cost. For a benchmark, h¼1 and b¼12. For the
experiments, we change one parameter at one time. Numerical
studies about how the optimal order quantities in period 1 and the
minimal total expected cost change when θ is increased are reported
in Tables 1 and 2.

From Tables 1 and 2, we observe that when the unit holding
cost is relatively high (h¼1.5) or the unit backlog cost is relatively
low (b¼6), q is decreasing in θ and v is increasing in θ. The reason
is that when the yield variability becomes larger, the buyer intends
to order less from the uncertain source and order more from the
reliable source to fulfill the demand. What might appear to be
surprising is that the order quantities from in-house production
and outsourcing are not always monotone in yield variability
under the condition that b is high or h is low. Note that the supply
of in-house production consists of two parts, θξ and ð1�θÞ=2.
When θ is small, the second part dominates the first. Because
ensuring supply to avoid shortages is the primary concern under
this cost structure, the quantity from relatively reliable in-house
production is higher than that from outsourcing. When θ is
increased, ð1�θÞ=2 is reduced or the portion of certain supply is
reduced, and hence the firm will respond by increasing the order
quantity from in-house production and reducing it from out-
sourcing. However, when θ is large, the situation becomes
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different. For this case, since in-house production is very unreli-
able, the firm prefers to fulfill the current demand in the next
period by ordering from outsourcing with lower cost instead of
meeting the current demand by ordering from the very unreliable
source. Further, the expected cost become higher when the yield
variability increases, which is consistent with an observation by
Gupta and Cooper (2005).

5. Benefits of outsourcing

Does the firm necessarily reduce the quantity from in-house
production when it buys from outsourcing? Howmuch benefit can
outsourcing bring? This section is devoted to answering these
questions. The model without outsourcing is formulated as (the
superscript s representing sole sourcing)

Vs
nðxÞ ¼ min

0rqs
EfRnðxþϵnqs�DnÞþcnqsþαVs

nþ1ðxþϵnqs�DnÞg:

Let Isn ¼ inffx : qsnðxÞ ¼ 0g.
Next, we can show that Inr Isn and qn

nðxÞrqsnðxÞ, which indicates
that the firm will order smaller amount and less frequently from
the in-house production when an alternative source exists.

We perform the sensitivity analysis on the impact of dual
sourcing with respect to unit holding cost (h), unit shortage cost
(b), demand variability, and yield variability on the total cost. We
consider a 10-period stationary model. As a benchmark, cost
parameters are set as h¼0.5, b¼10, c¼4, co¼2. Demand is
assumed to follow the normal distribution with mean equal to
100 and coefficient of variation equal to 0.1. Yield is also assumed
to follow the normal distribution with mean equal to 0.5 and
coefficient of variation equal to 0.1. α¼1 and the initial inventory
is set at 0. For the experiments, we only change one parameter at
one time. We compare the total expected cost of the sole-source
model (Vs) with that of the dual-source model (V) under difference
settings. The cost-saving percentage is computed by ðVs�VÞ=Vs.

From Tables 3 to 6, we find that (i) the dual-sourcing strategy
results in a considerable amount of cost saving (25–45%) under all
the considered scenarios, consistent with the findings of Wang
et al. (2010); (ii) the dual-sourcing strategy may achieve a higher
cost saving when the initial inventory is low; (iii) the variabilities
of demand and yield have a more significant impact on cost saving

than the cost parameters do; (iv) the percentage cost saving
becomes small when demand or yield uncertainty increases,
which indicates that either demand or yield variability results in
a higher increase of the cost performance of the dual-sourcing
model than that of the sole-sourcing module. Therefore, facing the
demand and yield uncertainty, it is imperative for firms to care-
fully implement multiple-sourcing strategy in order to hedge the
supply risk and maintain the cost efficiency.

6. Extension

In this section, we discuss one extension of the current model
with uncertain outsourcing. When an order is outsourced to an
overseas supplier, normally either the whole order arrives on time
or the whole order is cancelled due to the potential disruption.
Thus, similar to (7), we assume that the uncertainty of outsourcing
is modelled by the all-or-nothing model, i.e., the outsourcing order
can be received with probability γn in period n. We can rewrite (2)
as

VnðxÞ ¼ min
0rq;0rv

fLnðx; q; vÞþα½γnEVnþ1ðxþvþϵnq�DnÞ
þð1�γnÞEVnþ1ðxþϵnq�DnÞ�g:

By following the similar analysis in Section 3, we can prove that
all the main results (Theorems 1–4) still hold for this model.
However, when the uncertainty of outsourcing is also modelled by
a stochastic yield model, we find that the in-house production
may not follow the threshold-type policy and both the in-house
production quantity and outsourcing quantity may not be decreas-
ing in the initial inventory level. Namely, the characterization of
the optimal policy could be a direction of future research.

