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Chapter 3

Shewhart-type control
charts for the mean

3.1 Introduction

In the previous chapter, we discussed the Shewhart control chart in the
classical context: for independent univariate observations, and normality of
the quality characteristic. In the remainder of this thesis, we will investigate
how the performance of control charts is affected by various forms of serial
correlation. In this chapter, which is based on Wieringa (1998), we will
start with Shewhart-type control charts for the mean of a serially correlated
sequence of observations. By Shewhart-type control charts we mean that
the statistics that are plotted in the control chart are not smoothed, as in
the EWMA control chart, which will be discussed in Chapter 4, or summed,
as in the CUSUM control chart, which will be discussed in Chapter 5. We
chose to discuss these charts in separate chapters, in order not to confound
the efficiency differences between the control charts with the effect of serial
correlation.

In this chapter and in the next two chapters, we will only consider charts
for detecting a step change in the mean of the observations. In Chapter 7,
charts for detecting a shift in the spread of serially correlated data are
discussed.

For detecting a shift in the mean of a serially correlated process two
approaches are suggested in the literature. The first approach is a mod-
ification of the classical Shewhart control chart. The control limits are
modified to allow for serial correlation in the data. The modified Shewhart
chart is discussed in Section 3.4. The second approach is based on residuals
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36 CHAPTER 3. SHEWHART-TYPE CONTROL CHARTS

from a time series model, fitted to the data. The residuals control chart will
be discussed in Section 3.5. In Section 3.6 a third approach, the modified
residuals chart, is discussed.

In Sections 3.4 through 3.6, we will study how the three charts are
affected by first-order autocorrelation in the data. We believe that this is
the most important case for practical purposes. In Subsection 2.4.2, the
properties of the AR(1) model were quickly reviewed. The control charts
that are discussed in this chapter are readily extended to other time series
models. In the tables of Appendix A, the results of application of these
control charts to various ARMA(p,q) models with p+ q ≤ 2 are presented.
We will not discuss these results in detail in the text.

Throughout this thesis, the performances of different control charts are
compared on the basis of Average Run Length (ARL) curves. Considering
only the average of the run length has disadvantages, since the distribution
function of the run length is typically skewed to the right. It is questionable
whether the mean provides enough information to characterize the distri-
bution of the run length. Therefore, it is sometimes recommended to study
quantiles of the run length distribution, or the run length distribution it-
self. However, since the ARL curve is still most commonly used to evaluate
the efficiency of a control chart, it will be the basis for the comparison of
control charts throughout this thesis.

The ARL curve for the i.i.d. case is discussed in Section 3.2. This curve
will serve as a reference point for subsequent sections, when the effect of
serial correlation is studied.

3.2 ARL curve for the i.i.d. case

In the classical situation, it is assumed that subsequent observations of
a quality characteristic are independently distributed. Throughout this
thesis, a sequence of independent observations is denoted by {Xt}. An
observation may be the mean of a sample, or an individual observation. In
this chapter, it will assumed that the variance of the observations remains
constant over time at level σ2

X , and that a special cause of variation may
cause a shift in the mean of the process. Assuming normality, we have the
following model for Xt, an observation of a quality characteristic of interest
at time t

Xt ∼ N (µt, σ2
X) for t∈ ZZ, (3.1)
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where successive Xt’s are assumed to be independently distributed. The
expectation of Xt is indexed by time, to indicate that the mean of the
process may shift due to special causes of variation.

A special cause occurring at an unknown time point T is modelled as

µt =


µ for t < T

µ+ δσX for t ≥ T.
(3.2)

The size of the shift is expressed in units of the standard deviation of the
observations. This facilitates comparison of control charts for processes
with different variances.

The classical Shewhart control chart has control limits µ ± 3σX , (see
Subsection 2.3.2). After a shift of size δσX has occurred, we can write for
P(δ), the probability that an observation falls within the control limits

P(δ) = P(µ− 3σX ≤ Xt ≤ µ+ 3σX)

= Φ(δ + 3)− Φ(δ − 3),

where Φ(·) denotes the cumulative distribution function of the standard
normal distribution. Since P(0) = 0.9973, it is very unlikely to observe
an out-of-control signal if δ = 0. Therefore, if an observation outside the
control limits is encountered, the presence of a special cause of variation
is suspected. This interpretation of an out-of-control signal relies on the
independence and normality assumptions made for model (3.1).

The Average Run Length (ARL) is defined as the average number of
observations up to and including the first out-of-control observation. The
ARL is a function of δ. In the present case of independent observations,
ARL(δ) can be computed as

ARL(δ) =
∞∑
i=1

iP(δ)i−1[1− P(δ)] =
1

1− P(δ)
. (3.3)

In Figure 3.1, the ARL curve of a Shewhart chart with three-sigma limits
is depicted.

Figure 3.1 shows that the ARL is high if δ = 0, and that the ARL is low
if δ is large. This is desirable behavior. A control chart having the same
ARL(0), and lower ARL(δ) for δ > 0 is more efficient, since on average
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Figure 3.1: ARL curve of a Shewhart chart.

fewer observations are needed to detect a change in E(Xt). Analogously, a
control chart having the same ARL(0) and higher ARL(δ) for δ > 0 is less
efficient. The ARL curves of control charts discussed in the remainder of
this chapter will be compared to the curve in Figure 3.1.

3.3 Effect of ignoring serial correlation

In this section, we will investigate how the ARL curve of the standard
Shewhart chart is affected by AR(1) dependence in the observations. In
practice, when the presence of serial correlation in the data is not noticed
or when it is ignored, an SPC practitioner will set up a control chart as if
the data were independent. Since we are concerned with individual obser-
vations in this chapter, we will follow the most common design for a control
chart for the mean of individual independently distributed observations.

Using the notation of Chapter 2, we assume that observations from a
process of interest are generated by the AR(1) model (2.2):

Yt − µ = φ(Yt−1 − µ) + εt for t∈ ZZ, (3.4)
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where {εt} is a sequence of i.i.d. disturbances, εt ∼ N (0, σ2
ε) for t∈ ZZ. In

the simulation study of this section that will be discussed next, we will use
σε = 1.

For σ2
Y , the variance of the AR(1) observations, we have

σ2
Y = Var(Yt) =

σ2
ε

1− φ2
.

Suppose that we have realizations of {Y1, · · · , Yn} at our disposal to set up
a control chart for the mean. It is customary to estimate the center line
of the control chart by the overall mean. This is an unbiased estimator.
For the width of the control limits, the standard deviation of the process is
usually estimated by MR/d2(2), the mean of the moving ranges corrected
by a factor d2(2). The mean of the moving ranges is defined as

MR =
1

n− 1

n∑
i=2

MRi,

where

MRi = |Yi − Yi−1|.

The factor d2(2) is commonly used in the literature on SPC, and equals
2/
√
π (see Subsection 7.1.2 of this thesis for a derivation).

If the Yt’s would have been independent, MR/d2(2) would have been an
unbiased estimator for σY . However, in Subsection 7.1.2, it is shown that
E
[
MR/d2(2)

]
=
√

1− φσY , so that the usual estimator for the standard
deviation is biased in case of AR(1) observations. Consequently, the control
limits are not correctly computed. To observe how this affects the ARL
curve of the Shewhart control chart with three-sigma limits, we simulated a
sequence of AR(1) observations without a shift in the mean (the in-control
situation), and judged these with control limits µ ± 3E[MR/d2(2)]. We
repeated this simulation 100,000 times for seven different values of the AR-
parameter: φ = −0.9,−0.6,−0.3, 0, 0.3, 0.6, 0.9. The mean of the 100,000
in-control run lengths can be found in the fourth column of Table 3.1,
for each φ. The bracketed numbers below the simulated ARL values are
the simulated standard errors of the averages. Subsequently, we repeated
the simulations for the situation that a shift in the mean of size 1σY has
occurred. The average and the standard error of the average of 100,000
simulated run lengths are tabulated in the fifth column of Table 3.1. In
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Table 3.1: ARL values of a three-sigma Shewhart
chart, applied to various AR(1) processes.

