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Chapter 5

CUSUM-type control charts
for the mean

In the previous chapters, we discussed control charts for the mean of AR(1)
data. In Chapter 3, Shewhart-type control charts were discussed. In Chap-
ter 4, the effect of first-order autoregressive correlation on the performance
of EWMA-type control charts was studied. In this chapter, we will inves-
tigate how CUSUM-type control charts are affected by serial correlation
in the data. As in the Chapters 3 and 4, we will assume that the mea-
surements of a quality characteristic of interest are generated by an AR(1)
model.

Shewhart-type control charts only use the last sample to monitor the
process. These charts have no memory: previous observations do not
influence the probability of future out-of-control signals. Large shifts in
the mean are quickly detected by Shewhart-type control charts. However,
Shewhart-type control charts are not sensitive in detecting small shifts in
the mean. Additional so-called runs rules are sometimes applied to im-
prove the performance of the Shewhart chart (see for example Champ and
Woodall (1997) or Does and Schriever (1992)). These runs rules introduce
some ‘memory’ which results in faster detection of small shifts in the mean.

In EWMA-type control charts the process is monitored using a weighted
mean of all previous observations. The weight attached to recent observa-
tions is high compared to the weights of older observations. The weights
decline exponentially as the observations get older and older. The EWMA
parameter λ determines the memory of the EWMA control chart.

The CUSUM chart, which was originally introduced by Page (1954),
uses an unweighted sum of all previous observations. This chart has a
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102 CHAPTER 5. CUSUM-TYPE CONTROL CHARTS

rather long memory. In Section 5.1, the CUSUM chart for the mean of
independent observations is discussed. As in the previous two chapters,
the behavior of this control chart will serve as a benchmark for CUSUM
charts for dependent observations, which will be discussed in Section 5.3
through 5.5. In Section 5.3, the behavior of a CUSUM chart with limits
which are modified to account for AR(1) data, is studied. In Section 5.4,
a CUSUM chart for the residuals of a fitted AR(1) model is discussed. A
CUSUM of modified residuals for monitoring the mean of AR(1) data is
presented in Section 5.5. In Section 5.6, the ARL curves of these charts are
compared to the ARL curve of the CUSUM for independent observations.

5.1 The CUSUM chart for i.i.d. observations

In this section, we will investigate the properties of the CUSUM chart for
the mean of {Xt}, a sequence of independently distributed observations,
generated by model (3.1). Page (1954) proposed plotting a cumulative sum

St =
t∑
i=0

(Xi − µ0)

on a chart, where µ0 indicates some target mean level of the process. If
the mean of the process µt is larger than µ0, the mean path of {St} is
upward sloping. On the other hand, if µt < µ0, the sequence {St} will
show a downward sloping trend. Hence, when the cumulative sum is plotted
against time, changes in the mean of the process are visible as changes of
the slope. In the case of one-sided testing for a positive change in the mean
of {Xt}, Page (1954) proposed to undertake action at time t if

St − min
0≤i≤t

Si ≥ h

for a certain fixed value of h. This approach is equivalent to monitoring S′t,
which is defined as

S′t = max(S′t−1 + xt, 0),

since S′t = 0 if St ≤ min
0≤i≤t

Si. An out-of-control signal is issued at time t if

S′t ≥ h.
In the case of two-sided testing, an out-of-control signal is given if either
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St − min
0≤i≤t

Si ≥ h or max
0≤i≤t

Si − St ≥ h′

for constants h and h′. A method of judging the CUSUM that became
popular after Barnard’s (1959) article, is the so-called ‘V-mask’ scheme. In
Figure 5.1, an example of a V-mask is drawn.
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Figure 5.1: An example of a V-mask CUSUM monitoring scheme.

With each new observation that becomes available, the turned-down V is
moved to a distance d of the current value of the sum St. The angle between
the arms of the V is 2θ. As long as all previous values of the sum are within
the arms of the V-mask, no out-of-control signal is given. If one or more
points cross the lower arm of the V-mask, an out-of-control signal indicating
a positive shift in the mean is given. One or more points crossing the upper
arm of the V-mask indicate a negative shift in the mean. In Goldsmith and
Whitfield (1961) and Lucas (1973), it is recommended to scale one unit of
the horizontal axis of the graph of the V-mask CUSUM chart equivalent to
2σX on the vertical axis. With this scaling, a 2σX shift in the mean gives
a 45◦ trend on the CUSUM plot. As we will see later in this section, for
small shifts in the mean, the ARL behavior of the CUSUM is much better
than the ARL of the Shewhart chart. However, the Shewhart chart is faster
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Figure 5.2: Semi-parabolic V-mask. Figure 5.3: Snub-nosed V-mask.

in detecting large shifts in the mean. Modifications of the V-mask scheme
that improve the performance of the CUSUM for large shifts include the
semi-parabolic CUSUM mask, which replaces the last end of the vertex of
the V-mask by a parabolic, and a snub-nosed V-mask, which obtained its
name for obvious reasons, see Figure 5.2 and 5.3.