7. Concluding remarks

Our work addresses inventory replenishment strategies from two
sources with different leadtimes, yields and costs. We first formulate
this problem as a stochastic dynamic programming model and then
characterize the structure of the optimal policies for both in-house
production and outsourcing. Further, we investigate operational effects
of dual sourcing and yield uncertainty on the optimal policies and cost
function by comparison of two common models: the certain-yield

Table 2
Effects of increasing yield variability with respect to b.

Parameter b¼6 b¼12 b¼18

θ q v Cost q v Cost q v Cost

0.2 87.83 52.14 367.2 100.24 46.43 380.81 106.39 43.6 386.56
0.4 79.61 53.54 388.27 98.62 46.3 425.98 110.37 41.8 445.86
0.6 70.88 56.18 407.04 91.9 50.53 473.73 107.04 46.33 515.85
0.8 62.78 59.19 422.9 82.57 56.91 518.94 97.93 54.84 587.97
1 55.74 62.09 436.07 72.98 63.58 558.86 86.65 64.23 654.87

Table 1
Effects of increasing yield variability with respect to h.

Parameter h¼0.5 h¼1 h¼1.5

θ q v Cost q v Cost q v Cost

0.2 104.29 44.80 376.11 100.17 46.43 380.81 96.88 47.81 385.99
0.4 104.85 43.99 419.25 100.24 46.30 425.98 93.75 48.11 432.61
0.6 99.08 48.25 465.91 96.90 50.53 473.73 86.50 52.21 481.09
0.8 89.44 55.30 510.98 82.57 56.91 518.94 77.48 58.06 526.28
1 78.92 62.83 551.22 72.98 63.58 558.86 68.56 64.07 565.85
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model with dual sourcing and the single-source model with uncertain
yield. Our key findings are summarized as follows:

� The optimal replenishment policy for in-house production is a
threshold type.

� The optimal replenishment policy for outsourcing is much
complicated in general. For the all-or-nothing yield model, it
is a threshold type.

� The outsourcing decision is determined by both the supplier's
reliability and variable costs.

� The replenishment threshold from the source with uncertain
yield is higher than that with certain yield. Yield uncertainty
always leads to a higher cost.

� Under a mean-preserving model, the expected cost of the firm
increases when the variation of the yield becomes large.

� Cost saving achieved by the dual-sourcing strategy decreases in
the variability of demand and yield.

Besides the extension discussed in Section 6, there are several
more possible directions for future study. First, we may explore the
optimal policy under a general delay structure. Assume that the
lead-time of the in-house production is L periods while that of
outsourcing is Lþm. For m¼1, by redefining the state variable x as
inventory position instead of inventory level, we can prove that
the results in Section 3 still hold. However, if the lead-time
difference m is more than 1, then the dimension of state space is
increased to m dimensions. For example, for m¼2, (2) is rewritten
as

Vnðx; x1Þ ¼ min
0rq;0rv

fLnðx; q; vÞþαEVnþ1ðxþx1þϵnq�Dn; vÞg;

where x1 is the order quantity received at the beginning of period
nþ1. As Whittemore and Saunders (1977) point out, for m41, the
optimal policy becomes very complicated, which requires multi-
dimensional dynamic programming to find the optimal solution.

Table 3
Effect of holding cost h on the cost efficiency.

Parameter Init. inv.¼0 Init. inv.¼30 Init. inv.¼50

h Vs V Vs�V
Vs (%)

Vs V Vs�V
Vs (%)

Vs V Vs�V
Vs (%)

0.50 1656.94 916.12 44.71 1413.77 855.80 39.47 1251.72 832.14 33.52
1.50 1674.23 931.71 44.35 1430.77 870.01 39.19 1268.49 845.83 33.32
2.50 1687.48 945.16 43.99 1443.72 882.11 38.90 1281.23 857.27 33.09
3.50 1698.58 956.98 43.66 1454.52 892.64 38.63 1291.83 867.08 32.88%

Table 4
Effect of shortage cost b on the cost efficiency.

Parameter Init. inv.¼0 Init. inv.¼30 Init. inv.¼50

b Vs V Vs�V
Vs (%)

Vs V Vs�V
Vs (%)

Vs V Vs�V
Vs (%)

10 1656.94 916.12 44.71 1413.77 855.80 39.47 1251.72 832.14 33.52
20 1724.76 973.45 43.56 1478.59 907.77 38.61 1314.68 881.49 32.95
30 1760.00 1006.19 42.83 1510.19 935.25 38.07 1345.29 915.60 31.94
40 1771.88 1020.96 42.38 1522.68 951.22 37.53 1356.36 924.90 31.81

Table 5
Effect of demand uncertainty on the cost efficiency.

Parameter Init. inv.¼0 Init. inv.¼30 Init. inv.¼50

CV Vs V Vs�V
Vs (%)

Vs V Vs�V
Vs (%)

Vs V Vs�V
Vs (%)

0.1 1656.94 916.16 44.71 1413.77 855.80 39.47 1251.72 832.12 33.52
0.3 1733.41 1121.86 35.28 1489.28 1020.90 31.45 1327.93 905.83 31.79
0.6 1965.78 1453.34 26.07 1635.67 1298.13 20.64 1520.85 1070.45 29.62
0.9 2312.99 1833.64 20.72 1911.45 1602.01 16.19 1818.43 1335.22 26.57

Table 6
Effect of yield uncertainty on the cost efficiency.