φ σY E
[
MR/d2(2)

]
ARL(0σY ) ARL(1σY )

-0.9 2.2942 3.1623 45179.41 1743.99
(142.59) (5.53)

-0.6 1.2500 1.5811 7125.77 396.39
(22.57) (1.25)

-0.3 1.0483 1.1952 1604.25 128.71
(5.06) (0.41)

0.0 1.0000 1.0000 370.22 43.84
(1.16) (0.14)

0.3 1.0483 0.8771 85.60 17.28
(0.27) (0.05)

0.6 1.2500 0.7906 22.84 8.60
(0.07) (0.03)

0.9 2.2942 0.7255 8.15 3.86
(0.02) (0.02)

Table 3.1, the row corresponding to φ = 0 represents the results for the
case of independent observations. The simulated ARL values agree closely
with the curve of Figure 3.1.

In the second column of Table 3.1, the standard deviation of the AR(1)
observations is tabulated. The entries in the third column are the expec-
tations of MR/d2(2). The results illustrate that σY is overestimated for
φ < 0, and underestimated for φ > 0. This can be interpreted as follows.

In case of autocorrelated data, the short-term variation, which is rep-
resented by E

[
MR/d2(2)

]
, is different from the long-term variation in the

process, represented by σY . This means that the width of control limits,
which is based on (an estimate of) short-term variation, does not comply
with the variation that is inherent in the process. In the case of posi-
tive autocorrelation, which is most commonly encountered in practice (see
Faltin, Mastrangelo, Runger and Ryan (1997)), this will result in limits
that are too tight. This explains the occurrence of a large number of false
out-of-control signals in the case of positive autocorrelation.

In case of negative autocorrelation, the control limits are too wide, due
to overestimation of σY . Hence, the chart will be insensitive to changes in
the mean of the process.
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In this thesis, we acknowledge that biased estimation of the variation
in serially correlated processes is a serious problem when constructing con-
trol charts. This will result in misinterpretation of out-of-control signals.
Positive autocorrelation increases the number of false signals, compared to
the case of monitoring uncorrelated observations. In case of negative auto-
correlation, the control chart will not be sensitive enough to detect process
upsets, so that the presence of special causes may not be detected.

However, as soon as the presence of serial correlation is established,
it is relatively easy to obtain an unbiased estimate of the variance of the
process. This can be done either by multiplying the estimate by a factor
which eliminates the bias, or by estimating the variance of the residuals,
and multiplying this by an appropriate factor to obtain an estimate of the
process variance. See also Brockwell and Davis (1991). The second column
of Table 3.1 illustrates that the variance of the autocorrelated observations
is larger, compared to the case where autocorrelation is absent. Therefore,
a control chart which accounts for serial correlation will generally have
wider control limits than a control chart for uncorrelated data would have.

Nevertheless, the question remains whether a sequence of serially corre-
lated observations with standard deviation σY is properly monitored with a
control chart with 3σY limits. After all, such a control chart is intended to
monitor an independent sequence of observations with standard deviation
σY . We will concern ourselves with the question what effect the dependence
structure has on the behavior of the ARL curve.

This is the fundamental question when dealing with serially correlated
data, since in our view, the use of a proper (estimate of) the process stan-
dard deviation to determine the width of the control limits a is minimal
requirement for any control chart.

In the remaining sections of this chapter, we will consider control charts
for the mean that account for serial correlation. We will assume that the
underlying process model is correctly identified, and that its parameters
σε and φ (and hence σY ) are known. This is not a serious limitation in
practice, since applications where serial correlation is an issue typically
arise in situations where there is a high frequency of sampling. There is
usually enough data available to identify and estimate the model with a
high degree of accuracy.
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3.4 The modified Shewhart control chart

In this section, we will study the ARL behavior of a control chart with
control limits that are modified to account for serial correlation in the
observations. This approach is also discussed in Vasilopoulos and Stam-
boulis (1978), Schmid (1995b), Kramer and Schmid (1996a), and Lu and
Reynolds (1997). The word ‘modified’ refers to two adaptations compared
to the control chart for i.i.d. observations.

3.4.1 Shewhart limits, modified for AR(1) data

In the i.i.d. case, the present observation is only affected by current causes
of variation. There is no difference between short-term variation and long-
term variation. When the data is dependent, past and present causes of
variation have their effect on the current observation. Furthermore, as
noted in the previous section, short-term variation is different from long-
term variation in the process. Proper control limits for such processes are
based on the long-term variation.

This is a first adaptation of the control chart, since it is usually recom-
mended to use a short-term estimator of the standard deviation for inde-
pendent individual data, to resemble the use of a within-sample estimator
for the variation in the case where the sample size is larger than one. A
second adaptation follows from the ARL properties of the first adaptation.
Hence, it will be discussed after we have evaluated the ARL.

For evaluating the ARL of the modified Shewhart chart, the Markov-
chain approach can be used (see Brook and Evans (1972)). However, we will
use the Fredholm-integral approach presented by Crowder (1987). Suppose
that the sequence {Yt} is generated by model (2.3):

Yt − µt = φ(Yt−1 − µt−1) + εt for t∈ ZZ.

where φ is some constant satisfying φ ∈ (−1, 1), and {εt} is a sequence of
i.i.d. disturbances, εt ∼ N (0, σ2

ε) for t∈ ZZ . Furthermore, assume that
on time T , the mean of {Yt} shifts from µ to µ + δσY . Consequently, for
t ≥ T + 1, the observations of Yt are generated by

(Yt − µ)− δσY = φ (Yt−1 − µ)− φδσY + εt

If the value of Yt−1 is s, we can write for v, the realization of Yt
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v = µ+ δσY + φ (s− (µ+ δσY )) + εt

= φs+ (1− φ)µ+ (1− φ)δσY + εt,

provided t ≥ T+1. The observations are compared to control limits µ±3σY .
The run length is one if the next observation v falls outside the control
limits. If v is within the control limits, the run length is one plus some ad-
ditional observations, which can be regarded as a run length of the AR(1)
process, starting in v. Let Lφ(δ, s) denote the ARL of the modified She-
whart control chart as a function of δ and s, the value of the AR(1) process
at the first observation. The latter is of importance since the observations
are serially correlated. The function also depends on the AR parameter φ.
We can write the following for Lφ(δ, s):

Lφ(δ, s) = 1 +
∫

{ε| µ−3σY≤v≤µ+3σY }

Lφ (δ, v) f(ε) dε

= 1 +
∫ µ+3σY

µ−3σY

Lφ (δ, v) f [v − φs− (1− φ)(µ+ δσY )] dv,

where f(ε) is the density function of ε. This integral equation is a so-
called Fredholm integral of the second kind. The unknown function Lφ(δ, s)
can be numerically evaluated using for example Gaussian Quadrature, see
Appendix B.

Note that for φ = 0, Lφ(δ, s) does not depend on s. This makes sense
because the observations are independent if φ = 0. From the integral
equation above it follows that L0(δ, s) = ARL(δ) for all s ∈ (µ− 3σY , µ +
3σY ), as expected.