In Kemp (1961), it is shown that the use of a V-mask on a CUSUM
chart is equivalent to monitoring two sums

SLt = max(SLt−1 − Zt − k, 0)

SHt = max(SHt−1 + Zt − k, 0)
(5.1)

with a horizontal limit, placed at h. The variable Zt denotes the standard-
ized variable

Zt =
Xt − µ0

σX
.

As soon as SL ≥ h or SH ≥ h, an out-of-control signal occurs. The constant
k was called the reference value by Ewan and Kemp (1960), and h is called
the decision interval. This CUSUM monitoring scheme is called a Decision
Interval Scheme (DIS). The relationship between the parameters d and θ
of the V-mask monitoring scheme and k and h of an equivalent DIS will
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be discussed later in this section. An example of a DIS is depicted in
Figure 5.4.
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Figure 5.4: An example of a DIS CUSUM monitoring scheme.

When plotting a two-sided DIS it is convenient to plot both sums in one
graph. Therefore, as in Figure 5.4, it is customary to plot SH (which takes
on only nonnegative values), and −SL (which takes on only nonpositive
values).

Compared to the V-mask CUSUM scheme, a practical advantage of a
DIS is that the cumulative sums do not run off the paper. More convinc-
ingly, Montgomery (1996) strongly advises not to use the V-mask procedure
because of the following reasons:

1. being a two-sided scheme, the V-mask is not very useful in
one-sided process monitoring problems;

2. the useful FIR feature (see Lucas and Crosier (1982)) cannot
be applied to the V-mask;

3. it is not clear how far backwards the arms of the V-mask should
extend, this complicates interpretation of the V-mask;
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4. designing the V-mask using Johnson’s (1961) approach, which
will be discussed in the following subsection, produces inaccu-
rate results.

In the remainder of this thesis, we will only utilize the DIS to judge the
CUSUM. Therefore, when we speak of a ‘CUSUM chart’ we are referring
to the combination of the sums SL, SH and the corresponding DIS with
reference value k and decision interval h, unless explicitly stated otherwise.

5.1.1 Relation between the CUSUM and the SPRT

Monitoring a sequence of independent (normally) distributed random vari-
ables with a CUSUM procedure is closely related to Wald’s Sequential Prob-
ability Ratio Test (SPRT). Johnson (1961) obtained simple formulas for the
design parameters d and θ of the V-mask scheme by noting that applica-
tion of the V-mask monitoring scheme is approximately equivalent to the
application of an SPRT ‘in reverse’. But, as was demonstrated by Woodall
and Adams (1993), designing the V-mask scheme by these methods does
not produce the intended values for the ARL.

Nevertheless, the analogy between the CUSUM control chart and the
SPRT provides a useful insight in the theoretical foundations of the CUSUM
chart. Let us therefore consider this approach. Suppose that we have a
sequence of m observations X1, X2, · · · , Xm, which are independently and
identically normally distributed with expectation µ and variance σ2

X . The
SPRT can be used to discriminate between simple hypotheses. Suppose
that we want to distinguish between three hypotheses

H−1 : µ = µ0 − δ H0 : µ = µ0 H1 : µ = µ0 + δ

Define reversed standardized variables Z ′1, X
′
2, · · · , Z ′m as

Z ′1 =
Xm − µ0

σX
, Z ′2 =

Xm−1 − µ0

σX
, . . .

The likelihood-ratio test statistic for testing H0 against H−1, based on
Z ′1, · · · , Z ′r is
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λr =

(
1

2π

) r
2

exp

(
−1

2

r∑
i=1

(Z ′i)
2

)
(

1
2π

) r
2

exp

(
−1

2

r∑
i=1

(Z ′i + δ)2

)

= exp

(
δ

r∑
i=1

Z ′i +
rδ2

2

)
.