Parameter Init. inv.¼0 Init. inv.¼30 Init. inv.¼50

CV Vs V Vs�V
Vs (%)

Vs V Vs�V
Vs (%)

Vs V Vs�V
Vs (%)

0.1 1656.94 916.16 44.71 1413.77 855.8 39.47 1251.72 832.12 33.52
0.2 1694.11 976.45 42.36 1438.7 881.44 38.73 1270.43 858.17 32.45
0.3 1744.48 1040.37 40.36 1466.27 916.99 37.46 1286.19 877.36 31.79
0.4 1804.36 1068.70 40.77 1496.88 943.77 36.95 1301.29 885.56 31.95

S.X. Zhu / Int. J. Production Economics 165 (2015) 79–89 85



Instead, it may be useful to develop a heuristic based on
Veeraraghavan and Scheller-Wolf (2008), which could be another
direction for future research.

Second, we can extend the current model to the infinite horizon.
We may prove that Theorems 1 and 2 still hold. And we can con-
sider the price-sensitive demand for the current model and figure out
the joint pricing and replenishment strategy under a dual-sourcing
scenario.

Third, since Wang and Gerchak (1996) point out that there are
many factors which cause production capacity to be variable, such as
unexpected breakdowns and unplanned maintenance, one could also
integrate the variable capacity into our model and analyze the impact
of the capacity uncertainty on the replenishment policy and the cost-
efficiency of the firm.
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Appendix A

Proof of Lemma 1. The continuity is obvious, because all the
three terms at the right-hand side of (1) are continuous. To show
the convexity, note that the second term and the third at the right-
hand side of (1) are linear. It is then sufficient to show the
convexity of E½Rnðxþϵnq�DnÞ�. This is true because Rnð�Þ is convex
and xþϵnq�Dn is linear in x and q. □

Proof of Lemma 2. Clearly, it is true for n¼Nþ1. Suppose that
Vnþ1ðxÞ is convex in x. Then, E½Vnþ1ðxþvþϵnq�DnÞ� is jointly
convex in ðx; q; vÞ because xþvþϵnq�Dn is linear in x, q, and v. By
Lemma 1, ~J nðx; q; vÞ is jointly convex in ðx; q; vÞ, which further
implies that Vn(x) is convex in x because minimization preserves
convexity. □

Proof of Lemma 3. The proof is similar to that of Lemma 3.2 in
Chao et al. (2009) and hence omitted. □

Proof of Lemma 4. Denote ~Gnðy; qÞ ¼ conyþαEVnþ1ðyþϵnq�DnÞ.
Since Vnþ1 is convex, ~Gnðy; qÞ is jointly convex in (y,q). By Lemma
2.6.2 in Topkis (1998), ~Gnðy; qÞ is supermodular in (y,q). Then, part
(i) is simply an application of Lemma 3. For part (ii), since
Rnðxþϵnq�DnÞ is jointly convex and supermodular in (x,q) for
each sample of ϵn, by part (i), Jnðx; qÞ is also jointly convex and
supermodular in (x,q). □

Proof of Lemma 5. The proof follows directly from Lemma 4.

Proof of Theorem 1. The proof immediately follows from Lemma
5.

Proof of Theorem 2. (i) For xZ In, by Theorem 1, we have
qn
nðxÞ ¼ 0 and SnðxÞ ¼ SnðInÞ follows from the definition of Sn(x).

Consequently, vnnðxÞ ¼ ½SnðInÞ�x�þ for xZ In. Thus, vnnðxÞ is decreas-
ing in x. (ii) When xZ In, we have vnnðxÞ ¼ ½Ŝn�x�þ ¼ 0 because of
InZ Ŝn. When xA ½Ŝn; InÞ, vnnðxÞ ¼ ½SnðxÞ�x�þ r ½SnðInÞ�x�þ ¼
½Ŝn�x�þ ¼ 0, where the inequality is true because Sn(x) is increas-
ing in x. The proof for (iii) is similar and thus omitted. □

Proof of Lemma 6. Let us consider the following two cases: xo In
and xZ In.

Case 1: xo In. The proof is by contradiction. First, suppose that
V 0
nðxÞ4�cn for some xo In. Then, from the convexity of Vn(x),

we have V 0
nðyÞZV 0

nðxÞ4�cn for any y4x, which implies Vnðxþ
ϵnqn

nÞ4VnðxÞ�cnϵnqn
n for any sample of ϵn, and hence,

EVnðxþϵnqn

nÞ4VnðxÞ�cnqn

n: ð12Þ

Second, we have

VnðxÞ ¼ ERnðxþϵnqn

n�DnÞþcnqn

nþGnðx; qn

nÞ�conx: ð13Þ

For each sample of ϵn, we have

Vnðxþϵnqn

nÞr Jnðxþϵnqn

n;0Þ; ð14Þ
because qn¼0 is feasible but not necessarily optimal. Taking
expectation of both sides of (14) and replacing Jnðxþϵnqn