The function Lφ(δ, s) is the ARL function of the modified Shewhart
chart if we start to take observations after the shift has occurred. In prac-
tice, we are often interested in how quickly on average a shift is detected
starting from the moment that the shift occurs. The computation of this
ARL function is slightly different. If it is assumed that the value of YT−1

is s, we can write for v∗, the realization of YT

v∗ = µ+ δσY + φ (s− µ) + εT

= φs+ (1− φ)µ+ δσY + εT .

We will denote the ARL of a modified Shewhart chart when the first obser-
vation is taken at the time of the shift by L∗φ(δ, s). This function is related
to Lφ(δ, s) as follows
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L∗φ(δ, s) = 1 +
∫ µ+3σY

µ−3σY

Lφ (δ, v∗) f [v∗ − φs− (1− φ)µ− δσY ] dv∗.

Numerical evaluation of L∗φ(δ, s) and Lφ(δ, s) shows that the difference be-
tween the functions is small. For negative values of φ, L∗φ(δ, s) ≥ Lφ(δ, s),
while for positive φ, L∗φ(δ, s) ≤ Lφ(δ, s).

In Figure 3.2 L∗φ(δ, 0) curves are drawn for φ = −0.6, 0, 0.6 as functions
of δ. The curve for φ = 0 is identical to the curve depicted in Figure 3.1.

0

50

100

150

200

250

300

350

400

450

0 0.5 1 1.5 2 2.5 3

L
∗ φ(
δ,

0)
→

δ →

φ = −0.6
φ = 0.0
φ = 0.6

Figure 3.2: ARL curves of the modified Shewhart chart for various
AR(1) processes.

The ARL curves in figure 3.2 show the result of a simple adaptation of
the Shewhart chart. The correlation is basically ignored. The width of
the control limits is based on σY , which is the standard deviation of the
observations, and not on σε, the standard deviation of the disturbances.
Figure 3.2 shows that, compared to the Shewhart chart for i.i.d. observa-
tions, the adapted control chart has a higher in-control ARL. This agrees
with a result in Schmid (1995b), where it was proved that in-control ARL
values for arbitrary Gaussian processes are always larger than the in-control
ARL for i.i.d. observations. This effect is advantageous. For δ > 0, the ARL
curves are adversely affected by first-order autocorrelation. Compared to
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the i.i.d. case, the adapted control chart is less sensitive for detecting shifts
in the mean.

The curves drawn in Figure 3.2 show the typical behavior of L∗φ(δ, 0)
for non-zero φ in the sense that a non-zero φ results in a larger L∗φ(0, 0),
but also in larger a L∗φ(δ, 0) for δ > 0.

Whether the net effect of first-order autocorrelation is beneficial or not is
not clear from Figure 3.2. To make a proper evaluation, a second adaptation
of the control chart is needed. The adaptation consists of tightening the
limits of the adapted Shewhart chart in such a way that L∗φ(0, 0) ≈ ARL(0).

The resulting ARL curves for φ = −0.9 and φ = 0 are depicted in
Figure 3.3. ARL curves of intermediate values of φ were not drawn, since
there is no visible difference with the curve of φ = 0 (this can be checked
in Figures 3.15 and 3.16). The curves for various φ ≥ 0 are drawn in
Figure 3.4.
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Figure 3.3: L∗φ(δ, 0) as a function of δ for φ = −0.9 and φ = 0.

All but one of the ARL curves drawn in Figures 3.3 and 3.4 are close
together. We stated that, for negative φ, the ARL curves practically coin-
cide with the curve corresponding to the i.i.d. case. For positive values of
φ, the modified Shewhart chart is performing worse. However, for φ = 0.3
and φ = 0.6 the differences with the i.i.d. case are small. For the values
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Figure 3.4: L∗φ(δ, 0) as a function of δ for various φ ≥ 0.

of φ considered, the modified Shewhart chart behaves considerably worse
only for φ = 0.9.

In conclusion, if one monitors AR(1) data for a shift in the mean with
the aid of a modified Shewhart control chart, then the ARL performance
is comparable to a Shewhart chart for independent observations, provided
φ is not too large.

3.4.2 Discussion

In the previous subsections we argued that the control limits of the modified
Shewhart chart for dependent data must be tightened to obtain a certain
in-control ARL. We observed that negative first-order autoregressive serial
correlation has virtually no impact on the ARL behavior, compared to the
ARL curve of the corresponding control chart for independent observations.
However, for positive correlation, the ARL behavior is worse, compared to
the i.i.d.-case. In this subsection, we investigate why this is so. In addition,
we will discuss how the control limits are determined if a certain in-control
ARL is given.

In this section we considered {Yt}, a sequence of AR(1) observations as
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defined in Subsection 2.4.2:

Yt − µt = φ(Yt−1 − µt−1) + εt for t∈ ZZ.

where µt is the mean of the process at time t. It is assumed that {µt}
behaves as

µt =


µ for t < T

µ+ δσY for t ≥ T,

where µt = µ represents an in-control situation, and µt = µ+δσY represents
an out-of-control situation, where a special cause of variation caused a step
change in the mean from an unknown time point T and onwards. Without
loss of generality, it is assumed that µ = 0. For the explanation of the ARL
behavior of the modified schemes it is helpful to consider Pφ(δ, s), which is
defined as the probability of an out-of-control signal at the next observation,
given that the current realization of the AR(1) process with parameter φ
equals s, and that the shift in the mean is δσY . For the modified Shewhart
chart, this probability can be written as

Pφ(δ, s) = Pφ(|φs+ (1− φ)δσY + εt| > hφ)

= 1 − Φ [hφ − φs− (1− φ)δσY ]

+ Φ [−hφ − φs− (1− φ)δσY ] ,

where −hφ and hφ denote the value of the control limits of the modified
Shewhart chart, adjusted for AR(1) correlation with AR-parameter φ.

The ARL of the modified Shewhart control chart is closely related to
Pφ(δ, s). For φ = 0, the modified Shewhart chart is a standard Shewhart
chart for the mean of independent observations. In this case, the ARL
is directly related to Pφ(δ, s), see Equation (3.3). If φ 6= 0, the relation
between Lφ(δ, s) and Pφ(δ, s) is more complicated. Previously, we derived
the ARL of the modified Shewhart chart for t ≥ T + 1 as

Lφ(δ, s) = 1 +
∫ hφ

−hφ
Lφ (δ, v) f [v − φs− (1− φ)δσY ] dv,

where v is the next AR(1) observation. In Appendix B, it is shown that the
sequence of functions {L0, L1, · · ·} converges uniformly to Lφ(δ, s), where
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Li(δ, s) = 1 +
∫ hφ

−hφ
Li−1 (δ, v) f [v − φs− (1− φ)δσY ] dv,

and L0 is an arbitrary continuous function on (−hφ, hφ). Suppose that we
take L0(δ, s) ≡ 1, then we have

L1(δ, s) = 1 +
∫ hφ

−hφ
f [v − φs− (1− φ)δσY ] dv

= 2− Pφ(δ, s),

and

L2(δ, s) = 1 + 2Pφ(δ, s) +

−
∫ hφ

−hφ
Pφ(δ, v)f [v − φs− (1− φ)δσY ] dv.

and so on. For every n = 1, 2, · · ·, the probability Pφ(δ, s) is part of Ln(δ, s).
The behavior of Lφ(δ, s) is therefore partly determined by Pφ(δ, s). Note
that for φ = 0, the ARL only depends on Pφ(δ, s).