For large λr we find it very unlikely that H−1 is true. On the other hand,
the smaller λr, the more likely it becomes that H−1 is true. This suggests
that it is possible to define two constants A and B with A < B, for which
we decide to accept H−1 if λr < A, whereas we decide to accept H0 if
λr > B. If A ≤ λr ≤ B, it is decided to take observation Z ′r+1 and
compare the likelihood ratio λr+1 to these limits. The choice of values for
A and B is closely related to α, the probability to accept H−1 while H0 is
true, and β, the probability of falsely accepting H0. However, in general,
it is difficult to determine A and B by fixing α and β. Fortunately, a
good approximation can be found. It can be shown (see for example Mood,
Graybill and Boes (1974)) that if the following values are used

A′ =
α

1− β and B′ =
1− α
β

,

that α′ and β′, the corresponding probabilities of errors of the first and the
second kind respectively, satisfy

α′ + β′ ≤ α+ β.

When A′ and B′ are used as limits, we decide to accept H−1 at observation
r if

r∑
i=1

Z ′i < −
rδ

2
+

log(α)
δ
− log(1− β)

δ
,

whereas H0 is accepted if

r∑
i=1

Z ′i > −
rδ

2
+

log(1− α)
δ

− log(β)
δ

.
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These formulas can be simplified even further if we realize that in the case
of monitoring for a shift in the mean, β must be chosen equal to zero. We
never decide to accept H0; we always keep on sampling if it is not decided
to accept the hypotheses that there has been a shift in the mean. Hence,
we cannot falsely accept H0. This effectively leads to the following decision
rule: keep on sampling until

r∑
i=1

Z ′i < −
rδ

2
+

log(α)
δ

. (5.2)

The hypothesis that there has been a negative shift in the mean is accepted
as soon as inequality (5.2) holds.

Analogously, for discriminating between H0 and H1 with the same ap-
proximate error probabilities, the following rule can be derived: keep on
sampling until

r∑
i=1

Z ′i >
rδ

2
− log(α)

δ
, (5.3)

and accept the hypothesis that there has been a positive shift in the mean if
inequality (5.3) holds. Joint monitoring for a positive and a negative shift
in the mean is done by combining the rules above. The probability of falsely
rejecting H0 is then approximately 2α. Let us illustrate the combined test
graphically, see Figure 5.5.

In Figure 5.5, it is shown that the boundary of the continuation area
forms a reversed V-mask. The lines −rδ/2 + log(α)/δ and rδ/2− log(α)/δ
intersect at r = 2 log(α)/δ2, so that for the parameters d and θ we have

d = −2 log(α)/δ2

tan θ = 1
2δ.

The V-mask monitoring scheme can be designed using the above formulas.
By specifying δ, the chart is designed for shifts of size δ. To complete the
design, 2α, the probability of falsely rejecting the hypothesis that the mean
is on target, needs to be specified. In Adams, Lowry and Woodall (1992),
it was pointed out that defining 2α as the probability of a false alarm is
incorrect. Essentially, 2α cannot be the probability of a false alarm on any
single sample, because this probability changes over time on the CUSUM.
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Figure 5.5: SPRT for joint testing for a negative and a positive
shift in the mean.
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Nor can 2α be the probability of eventually obtaining a false alarm (this
probability is, of course, 1). In fact, 2α must be the long-run proportion of
observations resulting in false alarms. If this is the case, then the in-control
ARL should be 1/(2α). However, Johnson’s design method produces in-
control ARLs that are substantially larger than 1/(2α).

Johnson’s analogy between the CUSUM and the SPRT can also be
employed to design the DIS. Rewrite the decision rules in formulas (5.2)
and (5.3) as

accept H−1 if
r∑
i=1

(
−Z ′i −

δ

2

)
> − log(α)

δ

accept H1 if
r∑
i=1

(
Z ′i −

δ

2

)
> − log(α)

δ

otherwise, continue sampling.

(5.4)

This suggests choosing

k =
δ

2
and h =

log(α)
δ

.

Note that this value of k agrees with the general recommendation to set k
equal to half the size of the shift one wants to detect.

The equivalence of the decision rules in (5.4) and the decision to gen-
erate an out-of-control signal the first time one of the sums SLi or SHi
of Equation (5.1) is larger than h, is easily established by noting that in
the first two rows of (5.4), two cumulative sums of the last r unreversed
observations of a sample of size m are compared to an upper limit. If it
is not decided to accept one of the alternative hypotheses, the two cumu-
lative sums of the last r + 1 unreversed observations are considered, and
so on, until the two cumulative sums of all m previous observations have
been compared to the upper limit. If neither H−1 or H1 is accepted, a
new observation is taken, and for each of the first two rows in (5.4), m+ 1
cumulative sums are compared to the upper limit. If it is decided to accept
H−1 at time m + 1 for the first time, the largest value of the m + 1 sums
of the first row of (5.4) is exactly SLm+1 . Analogously, if it is decided to
accept H1 at time m + 1 for the first time, the largest value of the m + 1
sums of the second row in (5.4) is exactly SHm+1 .
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When applying the SPRT to distinguish between two hypotheses H0 and
H1, the number of observations that need to be taken before a decision is
reached, is a random variable, denoted by N . It is a well-known remarkable
result (Wald’s theorem) that for fixed α and β, the SPRT minimizes both
E(N |H0) and E(N |H1).