n;0Þ by
(4), we have

EVnðxþϵnqn

nÞrE½Rnðxþϵnqn

n�DnÞþGnðxþϵnqn

n;0Þ�conðxþϵnqn

nÞ�
¼ VnðxÞ�cnqn

nþE½Gnðxþϵnqn

n;0Þ�conϵnq
n

n��Gnðx; qn

nÞ;
ð15Þ

where the equality follows from (13).
In what follows, we shall show that E½Gnðxþ ϵnqn

n;0Þ�
conϵnq

n
n�rGnðx; qn

nÞ. By (5), for each sample of ϵn, we have

Gnðxþϵnqn

n;0Þrconðyn

nþϵnqn

nÞþEVnþ1ðyn

nþϵnqn

n�DnÞ;
where the inequality is true since yn

nþϵnqn
nZxþϵnqn

n, where
yn
n ¼ argminyZxfconyþαEVnþ1ðyþϵnqn

n�DnÞg. Hence
EGnðxþϵnqn

n;0Þrconðyn

nþϵnqn

nÞþEVnþ1ðyn

nþϵnqn

n�DnÞ
¼ Gnðx; qn

nÞþconϵnqn

n:

Thus, we have shown that E½Gnðxþϵnqn
n;0Þ�conϵnq

n
n�rGnðx; qn

nÞ.
This, together with (15), implies EVnðxþϵnqn

nÞrVnðxÞ�cnqn
n,

which contradicts (12). Hence, V 0
nðxÞr�cn for xo In.

Case 2: xZ In. we have qn
n ¼ 0. Hence, by (2), we have

VnðxÞ ¼min
yZx

fERðx�DnÞþconðy�xÞþαEVnþ1ðy�DnÞg;

V 0
nðxÞ ¼

E½R0
nðx�DnÞþαV 0

nþ1ðx�DnÞ�; xZ Ŝn;

E½R0
nðx�DnÞ��con; xo Ŝn:

8<
: ð16Þ

For InZ Ŝn, by the definition of In, we have

E½R0
nðIn�DnÞþαV 0

nþ1ðIn�DnÞ�þcnZ0:

Thus, by (16), V 0
nðInÞZ�cn.

For Ino Ŝn, by the definition of In, we have

ER0
nðIn�DnÞþcn�conZ0:

By (16), we also have V 0
nðInÞZ�cn.

Because of the convexity of Vn(x), V 0
nðxÞZV 0

nðInÞZ�cn. We
hence can conclude that V 0

nðxÞZ�cn for xZ In. □

Proof of Theorem 3. For part (i), let us first denote

Ĵ nðx; vÞ ¼ convþαð1�βnÞEVnþ1ðxþv�DnÞ�cnxþgnðx; vÞ; ð17Þ
where gnðx; vÞ is defined by

gnðx; vÞ ¼min
xr z

EfβnRnðz�DnÞþcnzþαβnVnþ1ðzþv�DnÞg;

where z¼ xþq.
Because Vnþ1 is convex and minimization preserves convexity,

gnðx; vÞ is jointly convex in (x,v). By Lemma 2.6.2 in Topkis (1998, p.
50) and Lemma 3, gnðx; vÞ is supermodular in (x,v). Because of the
convexity of Vnþ1ðxÞ and the property of gnðx; vÞ, Ĵ nðx; vÞ is jointly
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convex and supermodular in (x,v). Thus, Part (i) holds true because
Ĵ nðx; vÞ is supermodular in (x,v).

To show part (ii), note from Theorem 2 that vnnðxÞ ¼ 0 for all
xZ Ŝn and Ŝn is finite. So by part (i) of this theorem, we know that
In
o is well defined and an order is placed if and only if the initial
inventory is strictly below In

o. □

Proof of Theorem 4. The proof is by induction.
For period N,

VNðxÞ ¼ ð1�βÞERNðx�DnÞþβERNðxþqn

NðxÞ�DnÞþβcNqn

NðxÞ;
dVNðxÞ
dβ

¼ �ERNðx�DnÞþERNðxþqn

NðxÞ�DnÞþcNqn

NðxÞ:

Since qn

NðxÞ minimizes ERNðxþq�DnÞþcNq, we know that
dVNðxÞ=dβ is negative, and hence VN(x) is decreasing in β.

Furthermore, we have

V 0
NðxÞ ¼

ð1�βÞER0
Nðx�DNÞ�βcN ; xo IN ;

ER0
Nðx�DNÞ; xZ IN :

(

For xo IN , we have dV 0
NðxÞ=dβ¼ �ER0

Nðx�DNÞ�cN , which is posi-
tive because IN is defined as IN ¼ inffx : ER0

Nðx�DNÞþcN ¼ 0g and
RN is a convex function. Therefore, V 0

NðxÞ is increasing in β. For
xZ IN , V

0
NðxÞ is independent of, and hence increasing in β. For the

other results, it is easy to see that vnN , IN
o , qn

N , and IN are all
independent of β. We hence have shown the result for period N.