Let us therefore consider Pφ(δ, s) for various values of φ. In Figures 3.5
through 3.11, Pφ(δ, s) is drawn as a function of the current realization
s ∈ (−hφ, hφ), and δ, the size of the shift in the mean expressed in units of
σY , for φ = −0.9,−0.6,−0.3, 0, 0.3, 0.6, 0.9.

In Figure 3.8, the probability of an out-of-control signal at the next ob-
servation does not depend on s, the current realization of the process. As a
result of φ being zero, subsequent observations are independent, and previ-
ous realizations do not affect the probability of future out-of-control signals.
In case of negative φ and a positive shift in the mean (Figures 3.5, 3.6, and
3.7), values of s below µ = 0 increase the probability of an out-of-control
signal at the next observation. As a result of the negative correlation, a
current realization below the mean is most likely to be followed by an obser-
vation larger than µ = 0. Together with the positive shift in the mean this
increases the probability of an out-of-control signal at the next observation.
If the current realization is larger than µ = 0, the positive shift and the
high probability that the next observation is below the mean counteract
each other, resulting in a small probability of an out-of-control signal.

The ‘tips’ around (δ, s) = (0, hφ) which get more pronounced for φ ↓ −1,
show a surprising increase in P(δ, s). For these values of (δ, s) we observe
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Figure 3.5: Probability of an out-of-control signal at the next AR(1)
observation as a function of the shift in the mean δ
and the current value s ∈ (−hφ, hφ) for φ = −0.9.
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Figure 3.6: Probability of an out-of-control signal at the next AR(1)
observation as a function of the shift in the mean δ
and the current value s ∈ (−hφ, hφ) for φ = −0.6.
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Figure 3.7: Probability of an out-of-control signal at the next AR(1)
observation as a function of the shift in the mean δ
and the current value s ∈ (−hφ, hφ) for φ = −0.3.
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Figure 3.8: Probability of an out-of-control signal at the next AR(1)
observation as a function of the shift in the mean δ
and the current value s ∈ (−hφ, hφ) for φ = 0.0.



3.4. THE MODIFIED SHEWHART CONTROL CHART 51

0 0.5 1 1.5 2 2.5 3

0

0.5

1

s

δ −→

P
(s
,δ

)
−→

-3
-2

-1
0

1
2

3

Figure 3.9: Probability of an out-of-control signal at the next AR(1)
observation as a function of the shift in the mean δ
and the current value s ∈ (−hφ, hφ) for φ = 0.3.
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Figure 3.10: Probability of an out-of-control signal at the next AR(1)
observation as a function of the shift in the mean δ
and the current value s ∈ (−hφ, hφ) for φ = 0.6.
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Figure 3.11: Probability of an out-of-control signal at the next AR(1)
observation as a function of the shift in the mean δ
and the current value s ∈ (−hφ, hφ) for φ = 0.9.

that the probability of an out-of-control signal at the next observation
decreases if δ is increased! This can be explained as follows

Pφ(δ, s) = 1 − Φ [hφ − φs− (1− φ)δσY ]

+ Φ [−hφ − φs− (1− φ)δσY ]

−→ Φ [0] =
1
2

(s ↑ hφ, δ ↓ 0, φ ↓ −1).

For a value of s ≈ hφ, the next value is likely to be close to −hφ if the
AR-parameter is close to -1. Increasing δ then lowers the probability that
the next observation is smaller than −hφ.

For positive φ, we observe that Pφ(δ, s) is increasing far less with δ
compared to the case φ ≤ 0. The power of the control limits to discriminate
between small and high values of δ diminishes. As a result, the decrease of
the ARL curve from its in-control value to values for δ > 0 is not as steep
for φ > 0, compared to the case φ ≤ 0.

The reason why Pφ(δ, s) is increasing far less with δ for φ > 0 is the
following. The shift in the mean enters the expression of Pφ(δ, s) through
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the term

(1− φ)δσY =

√
1− φ
1 + φ

σεδ.

The factor
√

(1− φ)/(1 + φ) → ∞ for φ ↓ −1 and is strictly decreasing
to zero for φ = 1. For φ → 0,

√
(1− φ)/(1 + φ) → 1. Hence, a shift

in the mean expressed in units of the standard deviation of the process
under consideration is harder to detect for AR(1) processes with φ > 0
compared to cases where φ ≤ 0. The effect of first-order autoregressive
serial correlation on the ARL curve of the modified Shewhart chart is clearly
not symmetric in the parameter φ.

Determining the control limits

In the previous subsections we argued that the control limits of the modified
Shewhart chart for dependent data must be tightened to obtain a certain
desired in-control ARL. The question now arises how much the in-control
ARL is affected by first-order autocorrelation if the control limits are µ ±
3σY . In Figure 3.12, L∗φ(0, 0) is drawn against values of φ ∈ (0, 1). Only
positive values of φ are considered since the curve is symmetric in φ.

From Figure 3.12, we conclude that L∗φ(0, 0) is not much affected if φ
is not too large. For |φ| < 0.6, the in-control ARL does not differ much
from the in-control ARL for independent observations. For φ > 0.6, the
in-control ARL rises considerably. This conclusion agrees with the findings
in Kramer and Schmid (1996a), where a similar graph was drawn.

In Figure 3.13, it is visualized how to modify the control limits in order
to obtain an in-control ARL of L∗φ(0, 0) = 370.40. For the i.i.d. case, the
multiplication factor is 3. For φ 6= 0, the multiplication factor needs to be
lowered to compensate for the increase in the in-control ARL, induced by
the presence of serial correlation. Again, the curve is symmetric in φ, so
that only positive values of φ are considered.

From Figures 3.12 and 3.13, we conclude that using 3σY limits for data
with small to moderate first-order autocorrelation does not lead to severe
misinterpretation. However, for values of φ > 0.6, the control limits must
be tightened.

In the light of the foregoing, the conclusion that small to moderate
levels of first-order autocorrelation may be safely ignored, may force itself
upon us. In Wheeler (1989) it was concluded:
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Figure 3.13: Control limit multiply factor of σY against φ,
when the in-control ARL is fixed at L∗φ(0, 0) = 370.40.
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“For most situations, ‘significant’ autocorrelations
will have a minimal impact upon the control chart
limits. ... The control limits will be contaminated
by an appreciable amount only when the autocorre-
lation becomes excessive (say 0.80 or larger)”.

However, as illustrated by Table 3.1 of Section 3.3, ignoring even moderate
levels of autocorrelation may have a large impact on the ARL behavior of
Shewhart-type control charts. This is mainly due to the bias that is intro-
duced if σY is naively estimated as in the case of independent observations.
A careful analysis of the correlation structure in the data remains necessary
in all cases to obtain appropriate control limits.

Furthermore, even if σY is known, the approach is not satisfactory for
values of φ > 0.8. In addition, there is extra information on the data
structure available that is not explicitly used in the modified Shewhart
chart. Taking the serial correlation explicitly into account might open
up possibilities for improving ARL behavior. In the next two sections,
Shewhart-type control charts will be discussed that explicitly utilize serial
correlation in the data.

3.5 The residuals control chart

In the previous section, we discussed a first approach for monitoring serial
correlated data. The limits of the modified Shewhart chart are adjusted to
account for the effect of serial correlation. A second approach for monitor-
ing AR(1) observations will be discussed in this section. It is based on the
idea that the process can be monitored using the residuals from fitting a
time series model to the data. If a shift in the mean of the process occurs,
this will result in a shift in the mean of the residuals. Furthermore, if the
time series model fits the data well, the residuals will be approximately un-
correlated. This provides a theoretically elegant way to monitor a serially
correlated process using control charts that were designed for independent
observations.