5.1.2 The ARL of the CUSUM for i.i.d observations

For determining the ARL of the CUSUM for the mean of independent
observations, two approaches can be used. The Markov-chain approach
is discussed in Appendix C. Here, we will utilize the Fredholm-integral
approach to derive the ARL of the CUSUM control chart for the mean of
independently distributed observations, when a DIS is used to judge the
CUSUM.

The derivation of this integral equation is a little more complicated
than the integral equation of the EWMA control chart that was discussed
in Section 4.1. The reason for this is that the sums SL and SH may consist
of several so-called runs before an out-of-control signal occurs. A run of SL
is defined as follows. A run starts when SL has been zero, and ends as soon
as SL becomes zero again or if an out-of-control signal occurs (SL ≥ h or
if SH ≥ h). Conversely, a run of SH starts the next observation after the
sum has been zero, and ends as soon as SH = 0 or if SL ≥ h or if SH ≥ h.

As an illustration, we have 11 runs for SL in Figure 5.4, they are obser-
vations {1}, {2}, {3, 4, 5}, {6, · · · , 9}, {10}, {11}, {12}, {13}, {14, · · · , 19},
{20}, and {21}. For SH we have four runs in Figure 5.4. They are obser-
vations {1, 2, 3}, {4, · · · , 7}, {8, · · · , 16}, and {17, · · · , 21}.

In Kemp (1961), it was proved that if an out-of-control signal occurs
for the first time at time T indicating a negative shift in the mean, i.e.
SLT > h while 0 ≤ SLi ≤ h and 0 ≤ SHi < h for i = 1, · · · , T − 1, then
SHT = 0. Conversely, if SHT > h for some T while 0 ≤ SLi ≤ h and
0 ≤ SHi ≤ h for i = 1, · · · , T − 1, then SLT = 0. This means that a
run which ends at or above h cannot cut short a run of the other sum.
Moreover, if we let L− denote the ARL of a one-sided DIS monitoring SL,
then m/L−, the expected number of out-of-control signals occurring in SL
after m observations, is not affected by simultaneous monitoring of SH .
Vice versa, if L+ denotes the ARL of a one-sided DIS monitoring SH , then
m/L+, the expected number of out-of-control signals after m observations,
is not affected by simultaneous monitoring of SL. As a result, the expected
number of out-of-control signals of a two-sided DIS is then
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m

L−
+

m

L+
,

so that

1
L

=
1
L−

+
1
L+

, (5.5)

where L denotes the ARL of the two-sided DIS.
In some cases, it may be desirable to set k− and h−, the reference value

and the decision interval of SL, respectively, different from k+ and h+, the
reference value and the decision interval of SH , respectively. Such a DIS
is called an asymmetrical two-sided DIS. In van Dobben de Bruyn (1968)
it was shown that formula (5.5) also holds for an asymmetrical two-sided
DIS, provided that

k+ + k− ≥ |h+ − h−|.

Note that this condition is always satisfied for a symmetric two-sided DIS,
i.e. if h+ = h− and k− = k+. Hence, formula (5.5) shows how the ARL
curve of a symmetric two-sided DIS can be computed from the ARLs of
two one-sided schemes.

Let us therefore consider the ARL of a one-sided DIS for detecting
positive shifts in the mean of a sequence of standardized identically and
independently normally distributed random variables. Page (1954) defined
the following three functions

P (s) : the probability that a run, starting at s, ends at 0

N(s) : the expected length of a run, starting in s

L(s) : the expected run length of the one-sided DIS,
which started in s.