Suppose that the conclusions hold for period nþ1. We shall
show that they also hold for period n.

For (i), the definition of In implies that βER0
nðIn�DnÞþ

βcnþ ∂GnðIn ;qÞ
∂q j q ¼ 0 ¼ 0. By (5), we have

∂Gnðx; qÞ
∂q

����
q ¼ 0

¼ αβEV 0
nþ1ðx�DnÞ; xZ Ŝn;

�βcon Otherwise:

(

For xZ Ŝn, In is decreasing in β since V 0
nþ1ðxÞ is increasing in β. For

xo Ŝn, In is independent of β. Thus, In is decreasing in β.
Then, we show that Ino is decreasing in β. By (17), Ino is given by

conþαð1�βÞEV 0
nþ1ðx�DnÞj x ¼ Ion

þ∂gnðx; vÞ
∂v

j x ¼ Ion ;v ¼ 0 ¼ 0: ð18Þ

Denote

znðvÞ ¼ argmin
z

fβRnðz�DnÞþcnzþαβVnþ1ðzþv�DnÞg:

By (17), we need to consider three cases: znðvÞrx, xoznðvÞ.
Case 1: znðvÞrx. We have ∂gnðx;vÞ

∂v j x ¼ Ion ;v ¼ 0 ¼ αβEV 0
nþ1ðIon�DnÞ.

Substituting it into (18), we have conþαEV 0
nþ1ðIon�DnÞ ¼ 0. Since

V 0
nþ1ðxÞ is increasing in β, Ino is decreasing in β.
Case 2: xoznðvÞ. We have ∂gnðx; vÞ=∂vj x ¼ Ion ;v ¼ 0 ¼ αβE

V 0
nþ1ðznð0Þ�DnÞ. Substituting it into (18), we have conþ

αð1�βÞEV 0
nþ1ðIon�DnÞþαβEV 0

nþ1ðznð0Þ�DnÞ ¼ 0. Since Vnþ1
0ðxÞ

is increasing in both β and x, Ino is decreasing in β.
To prove (ii), we need to show that V 0

nðxÞ is increasing in β and
Vn(x) is decreasing in β. Then, we need to consider the following
two cases.

Case 1: Ionr In. For xZ In, we have

VnðxÞ ¼E½Rnðx�DnÞþαVnþ1ðx�DnÞ�:
By induction hypothesis, we see that Vn(x) is decreasing in β and
V 0
nðxÞ is increasing in β for this case.
For Ionrxo In, we have

V 0
nðxÞ ¼ ð1�βÞER0

nðx�DnÞþβER0
nðxþqn

nðxÞ�DnÞ
þαE½ð1�βÞV 0

nþ1ðx�DnÞþβV 0
nþ1ðxþqn

nðxÞ�DnÞ�: ð19Þ

Noting that βER0
nðxþqn

nðxÞ�DnÞþ βcnþαβEV 0
nþ1ðxþ qn

nðxÞ�
DnÞ ¼ 0. We can rewrite (19) as

V 0
nðxÞ ¼ ð1�βÞER0

nðx�DnÞþαð1�βÞEV 0
nþ1ðx�DnÞ�βcn

¼ ð1�βÞ½ER0
nðx�DnÞþαEV 0

nþ1ðx�DnÞþcn��cn;

where ER0
nðx�DnÞþcnþαEV 0

nþ1ðx�DnÞr0. Thus, V 0
nðxÞ is increas-

ing in β.
For xo Ion, we have

V 0
nðxÞ ¼ ð1�βÞER0

nðx�DnÞþβER0
nðxþqn

nðxÞ�DnÞ�con: ð20Þ
Since qn

nðxÞ is increasing in β for xr Ion, V
0
nðxÞ is increasing in β.

Case 2: Ino Ion. For xZ Ion, V
0
nðxÞ satisfies (19). Thus, (ii) is true for

period n.
For Inoxo Ion, we have

V 0
nðxÞ ¼ER0

nðx�DnÞ�con:

Clearly, (ii) is true for this situation.
For xr In, V 0

nðxÞ satisfies (20). Thus, (iii) is also true for this
situation. vnnðxÞ is determined by conþαEV 0

nþ1ðxþvnn ðxÞþ qn
nðxÞ�

DnÞ ¼ 0. By induction, it is obvious that vnnðxÞ is also decreasing in β.
By following the similar argument, we can also show that Vn(x)

is decreasing in β. □

Proof of Theorem 5. The proof is similar to that of Theorem 4 and
hence omitted. □

Proof of Lemma 7. Since In
c is the base-stock level, it is clear that

Vc0
n ðxÞ ¼ �cn for xo Icn. The rest follows from the convexity of

Vc
nðxÞ. □

Proof of Theorem 6. We prove (i), (ii), and (iii) together by
induction. Under the assumption that ERnðx�DnÞ is continuous
and differentiable almost everywhere, by induction, we can show
that V 0

nðxÞ is continuous in x, which guarantees the existence of the
first-order condition.