This approach has received much more attention in the literature on
SPC than the modified Shewhart chart. References can be found in this
section and in Section 3.7.

3.5.1 Residuals of an AR(1) process

The residual control chart is based on charting residuals
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et ≡ Yt − Ŷt|t−1,t−2,···, (3.5)

where Ŷt|t−1,t−2,··· is a predictor of Yt, based on observations up to and
including time t− 1. The linear predictor that minimizes the mean square
error is E(Yt|Yt−1, Yt−2, · · ·), see for example Harvey (1993). In the case of
AR(1) data generated by the in-control model (2.2), we have

Ŷt|t−1,t−2,··· = E (Yt|Yt−1, Yt−2, · · ·) = µ+ φ(Yt−1 − µ). (3.6)

In practice, µ and φ have to be estimated from a data set that was ob-
tained in a period where only common causes of variation were affecting
the process. Throughout this chapter we will assume that enough in-control
observations are available so that µ and φ can be estimated accurately. In
Section 3.7, references are cited that discuss the effect of estimating process
parameters on the ARL curve.

As long as the process is in control, observations are assumed to be
generated by model (2.2). Moreover, the quantities et that will be plotted
in the residuals control chart satisfy

et = Yt − Ŷt|t−1,t−2,··· ≈ εt for all t (3.7)

where the last relation is exact if µ and φ are known. Suppose that a
special cause shifts E(Yt) at time T by an amount of δσY . Since we are
not aware of this shift, we compute eT , eT+1, · · · as if the process were in
control. Hence, also for t > T , computation of et is given by (3.5), with
Ŷt|t−1,t−2,··· computed as in (3.6).

The elements of the sequence of residuals {et} satisfy

et ≈



εt for t < T

εt + δσY for t = T

εt + (1− φ)δσY for t = T + 1, T + 2, · · · .

(3.8)

Note that the {et} are independently distributed if the parameters µ and
φ are known, since we assumed that εt

i.i.d.∼ N (0, σ2
ε). Hence, we are back at

the i.i.d. case. For φ > 0, only a fraction of the shift in E(Yt) is transferred
to the residuals for t > T . For φ < 0, the shift is magnified. Therefore, we
expect the residuals chart to perform better for AR(1) data with negative
φ than for AR(1) data with positive φ.
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3.5.2 The ARL of the residuals chart for AR(1) data

In the case where the first observation is taken after the shift in E(Yt) has
occurred, the computation of the ARL of the residuals chart is analogous
to the computation of the ARL curve of a Shewhart chart for independent
observations, as described in Section 3.2.

However, if the first observation is taken at the time of the shift, or
if we are interested in the expected number of observations that a shift
goes undetected, the computation is slightly different. The reason for this
is that the probability of observing a residual between the control limits
at the time of the shift differs from the probability that a residual falls
between the control limits after the shift. Let us denote the probability
that a residual falls between the control limits for t > T by P(δ), and let
P1(δ) denote the probability that a residual falls between the limits at time
T . In Longnecker and Ryan (1992) it was shown that ARLrc(δ), the ARL
of the residuals chart, satisfies

ARLrc(δ) = 1 +
1

1− P(δ)
P1(δ) (3.9)

if the first observation is taken at the time of the shift. Note that, if
P1(δ) = P(δ), the right-hand side equals 1/(1−P(δ)), which is the ARL of
the residuals chart if the first observation is taken after the shift in E(Yt)
has occurred.

The difference between ARLrc(δ) and 1/(1−P(δ)) is negligible for nega-
tive φ. However, for large positive φ, the difference is quite large. This can
be explained by considering signal-to-noise ratios. A signal-to-noise ratio is
a number that relates the size of the shift to the standard deviation of the
process. This ratio allows us to compare the effect of a shift in the mean
of processes with different variances. We define the signal-to-noise ratio as
the size of the shift divided by the standard deviation of the process.

At time T , the size of the shift that is transferred to the residuals is
approximately equal to δσY . Dividing this quantity by σ, we have

δσY
σ

=
δ√

1− φ2
.

Hence, the signal-to-noise ratio converges to infinity as φ→ 1. As a result,
the probability that the shift will be detected at the first observation con-
verges to one as φ → 1. Consequently, P1(δ) → 0 for δ 6= 0. This affects
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ARLrc(δ) positively, since it follows from Equation (3.9) that ARLrc(δ)
converges to 1 as P1(δ)→ 0.

For t > T , the signal-to-noise ratio is approximately equal to

(1− φ)δσY
σ

= δ

√
1− φ√
1 + φ

, (3.10)

which converges to 0 as φ → 1. Hence, for values of φ very close to one it
is very hard to detect a shift if it is not detected at the first observation.

In Figures 3.14 through 3.19, ARL curves of the residuals chart are
compared to ARL curves of the modified Shewhart chart for various values
of φ. For these curves it is assumed that the first observation is taken at
the time of the shift. As a reference, also the ARL curve for the i.i.d. case is
depicted. The ARL curves for the modified Shewhart chart were depicted
earlier in Figures 3.3 and 3.4.
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Figure 3.14: Various ARL curves for AR(1) process with φ = −0.9,
compared to the ARL curve for the i.i.d. case (φ = 0).

3.5.3 Discussion

From Figures 3.14 through 3.19, we conclude that for negative first-order
autocorrelation, the residuals chart is performing better than the Shewhart
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Figure 3.15: Various ARL curves for AR(1) process with φ = −0.6,
compared to the ARL curve for the i.i.d. case (φ = 0).
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Figure 3.16: Various ARL curves for AR(1) process with φ = −0.3,
compared to the ARL curve for the i.i.d. case (φ = 0).
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Figure 3.17: Various ARL curves for AR(1) process with φ = 0.3,
compared to the ARL curve for the i.i.d. case (φ = 0).
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Figure 3.18: Various ARL curves for AR(1) process with φ = 0.6,
compared to the ARL curve for the i.i.d. case (φ = 0).



3.5. THE RESIDUALS CONTROL CHART 61

0

50

100

150

200

250

300

350

400

0 0.5 1 1.5 2 2.5 3

A
R

L
→

δ →

residuals chart
modified Shewhart chart

i.i.d. chart (φ = 0)

Figure 3.19: Various ARL curves for AR(1) process with φ = 0.9,
compared to the ARL curve for the i.i.d. case (φ = 0).

chart for independent observations. This was to be expected, since in Sub-
section 3.5.1 it was shown that for negative autocorrelation, a shift in AR(1)
observations is magnified in the residuals.

Compared to the Shewhart chart for independent observations, the per-
formance of the residuals chart is worse for positive autocorrelation. This
is caused by the fact that only a fraction of the shift is transferred to the
residuals for positive φ.

For values of φ very close to one, we argued in the previous subsec-
tion that the corresponding ARL curve will converge to 1 for all δ > 0.
A value of φ = 0.9 is not large enough to show this convincingly in Fig-
ure 3.19. Therefore, in Figure 3.20, the three ARL curves are drawn for
φ = 0.99. This graph shows that the ARL performance of the residuals
chart is improved for values of φ very close to 1.

The conclusions drawn from Figures 3.14 through 3.19 and Figure 3.20
agree with a comment of Ryan (1991):

“A residuals chart for AR(1) data will perform poorly
unless φ is negative or extremely close to 1. In most
applications we would expect to have φ̂ > 0 and not
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Figure 3.20: Various ARL curves for AR(1) process with φ = 0.99,
compared to the ARL curve for the i.i.d. case (φ = 0).

particularly close to one”.