Furthermore, let f(·) and F (·) denote the density, and the cumulative dis-
tribution function of Zt, respectively. We can write down the following
integral equation for P (s)

P (s) = F (k − s) +
∫ h+k−s

k−s
P (s+ z − k)f(z) dz (5.6)

= F (k − s) +
∫ h

0
P (u)f(u− s+ k) du, (5.7)
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where u = s+z−k. The first term on the right-hand side of Equation (5.6)
corresponds to the case where the current outcome z causes the run to end
at zero. The second term corresponds to the case where the value of the
sum, after the current observation z is taken, is between 0 and h, so the
run continues from s+ z − k. Analogously, we can derive

N(s) = 1 +
∫ h+k−s

k−s
N(s+ z − k)f(z) dz

= 1 +
∫ h

0
N(u)f(u− s+ k) du, (5.8)

and

L(s) = 1 + L(0)F (k − s) +
∫ h+k−s

k−s
L(s+ z − k)f(z) dz

= 1 + L(0)F (k − s) +
∫ h

0
L(u)f(u− s+ k) du. (5.9)

In order to evaluate L(s), L(0) needs to be known. Suppose that P (0) and
N(0) are obtained by solving (5.7) and (5.8). The number of runs before
the first out-of-control signal occurs follows a geometric distribution

{P (0)}n−1 {1− P (0)} for n = 1, 2, · · · ,

with expected value

1
1− P (0)

.

If N(0)u is the expected number of observations in a run that ends at h,
and N(0)l is the expected number of observations in a run that ends at 0,
then we have

L(0) = N(0)u +
[

1
1− P (0)

− 1
]
N(0)l

=
1

1− P (0)

[
(1− P (0))N(0)u + P (0)N(0)l

]

=
N(0)

1− P (0)
. (5.10)
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After substituting expression (5.10) into the integral equation (5.9), the
latter can be numerically approximated using Gaussian Quadrature. De-
tails can be found Appendix B. Integral equations for the one-sided DIS
for detecting negative shifts in the mean can be derived analogously. For-
mula (5.5) can then be used to combine two one-sided ARLs to the ARL
for a two-sided DIS.

In Figure 5.6, the ARL curve of a two-sided DIS is depicted. The
reference value was set to k = 0.5, and the decision interval was chosen
in such a way that the in control ARL equaled 370.4. This resulted in
h = 4.7749. The resulting ARL curve is drawn together with the ARL
curve of a Shewhart control chart for independent observations and the
ARL of an EWMA chart for independent observations.
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0 0.5 1 1.5 2 2.5 3
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L
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δ →

Shewhart chart with 3σX limits
EWMA chart optimized for 1σX shifts

CUSUM chart optimized for 1σX shifts

Figure 5.6: ARL curves of the Shewhart, the EWMA, and the CUSUM
chart for the mean of independent observations.

Figure 5.6 shows that the ARL of the EWMA chart is smaller than
the ARL of the CUSUM chart when a shift in µ occurred that is smaller
than the shift that was used for the design of the EWMA chart. For larger
shifts, the CUSUM ARL is slightly smaller. However, the difference is so
small that this is not visible in Figure 5.6. This difference in ARL behavior
is typical for a wide range of parameter values according to Lucas and
Saccucci (1990).



5.2. EFFECT OF IGNORING SERIAL CORRELATION 115

Compared to the ARL curve of the Shewhart chart, both the CUSUM
and the EWMA chart are more efficient in detecting small shifts in the
mean. For larger shifts (say δ > 2.6), the Shewhart control chart is slightly
more efficient. For example, when δ = 3, the ARL of the Shewhart chart
is 2.00, the ARL of the EWMA chart is 2.51, and the ARL of the CUSUM
chart is 2.49.

As in the previous two chapters, we want to investigate the effect of
abandoning the assumption that the observations are independently dis-
tributed on the ARL curve of the CUSUM chart. Again, we will assume
that the control chart is used to detect a shift in the mean of a sequence of
observations {Yt}, which are known to be generated by the AR(1) model
(2.3) (see Subsection 2.4.2):

Yt − µt = φ(Yt−1 − µt−1) + εt for t∈ ZZ.

In the following section, it is investigated how the performance of a CUSUM
chart that was designed for independent observations is affected by AR(1)
dependence in the data.

5.2 Effect of ignoring serial correlation

In this section, we will simulate how the ARL of a CUSUM chart that
was designed to detect a shift in the mean of independent data is affected
by AR(1) dependence in the observations. To this end, we consider the
DIS of the previous section that was designed to detect a shift of size 1σX
as soon as possible. Using parameters k = 0.5 and h = 4.7749, we will
investigate how AR(1) correlation affects the in-control ARL and the out-
of-control ARL when there has been a shift of size 1σY in the mean of the
observations. The simulation results are presented in Table 5.1.