For period N, since vnNðxÞ ¼ vcNðxÞ ¼ 0, there exists only one decision
variable q. We obtain ŜN ¼ Ŝ

c
N . It is shown by Henig and Gerchak

(1990) that the threshold value is independent of yield variability for
the single-period model. Thus, INZ IcN .

For the certain-yield model, we have

Vc0
NðxÞ ¼

�cN ; xr IcN ;

ER0
Nðx�DNÞ Otherwise:

(

For the uncertain-yield model, we have

V 0
NðxÞ ¼

ER0
NðxþϵNqn

NðxÞ�DNÞ; xr IN;
ER0

Nðx�DNÞ Otherwise:

(

Because of IN ¼ IcN , we have V 0
NðxÞrVc0

NðxÞ.
Suppose that the conclusions are true for period nþ1. We have

to show that they still hold for period n. By induction hypothesis,
i.e., V 0

nþ1ðxÞrVc0
nþ1ðxÞ, we have ŜnZ Ŝ

c
n.

Secondly, we show that InZ Icn by contradiction. Suppose Ino Icn.
By (6) and (9), In and In

c are uniquely determined by the
following two first-order conditions, respectively, i.e.,

In ¼ inf x : ϵnER
0
nðx�DnÞþcnþ∂Gnðx; qÞ

∂q
j q ¼ 0 ¼ 0

� �
;

Icn ¼ inf x : ER0
nðx�DnÞþcnþ

∂Gc
nðx; qÞ
∂q

j q ¼ 0 ¼ 0
� �

;

where

∂Gnðx; qÞ
∂q

����
q ¼ 0

¼ αϵnEV
0
nþ1ðmax Ŝn; x

n o
�DnÞ;
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∂Gc
nðx; qÞ
∂q

����
q ¼ 0

¼ αEVc0
nþ1ðmax Ŝ

c
n; x

n o
�DnÞ:

Let us consider the following two cases.
Case 1: In4Scn. We have

ϵnER0
nðIn�DnÞþcnþαϵnEV

0
nþ1ðIn�DnÞ ¼ 0: ð21Þ

Since Ŝ
c
nr Ŝn and Ino Icn, we have Icn4 Ŝ

c
n. Then, we have

ER0
nðIcn�DnÞþcnþαEVc0

nþ1ðIcn�DnÞ ¼ 0: ð22Þ
Comparing (21) with (22), since V 0

nþ1ðxÞrVc0
nþ1ðxÞ, we have InZ Icn,

which yields a contradiction.
Case 2: Inr Ŝn. We have

ϵnER0
nðIn�DnÞþcnþαϵnEV

0
nþ1ðŜn�DnÞ ¼ 0: ð23Þ

If Icnr Ŝ
c
n, we have

ER0
nðIcn�DnÞþcnþαEVc0

nþ1ðŜ
c
n�DnÞ ¼ 0: ð24Þ

Since conþαϵnEV 0
nþ1ðŜn�DnÞ ¼ 0 and conþαEVc0

nþ1ðŜ
c
n�DnÞ ¼ 0,

by comparing (23) and (24), we have In ¼ Icn, which yields a con-
tradiction.

If Icn4 Ŝ
c
n, we have

ER0
nðIcn�DnÞþcnþαEVc0

nþ1ðIcn�DnÞ ¼ 0: ð25Þ

Since αEVc0
nþ1ðIcn�DnÞZ�con, by comparing (23) and (25), we

have InZ Icn, which yields a contradiction. Thus, we have shown
that InZ Icn.

Thirdly, we intend to show that (iii) is true. By Lemmas 6 and 7,
since InZ Icn, we obtain that Vc0

n ðxÞZV 0
nðxÞ for xr In. Then, we just

need to show that it is also true for x4 In. For x4 In, we have

V 0
nðxÞ ¼

ER0
nðx�DnÞþαEV 0

nþ1ðx�DnÞ; xZ Ŝn;

ER0
nðx�DnÞ�con; Otherwise:

(

Let us consider the following three cases.
Case 1: xZ Ŝn. We have

Vc0
n ðxÞ ¼ER0

nðx�DnÞþαEVc0
nþ1ðx�DnÞ:

Since V 0
nþ1ðxÞrVc0

nþ1ðxÞ, we have V 0
nðxÞrVc0

n ðxÞ for this case.
Case 2: Ŝ

c
noxo Ŝn. Since αEVc0

nþ1ðx�DnÞ4 αEVc0
nþ1ðŜ

c
n�

DnÞZ�con, we have V 0
nðxÞrVc0

n ðxÞ for this case.
Case 3: xr Ŝ

c
n. We have Vc0

n ðxÞ ¼ ER0
nðx�DnÞ�con. Therefore, we

have V 0
nðxÞ ¼ Vc0

n ðxÞ for this case.
In summary, we have shown that V 0

nðxÞrVc0
n ðxÞ.