This is an important disadvantage of the residuals chart.

At the start, the residuals chart seemed to be attractive. By removing
the serial correlation, the problem is reduced to the well-known case of
detecting a shift in the mean of independent observations. In contrast,
the modified Shewhart chart basically ignores the serial correlation in the
data. The control limits are adjusted in a rather ad-hoc manner to ensure
a certain in-control ARL. However, for positive φ, the modified Shewhart
chart is performing better than the residuals control chart.

The findings of the last two sections can be summarized in the advice
to use the modified Shewhart chart for detecting a shift in the mean of
AR(1) data with positive φ, and to use the residuals chart in case of AR(1)
data with negative φ. For φ < 0, a shift in the mean is then, on average,
detected faster than in the i.i.d. case, while for φ > 0 not much efficiency
is lost compared to the i.i.d. case, provided that φ is not too large.
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3.6 A modification of the residuals control chart

In the previous section it was concluded that the bad performance of the
residuals chart for positive φ is caused by the fact that only a fraction of the
shift in the mean is transferred to the residuals. As a result the signal-to-
noise ratio is smaller than δ for t > T and φ > 0, see formula (3.10). This
has a negative effect on the performance of the residuals control chart. In
general, a higher signal-to-noise ratio will result in a more efficient control
chart. For example, in Chapter 4 we will conclude that the efficiency of
the well-known EWMA chart is mainly due to a good signal-to-noise ratio.
The bad signal-to-noise ratio for positive φ is an important disadvantage
of the residuals chart.

On the other hand, the residuals chart is theoretically very appealing
because it takes the serial correlation explicitly into account, and reduces
the problem to the well-known case of detecting a shift in the mean of
independent observations.

3.6.1 The idea of the modified residuals chart

In this section, we try to combine the appeal of the residuals chart with a
good signal-to-noise ratio. We suggest a modification of the residual chart
that roughly maintains independence of the residuals, while the signal-
to-noise ratio is larger than δ within a few observations after the shift.
In this way, the main drawback of the residuals chart is overcome, and
serial correlation is explicitly accounted for. The modified residuals can be
monitored using control charts that were designed for detecting a change
in the mean of independent observations.

Let us denote the sequence of modified residuals by {ut}. Our sugges-
tion is to set up a control chart for {ut}, where ut is defined for t = 0, 1, 2, · · ·
as

ut ≡ Yt − φYt−1 + φµ̂t, (3.11)

where µ̂t is an estimator of µt that quickly responds to changes in the
mean of the process. The rationale behind this suggestion is the following.
Suppose that µ̂t is a very good estimator for µt, so that

µ̂t ≈


µ for t = 0, 1, · · · , T − 1

µ+ δσY for t = T, T + 1, · · · .
(3.12)
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In that case

ut ≈


µ+ εt for t = 0, 1, · · · , T − 1

µ+ δσY + εt for t = T, T + 1, · · · .
(3.13)

The right-hand side of (3.13) represents an ideal situation, where the suc-
cessive ut are independent, and the shift in µt is fully transferred to the
modified residuals.

Of course, in practice, such a perfect estimator of {µt} is not available.
In the research leading up to this thesis, simulation studies were performed,
wherein we experimented with a regular moving average with a small win-
dow size of say, 5 to 10 observations. From these simulations we learned
that a regular moving average is not the best option: hardly any efficiency
is gained for positive φ compared to the modified Shewhart chart.

Thereafter, we simulated the ARL curve using a sequence of Exponen-
tially Weighted Moving Average (EWMA) statistics to estimate {µt}. This
turned out to be a preferable alternative.

The EWMA statistic at time t will be denoted by Wt and is constructed
as follows

Wt = (1− λ)Wt−1 + λYt for t = 1, 2, · · · , (3.14)

where λ ∈ (0, 1). The sequence of EWMAs may be started by setting W0

equal to a target value or (an estimator of) µ. If W0 = µ, it is easy to
verify that E(Wt) = µ for t = 0, 1, 2, · · · , T . For t ≥ T we have that

E(Wt) = µ+
[
1− (1− λ)t−T+1

]
δσY ,

which approximately equals µ + δσY for t � T . Hence, {E(Wt)}, the
sequence of expected values of the EWMA statistic, approximately mimics
{E(Yt)}. In Subsection 3.6.3, some considerations are presented on the
choice of the EWMA smoothing parameter λ. Chapter 4 is devoted to
control charts based on the EWMA statistic.

3.6.2 Comparison to other procedures

To judge the effect of modifying the residuals, we compare the ARL curve
of the modified residuals chart to ARL curves of the control charts we
discussed earlier. In each of the Figures 3.21 through 3.26, ARL curves



3.6. A MODIFICATION OF THE RESIDUALS CONTROL CHART 65

corresponding to the four different control charts are drawn for a fixed
value of φ ranging from φ = −0.9 to φ = 0.9. For the case φ = 0 the four
curves coincide, so that this graph is omitted.

For all of the curves it is assumed that the first observation is taken
at the time of the shift. The ARL curve for the modified Shewhart chart
is L∗φ(δ, s), and the ARL curve for the residuals chart is computed us-
ing formula (3.9). The ARL curve for the modified residuals chart is de-
rived by simulation. The curve consists of 101 points, which are means of
10,000 replications. The random number generator we used is described in
Knypstra (1997). A value of λ = 0.1 was chosen for computation of the
EWMA.
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Figure 3.21: Various ARL curves for AR(1) process with φ = −0.9,
compared to the ARL curve for the i.i.d. case (φ = 0).

From Figures 3.21 through 3.26 we conclude that for negative φ, the
ARL performance of the modified residuals is better than the ARL perfor-
mance of the modified Shewhart chart and the ARL performance of the the
Shewhart chart for independent observations. However, the excellent ARL
performance of the residuals chart for negative φ is not equalled by the
modified residuals chart. Hence, for φ < 0, the residuals chart remains the
best choice, and the modified residuals chart is a well-performing second-
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Figure 3.22: Various ARL curves for AR(1) process with φ = −0.6,
compared to the ARL curve for the i.i.d. case (φ = 0).
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Figure 3.23: Various ARL curves for AR(1) process with φ = −0.3,
compared to the ARL curve for the i.i.d. case (φ = 0).
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Figure 3.24: Various ARL curves for AR(1) process with φ = 0.3,
compared to the ARL curve for the i.i.d. case (φ = 0).
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Figure 3.25: Various ARL curves for AR(1) process with φ = 0.6,
compared to the ARL curve for the i.i.d. case (φ = 0).
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Figure 3.26: Various ARL curves for AR(1) process with φ = 0.9,
compared to the ARL curve for the i.i.d. case (φ = 0).

best option.
For positive φ, the modified residuals chart outperforms both the mod-

ified Shewhart chart and the residuals chart. The loss of efficiency due to
serial correlation compared to the i.i.d. case is negligible for φ ≤ 0.6. How-
ever, for larger positive values of φ, this procedure becomes less efficient,
too.

3.6.3 Choice of the EWMA smoothing parameter

For a good performance of the suggested modification, it is necessary to
have a good estimator for E(Yt) available, one that quickly adapts to per-
sisting changes in the mean which may occur due to the presence of special
causes of variation. As mentioned before, in various simulation studies, we
experimented with a regular moving average and an EWMA of the observa-
tions. It turned out that use of an EWMA leads to better ARL performance
of the modified residuals chart compared to a modified residuals chart which
uses a regular moving average. Use of the EWMA requires choosing a value
for the smoothing parameter λ. In Table 3.2, it is tabulated how the ARL
of the modified residuals chart for an AR(1) process with φ = 0.9 is affected
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by the choice of λ. This value of φ was chosen since for the values of φ
considered, this ARL curve could use some improvement. The entries in
Table 3.2 are obtained by simulation. The values in the column labeled
‘ARL(0)’ are the simulated ARL values of in the in-control situation, i.e.
there has not been a shift in the mean. The simulated ARL values in the
following columns correspond to shifts in the mean of size 1σY , 2σY and
3σY , respectively. The bracketed numbers below the ARL values indicate
the corresponding simulated standard deviations.