As in Sections 3.3 and 4.2, the ARL values are simulated assuming that
the standard deviation of the observations is estimated using MR/d2(2)
which is biased for AR(1) observations. This results in control limits that
are too wide in case of negative correlation. It was not feasible to simulate
the in-control ARL for the cases φ − 0.6 and φ = −0.9. However, the
simulation results for φ = −0.3 (based on 100 replications) show that the
in-control ARL is much higher than intended. The in-control ARL is much
lower in the case of positive autocorrelation. The results show that the
CUSUM chart is even more affected by serial correlation than the EWMA
chart or the Shewhart chart. In the remainder of this chapter, we will
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Table 5.1: ARL values of an i.i.d. CUSUM chart,
applied to various AR(1) processes.

φ σY E
[
MR/d2(2)

]
ARL(0σY ) ARL(1σY )

-0.9 2.2942 3.1623 —.— —.—

-0.6 1.2500 1.5811 —.— —.—

-0.3 1.0483 1.1952 529076.00 15.77
(55184.77) (0.03)

0.0 1.0000 1.0000 368.09 9.14
(1.16) (0.02)

0.3 1.0483 0.8771 21.98 5.15
(0.09) (0.01)

0.6 1.2500 0.7906 2.51 1.73
(0.01) (0.01)

0.9 2.2942 0.7255 1.00 1.00
(0.00) (0.00)

discuss control charts that will be designed to detect shifts in the mean of
AR(1) data.

In Section 5.3, a modified CUSUM chart is discussed that accounts
for serial correlation. The sums SL and SH of serially correlated obser-
vations are assessed using a DIS with modified limits to account for the
first-order autoregressive serial correlation. In Section 5.4, the sequence
of observations {Yt} is monitored for a shift in the mean using a DIS for
the cumulative sums of residuals. In Section 5.5, the CUSUM for modified
residuals is discussed. This chapter is concluded by a comparison of the
ARL behavior of these three charts in Section 5.6.

5.3 The modified CUSUM chart

In this section, we will consider the modified CUSUM chart. Analogous
to the modified Shewhart chart and the modified EWMA chart, sums of
untransformed AR(1) observations {Yt} will be assessed in the DIS of the
modified CUSUM. The difference with the CUSUM for independent obser-
vations is that the value of the decision interval h is adjusted to account for
the serial correlation that is present in the data. The value of h is increased
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to account for the increase in the variance of the observations that are the
basis for the cumulative sums. However, in Schmid (1997a), it was proved
that the in-control ARL thus obtained is larger than the in-control ARL of
a corresponding CUSUM for independent observations. Hence, the increase
in h must be partly undone to obtain a desired in-control ARL.

The sums for the DIS of the modified CUSUM chart will be denoted by
SLY,t and SHY,t , and are computed as follows

SLY,t = max(SLY,t−1
− (Yt − µ)− k, 0)

SHY,t = max(SHY,t−1
+ (Yt − µ)− k, 0).

An out-of-control signal is issued at time t if SLY,t > h or if SHY,t > h. For
the design of the CUSUM DIS, we apply the rule of thumb that the reference
value k is chosen equal to half the size of the shift we want to detect as fast
as possible. The corresponding decision interval h is chosen such that the
chart has a desired in-control ARL. For an in-control ARL of 500, h and k
combinations can be found in Schmid (1997a) for selected values of φ. In
addition, Schmid (1997a) questions whether this is an appropriate way to
design the CUSUM DIS. A more correct way is to minimize the ARL for
a shift of a predetermined size over all k, where h is chosen with each k to
obtain a certain in-control ARL.

For the computation of the ARL of the modified CUSUM chart, we
have several options. Goldsmith and Whitfield (1961), who were the first
to study the effect of serial correlation on the performance of CUSUM con-
trol charts, used Monte Carlo simulations. Johnson and Bagshaw (1974)
employ the theory of weak convergence of the partial sums to a Wiener pro-
cess to obtain the asymptotic distribution of the run length of the one sided
CUSUM when the process is in control. In a second article, Bagshaw and
Johnson (1975), employed a Wiener process with drift to obtain an approx-
imation for the distribution of the run length of a one-sided CUSUM when
a shift in the mean has occurred. The latter approximation proves to be
accurate for the shape of the run length. Also, this approximation is accu-
rate for the location of the run length when negative correlation is present
in the data. However, when there is positive correlation, the approximation
underestimates the ARL by a considerable amount. Since we are especially
interested in the ARL curves when there is positive correlation in the data,
we will not use this approximation.