Next, we prove (iv) by induction. It is obviously true for
n¼Nþ1 because VNþ1ðxÞ ¼ Vc

Nþ1ðxÞ ¼ 0.
Suppose that Vnþ1ðxÞZVc

nþ1ðxÞ. By invoking Jensen's inequal-
ity, we have

Jnðx; q; vÞ ¼EfRnðxþϵnq�DnÞþcnqþconvþαVnþ1ðxþϵnqþv�DnÞg
ZEfRnðxþϵnq�DnÞþcnqþconvþαVnþ1ðxþϵnqþv�DnÞg;

where the inequality is due to the convexity of Rnð�Þ and Vnþ1ð�Þ.
Therefore,

VnðxÞ ¼ min
0rq;0rv

Jnðx; q; vÞ

Z min
0rq;0rv

EfRnðxþϵnq�DnÞþcnqþconvþαVnþ1ðxþϵnqþv�DnÞg

Z min
0rq;0rv

EfRnðxþϵnq�DnÞþcnqþconvþαVc
nþ1ðxþϵnqþv�DnÞg

¼ min
0rq;0rv

EfRnðxþϵnq�DnÞþcnϵnqþconvþαVc
nþ1ðxþϵnqþv�DnÞg

¼ min
0rq;0rv

EfRnðxþq�DnÞþcnqþconvþαVc
nþ1ðxþqþv�DnÞg

Z min
0rq;0rv

EfRnðxþq�DnÞþcnqþconvþαVc
nþ1ðxþqþv�DnÞg

¼ Vc
nðxÞ;

and the result follows.
Finally, for (v), noting that InZ Icn, let us consider three cases.

Case I: xZ In. It is obvious that qn
nðxÞ ¼ qcnðxÞ ¼ 0. Case II: Icnrxo In,

we have qn
nðxÞZqcnðxÞ ¼ 0. Case III: xo Icn. Because of dqn

nðxÞ=
dxr�1, it implies that qn

nðxÞZ In�x. Since In
c can be treated as

the base-stock level, we have qcnðxÞ ¼ Icn�x. Since InZ Icn, we have
qn
nðxÞZqcnðxÞ. □

References

Ahiska, S.S., Appaji, S.R., King, R.E., Warsing, D.P., 2013. A Markov decision process-
based policy characterization approach for a stochastic inventory control
problem with unreliable sourcing. Int. J. Prod. Econ. 144 (2), 485–496.

Anupindi, R., Akella, R., 1993. Diversification under supply uncertainty. Manag. Sci.
39, 944–963.

Chao, X., Chen, H., Zheng, S., 2009. Dynamic capacity expansion for a service firm
with capacity deterioration and supply uncertainty. Oper. Res. 57, 82–93.

Chen, J., Yao, D.D., Zheng, S., 2001. Optimal replenishment and rework with
multiple unreliable supply sources. Oper. Res. 49, 430–443.

Chopra, S., Reinhardt, G., Mohan, U., 2007. The importance of decoupling recurrent
and disruption risks in a supply chain. Naval Res. Logist. 54, 544–555.

Dada, M., Petruzzi, N., Schwarz, L., 2007. A newsvendor's procurement problem
when suppliers are unreliable. Manuf. Service Oper. Manag. 9, 9–32.

Erickson, K., Whittier, R., Oswald, M., 1995. Sourcing, H., Fearon, D., Dobler, K.
Killien, eds. The Purchasing Handbook. McGraw-Hill, New York, pp. 129–168.

Feng, Q., Sethi, S., Yan, H., Zhang, H., 2006. Are base-stock policies optimal in
inventory problems with multiple delivery modes? Oper. Res. 54, 801–807.

Fukuda, Y., 1964. Optimal policy for the inventory problem with negotiable
leadtime. Manag. Sci. 10, 690–708.

Giri, B.C., 2011. Managing inventory with two suppliers under yield uncertainty and
risk aversion. Int. J. Prod. Econ. 133 (1), 80–85.

Güllü, R., E., Önol, N., Erkip, N., 1999. Analysis of an inventory system under supply
uncertainty. International Journal of Production Economics 59, 377–385.

Gutmann, K., 2003. How GM is accelerating vehicle development. Supply Chain
Manag. Rev. 7, 34–37.

Gupta, D., Cooper, W., 2005. Stochastic comparison in product yield management.
Oper. Res. 53, 377–384.

Henig, M., Gerchak, Y., 1990. The structure of periodic review policies in the
presence of random yield. Oper. Res. 38, 634–643.

Johnson, M.E., 2006. Dual sourcing strategies: operational hedging and outsourcing
to reducing risk in low-cost countries. In: Lee, H., Lee, C.Y. (Eds.), Building
Supply Chain Excellence in Emerging Economies. Spring-VerlagþBusiness
Media, LLC, New York, NY, USA.

Karlin, S., 1958. One stage inventory models with uncertainty. In: Arrow, K.J., Karlin, S.,
Scarf, H. (Eds.), Studies in the Mathematical Theory of Inventory and Production.
Stanford University Press, Stanford, CA, pp. 109–134.