From Table 3.2 we conclude that to a limited extent, the choice of λ
can be used as a design parameter for the modified residuals chart. If large
shifts of size 2σY or 3σY are to be detected quickly, a small value of λ = 0.01
is recommended. A value of λ = 0.05 is a good choice for detecting a shift
of size σY . This value of λ is used in the simulation studies of Appendix A.

Table 3.2: The effect of λ on the ARL of the modified
residuals chart for φ = 0.9.

ARL(0) ARL(1) ARL(2) ARL(3)

λ = 0.01 377.4 77.3 9.7 1.1
(3.94) (0.67) (0.22) (0.02)

λ = 0.025 372.1 69.3 10.6 1.8
(3.75) (0.62) (0.19) (0.03)

λ = 0.05 366.9 67.4 12.3 1.8
(3.76) (0.64) (0.18) (0.04)

λ = 0.075 368.6 70.6 13.4 2.1
(3.75) (0.71) (0.18) (0.05)

λ = 0.1 364.4 73.1 13.7 2.3
(3.68) (0.74) (0.18) (0.05)

λ = 0.125 365.0 75.0 14.2 2.4
(3.63) (0.77) (0.18) (0.05)

λ = 0.15 364.7 78.0 14.3 2.5
(3.65) (0.80) (0.19) (0.05)

3.6.4 Discussion

Summarizing, it may be said that the modified residuals chart has an overall
good performance: if φ is negative, it is more efficient than the Shewhart
chart for independent observations, and it also performs better than the
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modified Shewhart chart. The efficiency gain of the residuals chart for
negative φ is only partly attained by the modified residuals chart. For
positive φ, the modified residuals chart outperforms both the residuals chart
and the modified Shewhart chart. For small to moderate φ there is virtually
no loss of efficiency compared to the benchmark-curve of the Shewhart chart
for independent observations.

The crux of the modification is the addition or subtraction of a portion
of µ̂t. The estimator that is used needs to adapt quickly to persisting
changes in the level of the observations, but must be insensitive to the
effect of short term random disturbances. As it turns out, an EWMA is
a better choice than a regular moving average. The smoothing parameter
λ should be chosen somewhere within the range [0.01, 0.15]. Within this
range, it is to a limited extent possible to choose λ in such a way that the
modified residuals chart is most sensitive to shifts of a given size. Table 3.2
can provide some guidance when choosing a value of λ.

In practice it is, of course, not possible to estimate the sequence {µt}
perfectly. If this were possible, formula (3.13) would become an exact
relationship, and the corresponding ARL curve would equal the curve of
the Shewhart chart for independent observations. Hence, the latter may
be viewed as a kind of limiting ARL curve for the modified residuals chart
with a very good smoothing procedure. In the simulation studies leading
up to this chapter, we only considered regular moving averages with a
small window size and the EWMA. It is possible that another smoothing
procedure performs even better for large positive values of φ, in the sense
that the corresponding ARL curve is closer to the ARL of the Shewhart
chart for independent observations. This remains to be investigated.

For practical purposes, the modified residuals chart is an improvement
on existing procedures since the chart outperforms both other Shewhart-
type control charts for the case of φ > 0. This case is more likely to occur
in practice than the case of negative φ. But also from a theoretical point of
view this approach is appealing. The extra information on the data struc-
ture that is provided by the presence of serial correlation is used explicitly,
and the problem is approximately transformed into the more familiar case
of monitoring a sequence of independent observations. However, due to
the imperfect estimate of {µt}, some serial correlation remains, and some
ad-hoc adjustments to the control limits are needed to attain a desired
in-control ARL.
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3.7 Related work of other authors

In a recent article by Faltin, Mastrangelo, Runger and Ryan (1997), a
nice overview is presented of the developments concerning control charts
for autocorrelated data. They categorize the articles that appeared on
this subject into two groups. In the first group of articles, the modified
Shewhart chart is discussed. In the second group of articles, the residuals
chart is considered.

Vasilopoulos and Stamboulis (1978) introduced the modified Shewhart
chart, and used it for monitoring subgrouped AR(2) data. The authors
calculated the variance of the mean in the in-control state and gave curves
for the modified quality control factors so that the width of the control
limits is appropriate for the variance of the sample mean and sample stan-
dard deviations. It was shown that the classical quality control factors are
substantially affected by dependence in the data.

The first and main contribution of the paper by Vasilopoulos and Stam-
boulis is the introduction of the modified Shewhart chart. The second con-
tribution is that attention is drawn to the fact that subgrouping of serially
correlated data has a substantial effect on the variance of the sample mean
and on the variance of the sample standard deviation. However, modifying
the limits so that the width of the control chart is appropriate for the vari-
ance of the statistic that is plotted in the chart is only half of the story in
the case of serially correlated data.

Dependence in the data does not only affect the ARL curve through the
variance of the observations. Even if a right normalizing variance is used for
determining the width of the control limits, the ARL curve is affected by the
‘memory’ in the data. This was encountered in Figure 3.2, where the right
normalizing variance was used for computing the control limits for AR(1)
data. We observed that the dependence structure itself was responsible for
a higher in-control ARL, compared to the in-control ARL for independent
observations. This observation is typical for the much more general class
of Gaussian processes. In an excellent article by Schmid (1995b), several
theorems were proved about the behavior of the run length of the modified
Shewhart chart for Gaussian processes. Based on these results, Kramer and
Schmid (1996a) proved that the in-control ARL for a modified Shewhart
chart for Gaussian process is larger than or equal to the in-control ARL of
the Shewhart chart for independent observations.

In most references on control charts for serially correlated data, only
the residuals chart is discussed. The first reference we encountered on
Shewhart-type control charts of residuals is Berthouex, Hunter, and Palle-
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sen (1978). In this article, the residuals of an autoregressive model con-
taining a daily and a weekly component were used to monitor the level of
effluent BOD5 of two sewage treatment plants.

In Ermer, Chow, and Wu (1979) and in Ermer (1980), the residuals
of an ARMA(2,1) model were used to monitor the level of neutron flux
data of a nuclear reactor. In Notohardjono and Ermer (1986) fourth-order
ARMA models were used to model two data sets of a blast furnace shell.
The corresponding residuals were used to monitor the processes for upsets.

In Alwan and Bissell (1988), the concept of the residuals chart is ex-
plained for use in clinical laboratories. A data set is used to illustrate its
use in clinical chemistry. In Alwan and Roberts (1988), an IMA(1,1) data
set from Box and Jenkins (1976) is used to illustrate the “common cause
chart”, a chart of fitted values, and the “special cause chart”, the regu-
lar residuals chart. The common cause chart is used to monitor the local
level of the process. Values exceeding action limits on this chart are not
signals notifying that it is time to look for special causes; rather, they in-
dicate that a specific corrective action is needed. Furthermore, Alwan and
Roberts argue that the time series model underlying the EWMA is a flexi-
ble time series model that, for many but not all processes, may serve as a
satisfactory approximation to ARIMA modelling. These EWMA residuals
of any kind of serially correlated data are monitored in the special cause
chart. In Tseng and Adams (1994), the ARL behavior of this procedure is
evaluated. Their advise is not to use EWMA residuals, but to use residuals
of an appropriate time series model instead.