Another option for the approximation of the ARL of the modified
CUSUM is discussed by Yashchin (1993). In this article, the ARL proper-



118 CHAPTER 5. CUSUM-TYPE CONTROL CHARTS

ties in case of serially correlated observations are evaluated by specifying
a matching i.i.d. process, for which the CUSUM run length distribution is
approximately the same as for the original series. The properties of the
run length distribution can then be assessed by employing the Fredholm-
integral approach, see the previous section, or the Markov-chain approach,
see Appendix C. Yashchin discusses several procedures for choosing the
matching i.i.d. process. Yashchin’s approximations prove to be accurate in
many, but not all cases. When the level of autocorrelation is too large, the
quality of the approximations deteriorates.

Yet another option is to adapt the Fredholm-integral approach that we
used in the previous section to the case of AR(1) observations, analogous
to Chapter 4, where we discussed the ARL of the modified EWMA control
chart. VanBrackle and Reynolds (1997) used a similar method to study the
ARL of the CUSUM in case of ARMA(1,1) observations. By choosing a
large enough number of quadrature points this method produces very ac-
curate results, at the cost, however, of exponentially increasing computing
time.

We decided to simulate the ARL curve of the modified CUSUM chart,
since this method combines high accuracy in all cases with reasonable com-
puting time. The ARL curves of the modified CUSUM chart are depicted
in Figures 5.7 through 5.12 of Section 5.6, together with the ARL curves
of the two CUSUM-type control charts that are discussed in the following
sections.

5.4 The CUSUM chart of residuals

In this section, we will discuss monitoring an AR(1) process for a shift in
the mean with a CUSUM chart of residuals. The sums SL and SH are
formed using the residuals

et = (Yt − µ)− φ(Yt−1 − µ).

The sums for the DIS of the residuals CUSUM chart will be denoted by
SLe,t and SHe,t , and are computed as follows

SLe,t = max(SLe,t−1 − et − k, 0)

SHe,t = max(SHe,t−1 + et − k, 0).

An out-of-control signal is issued at time t if SLe,t > h or if SHe,t > h.
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For the design of the modified CUSUM control chart, we can repeat
Johnson’s approximate analogy between the SPRT and the CUSUM of the
previous section for AR(1) observations. Let us consider a sample of m
AR(1) observations. They are jointly normally distributed with covariance
matrix

Σ =
σ2
ε

1− φ2



1 φ φ2 · · · φm−1

φ 1 φ · · · φm−2

φ2 φ 1 · · · φm−3

...
...

...
. . .

...

φm−1 φm−2 φm−3 · · · 1


.

For the mean of the process, we formulate three hypotheses:

H−1 : µ = µ−1 H0 : µ = µ0 H1 : µ = µ1,

where µ−1 = (µ0 − δσY )ι, µ0 = µ0ι, and µ1 = (µ0 + δσY )ι, with ι an
(m × 1)-vector with all components equal to one. For the likelihood ratio
that can be used to discriminate between H0 and H−1, we have after m
observations

λm =

1
(2π)m/2

√
det Σ

exp
(
−1

2
(y − µ0)′Σ−1(y − µ0)

)
1

(2π)m/2
√

det Σ
exp

(
−1

2
(y − µ−1)′Σ−1(y − µ−1)

) ,

so that the log likelihood ratio after m observations equals

log λm = δσY ι
′Σ−1(y − µ0) +

(δσY )2

2
ι′Σ−1ι.

It can be shown that

Σ−1 =
1
σ2
ε



1 −φ 0 0 0 · · · 0 0 0
−φ 1 + φ2 −φ 0 0 · · · 0 0 0
0 −φ 1 + φ2 −φ 0 · · · 0 0 0

.

..
.
..

.

..
.
..

.

..
. . .

.

..
.
..

0 0 0 0 0 · · · −φ 1 + φ2 −φ
0 0 0 0 0 · · · 0 −φ 1


,
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so that

log λm =
δσY
σ2
ε

(
(y1 − µ0)− φ(y2 − µ0) + e2 + (1− φ)

m∑
i=3

ei

)

+
(δσY )2

2σ2
ε

(
2(1− φ) + (m− 2)(1− φ)2

)

=
δσY (1− φ)

σ2
ε

m∑
i=3

(
ei +

δ(1− φ)
2

)

+
δσY
σ2
ε

[(y1 − µ0)− φ(y2 − µ0) + e2 + δ(1− φ)] . (5.11)

Hence, formula (5.11) shows that, apart from the first two terms, the SPRT
of AR(1) observations is equivalent to monitoring a sum of residuals

∑
i

(
ei +

δσY (1− φ)
2

)
.