Kazaz, B., 2004. Production planning under yield and demand uncertainty with
yield dependent cost and price. Manuf. Service Oper. Manag. 6, 209–224.

Kouvelis, P., Li, J., 2013. Offshore outsourcing, yield uncertainty, and contingency
responses. Prod. Oper. Manag. 22 (1), 164–177.

Li, J., Chand, S., Dada, M., Mehta, S., 2009. Managing inventory over a short season:
models with two procurement opportunities. Manuf. Service Oper. Manag. 11,
174–184.

Li, Q., Zheng, S., 2006. Joint inventory replenishment and pricing control for
systems with uncertain yield and demand. Oper. Res. 54, 696–705.

McNeill, R., Pohlmann, T., Ester, O., 2005. The Shift to Selective Sourcing Continues.
Forrester Research Inc, 400 Technology Square, Cambridge, MA, USA.

Mohebbi, E., 2004. A replenishment model for the supply uncertainty problem. Int.
J. Prod. Econ. 87, 25–37.

Parlar, M., Wang, D., 1993. Diversification under yield randomness in inventory
models. Eur. J. Oper. Res. 66, 52–64.

Riezebos, J., Zhu, S., 2015. MRP planned orders in a multiple-supplier environment
with differing lead times. Prod. Oper. Manag. http://dx.doi.org/10.1111/
poms.12318.

Tang, O., Musa, S.N., Li, J., 2012. Dynamic pricing in the newsvendor problem with
yield risks. Int. J. Prod. Econ. 139, 127–134.

Tomlin, B., Wang, Y., 2005. On the value of mix flexibility and dual sourcing in
unreliable newsvendor networks. Manuf. Service Oper. Manag. 7, 37–55.

Topkis, D.M., 1998. Supermoduliarity and Complementary. Princeton University
Press, Princeton, NJ.

Veeraraghavan, S., Scheller-Wolf, A., 2008. Now or later: a simple policy for
effective dual sourcing in capacitated systems. Oper. Res. 56, 850–864.

Waart, D., 2006. Getting smart about risk management. Supply Chain Manag. Rev.
November, 27–33.

S.X. Zhu / Int. J. Production Economics 165 (2015) 79–8988

http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref1
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref1
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref1
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref2
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref2
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref3
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref3
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref4
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref4
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref5
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref5
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref6
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref6
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref8
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref8
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref9
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref9
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref10
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref10
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref12
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref12
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref13
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref13
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref14
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref14
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref15
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref15
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref15
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref15
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref15
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref15
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref15
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref16
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref16
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref16
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref17
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref17
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref18
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref18
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref19
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref19
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref19
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref20
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref20
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref21
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref21
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref22
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref22
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref23
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref23
http://dx.doi.org/10.1111/poms.12318
http://dx.doi.org/10.1111/poms.12318
http://dx.doi.org/10.1111/poms.12318
http://dx.doi.org/10.1111/poms.12318
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref24
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref24
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref25
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref25
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref26
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref26
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref27
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref27
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref28
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref28


Wang, D., Tang, O., Zhang, L., 2014. A periodic review lot sizing problem with
random yields, disruptions and inventory capacity. Int. J. Prod. Econ. 155,
330–339.

Wang, Y., Gerchak, M., 1996. Periodic review production models with variable
capacity, random yield, and uncertain demand. Manag. Sci. 42, 130–137.

Wang, Y., Gilland, W., Tomlin, B., 2010. Mitigating supply risk: dual sourcing or
process improvement? Manuf. Service Oper. Manag. 12, 489–510.

Whittemore, A.S., Saunders, S.C., 1977. Optimal inventory under stochastic demand
with two supply options. SIAM J. Appl. Math. 32, 293–305.

Wiesmann, G., 2007. Airbus outsources A350 work to Russia AEROFLOT ORDER.
Financ. Times 23 (March), 26.

Xu, H., 2010. Managing production and procurement through option contracts in
supply chains with random yield. Int. J. Prod. Econ. 126, 306–313.

Yano, C., Lee, H., 1995. Lot-sizing with random yields: a review. Oper. Res. 43,
311–334.

Zhu, S., 2012. Joint pricing and inventory replenishment decisions with return and
expediting. Eur. J. Oper. Res. 216, 105–112.

S.X. Zhu / Int. J. Production Economics 165 (2015) 79–89 89

http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref29
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref29
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref29
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref30
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref30
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref31
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref31
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref32
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref32
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref33
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref33
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref34
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref34
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref35
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref35
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref36
http://refhub.elsevier.com/S0925-5273(15)00101-2/sbref36

	Dynamic replenishment from two sources with different yields, �costs, and leadtimes
	Introduction
	Model description
	Structure of optimal replenishment policy
	Effects of yield uncertainty
	Benefits of outsourcing
	Extension
	Concluding remarks
	Acknowledgements
	References