Montgomery and Mastrangelo (1991) also use the EWMA as an ap-
proximation to ARIMA modelling. However, they propose to combine in-
formation about the state of statistical control and process dynamics on
one control chart: the so-called ‘EWMA Center Line Control Chart’. This
is based on the idea that the conditional mean of a stationary time series
model is constantly changing. The sequence of fitted EWMA values esti-
mate these changes. The centerline of the control chart is therefore not
taken to be constant, but equal to the sequence of fitted values. The band
of control limits moves up and down with the centerline.

Whether to use fixed or variable control limits to monitor a serially
correlated process has been the subject of some controversy in the literature
on SPC. Alwan (1992) argues that

“... control limits with any width which are hor-
izontally positioned at a fixed amount above and
below the estimated process average are intrinsi-
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cally inappropriate in the sense that they misdirect
the detection of special causes reflected as extreme
points”

Also in Alwan and Radson (1992b) the ‘inappropriateness’ of fixed limits
for monitoring the mean of correlated data is stressed. It is the opinion
of Montgomery and Mastrangelo (1991) that an appropriate monitoring
control chart should have variable limits to allow for movements in the
conditional mean.

However, using variable control limits is, in essence, applying a residuals
chart with control limits moving up and down with a center line which is
not equal to zero, but an estimate of the local level of the process. The
advantage of a moving centerline chart over a residuals chart is that the
original observations are plotted in the control chart. However, its ARL
behavior is equal to that of a residuals chart.

In several articles in which the ARL of residuals charts is evaluated,
notably Schmid (1995b) and Kramer and Schmid (1996a), it is concluded
that the ARL performance of modified control charts is much better than
that of residuals charts for positive autocorrelation. We encountered the
earliest reference explaining this phenomenon in the discussion of Mont-
gomery and Mastrangelo (1991), where Thomas P. Ryan remarks that a
shift in the mean of AR(1) observations is only partly transformed to the
residuals for positive φ (see also the comments following Equation (3.8)).

Although we are a little uncomfortable with the fact that the extra in-
formation on the data structure is not used, we prefer modified Shewhart
charts over the residuals or moving centerline charts. The bad ARL behav-
ior of residuals and moving centerline control charts for positive autocor-
relation is a strong argument against their use. However, we recommend
using the modified residuals chart discussed in Section 3.6, which explicitly
accounts for serial correlation and has a good ARL behavior for negative
autocorrelation, and the best ARL behavior for positive autocorrelation.

In Wardell, Moskowitz, and Plante (1992) an ARL-based comparison
is carried out for ARMA(1,1) data. In this simulation study, the combi-
nation of common cause and special cause control charts is compared to
the modified Shewhart, and the EWMA control chart. In Maragah and
Woodall (1992), realizations of AR(1) and MA(1) models are simulated.
It is investigated how the Shewhart chart for the mean with control limits
based on moving ranges is affected by these types of serial correlation. It
turns out that for positive first-order autocorrelation, the control limits are
too tight, so that many false alarms are generated. For negative first-order
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autocorrelation, the control limits are unnecessarily wide, so that signifi-
cant shifts in the process mean may go undetected. In Wardell, Moskowitz,
and Plante (1994a), run length distributions of the special cause control
chart proposed by Alwan and Roberts are derived, and the ARL and the
standard deviation of the run length is derived for any AR(p) process. Nu-
merical results are given for the ARMA(1,1) model, given that there was a
step change in the mean. In Wardell, Moskowitz, and Plante (1994b), an
accompanying computer program listing is presented.

In Tseng and Adams (1994), the performance of Shewhart, EWMA
and CUSUM charts is investigated, when applied to EWMA forecast er-
rors. It is shown that the EWMA forecasts do not adequately account for
the dependence structure that is present in AR(1) models. Longnecker and
Ryan (1992) discuss the properties of the residuals chart in case of AR(1),
AR(2) and ARMA(1,1) data. They conclude that the residuals chart will
perform poorly for most parameter values likely to occur with process con-
trol data. In Lu and Reynolds (1996), several types of control charts and
combinations of control charts are evaluated in terms of their ability to
detect changes in the mean and variance of an AR(1) process. They rec-
ommend using an EWMA control chart for the observations, in combination
with a Shewhart chart of the residuals for practical applications.

Lin and Adams (1996) advocate the use of a combination of a Shewhart
chart of residuals with an EWMA chart of residuals which will be discussed
in the next chapter. In this article, it is shown that the Shewhart chart
of residuals has a higher probability of detecting a shift in the mean at
the first observation following the shift, compared to the EWMA chart of
residuals. The EWMA chart of residuals is shown to have a good ARL
performance. The combination of these two charts takes advantage of the
possible fast detection of the Shewhart chart of residuals and the desirable
ARL behavior of the EWMA chart of residuals.

3.8 Conclusions

In this chapter we discussed three Shewhart-type control charts that are
able to take first-order autocorrelation in the observations into account.
The performance of these control charts was compared by means of ARL
curves.

The first control chart that was evaluated is a modification of the clas-
sical Shewhart control chart. It basically ignores the autocorrelation; the
control limits are adjusted in a rather ad-hoc manner in order to attain a
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certain in-control ARL. For negative and moderate positive first-order au-
tocorrelation, the ARL performance of this control chart is comparable to
that of the classical Shewhart control chart for independent observations.
This is a comforting observation: out-of-control signals of the modified She-
whart chart can be interpreted just as in the i.i.d. case in a large number
of practical situations.

Secondly, the residuals chart was discussed. This chart utilizes the
residuals of a fitted time series model to monitor the process for shifts in the
mean. If the time series model is appropriate for the data, the residuals are
approximately uncorrelated. In this way, the serial correlation is explicitly
taken into account, and the problem is transformed into the well-known case
of detecting a shift in the mean of independent observations. For negative
first-order autocorrelation and for values of φ that are extremely close to
one, the ARL performance of the residuals chart is excellent. Compared
to the case of independent observations, a shift in the mean is, on average,
detected faster. However, for values of φ > 0 and not close to one, the
residuals chart performs poorly. This is an important drawback of the
residuals chart.

To overcome this drawback, a third control chart is introduced in this
chapter. It is a modification of the residuals chart. This chart was shown
to have a good overall ARL performance. For negative values of φ, it is
not as efficient as the regular residuals chart, but it is more efficient than
the modified Shewhart chart and the classical Shewhart chart for the i.i.d.
case. For positive φ, it outperforms both the modified Shewhart chart and
the residuals chart. The difference with the classical Shewhart chart for
independent observations is negligible for a large region of φ-values. For
large φ (say φ > 0.8) however, improvement of ARL performance remains
desirable. Further research into this is needed.

Finally, we would like to make two general remarks. First, in this
chapter, only Shewhart-type control charts were discussed. For each of the
procedures considered, improvement of the ARL performance is possible by
utilizing control schemes that are based on the EWMA statistic, or on the
CUMulative SUM (CUSUM) of the observations. Such control charts are
the subject of Chapter 4 and Chapter 5, respectively. Secondly, throughout
this chapter we assumed that the process parameters were known. In prac-
tice, these have to be estimated. In Kramer and Schmid (1996b) it is shown
that both the modified Shewhart and the residuals chart react sensitively
to parameter estimation. The robustness of the modified residuals chart
for parameter estimation needs to be investigated.
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