With respect to the design of the CUSUM residuals chart, this suggests
choosing

k =
δσY (1− φ)

2
. (5.12)

This is an attractive reference value, since we showed in Chapter 3 that
only a fraction (1 − φ) of a shift in the mean of AR(1) observations is
transferred to the residuals. Hence, if a shift of size δ∗σY has to be detected
as fast as possible in a sequence of AR(1) observations, this can be done
by monitoring the residuals of the one-step-ahead forecasts with a CUSUM
chart that is designed to detect a shift of size (1−φ)δ∗σY as soon as possible.

Formula (5.11) is a special case of an expression that was derived by
Schmid (1997a). He showed that the SPRT for the mean of the more
general class of Gaussian processes is equivalent to monitoring a weighted
cumulative sum of one-step-ahead prediction residuals, where the weights
attached to the residuals depend on parameters of the process.

Again, if the AR(1) model is appropriate for the data, and enough
data is available to assume that the model parameters are known, then the
residuals will approximately be uncorrelated. In such cases, the Fredholm-
integral approach of Section 5.3 can be used to approximate the ARL curve
of the CUSUM chart of residuals numerically.
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In Section 5.6, the ARL behavior of the CUSUM chart of residuals is
compared to that of the modified CUSUM chart of Section 5.3, and of the
CUSUM chart of modified residuals, which will be discussed in the next
section. The CUSUM charts of residuals that are discussed in Section 5.6
are designed to detect a shift of size 1σY in the mean of AR(1) observations
as soon as possible. Using (5.12), the reference value of the CUSUM chart
of residuals is set to

k =
δ

2

√
1− φ
1 + φ

σε,

and the corresponding value of h is chosen with k to obtain a desired in-
control ARL.

5.5 The CUSUM chart of modified residuals

In this section we consider the CUSUM chart of modified residuals. In case
of a sequence of AR(1) observations {Yt}, the modified residual at time
t = 1, 2, · · ·, was in Section 3.6 defined as

ut ≡ Yt − φYt−1 + φµ̂t

where µ̂t is an estimator of µt, the mean of the process at time t. As
discussed in Section 3.6, monitoring AR(1) data using {ut} has three ad-
vantages:

1. successive realizations of ut are approximately uncorrelated;

2. the sequence {E(ut)} is approximately equal to {µt};

3. step changes in the mean of {Yt} are eventually transferred fully
to {ut}.

The fact that elements of {ut} are approximately uncorrelated allows us
to use control charts for independent observations, the behavior of which
has been well-studied. The second advantage makes it easier to relate
the modified residuals to the process than the unmodified one-step-ahead
forecast residuals. The third advantage is the reason for the more efficient
operation of the modified residuals chart, compared to the performance of
the residuals charts.
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The sums for the DIS of the modified residuals CUSUM chart will be
denoted by SLu,t and SHu,t , and are computed as follows

SLu,t = max(SLu,t−1 − (ut − µ)− k, 0)

SHu,t = max(SHu,t−1 + (ut − µ)− k, 0).

An out-of-control signal is issued at time t if SLu,t > h or if SHu,t > h.
For the design of the modified residuals chart we employ the rule of

thumb to choose k equal to half the size of the shift we want to detect
quickly. In the case of monitoring modified residuals, a step shift in the
mean of the AR(1) observations is fully transferred to the modified residu-
als, so that we take

k =
δσY

2

as the reference value for the modified residuals CUSUM chart. The corre-
sponding decision interval h is chosen so that a desired in-control ARL is
obtained.

In the next section, the ARL performance of the modified residuals
CUSUM chart is compared to the ARL behavior of the modified CUSUM
chart and the residuals CUSUM chart for various levels of first-order au-
toregressive serial correlation. The ARL curve of the modified residuals
CUSUM chart is obtained by Monte Carlo simulation.

5.6 Discussion

In this section, the CUSUM-type control charts for the mean of AR(1) data
that were discussed in previous sections, are compared on the basis of their
ARL behavior for selected values of φ. The ARL curves are depicted in
Figures 5.7 through 5.12.

Goldsmith and Whitfield (1961) were the first to study the effect of serial
correlation on the performance of CUSUM control charts. They studied
the effect of AR(1) dependence on the ARL of a CUSUM that was assessed
with a V-mask. They concluded that negative autocorrelation makes the
CUSUM more sensitive, whereas positive correlation has a negative effect
on the ARL performance of the CUSUM control chart. These conclusions
agree with the findings of Figures 5.7 through 5.12, except for the modified
CUSUM chart.
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Figure 5.7: Various ARL curves for AR(1) process with φ = −0.9,
compared to the ARL curve for the i.i.d. case (φ = 0).
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Figure 5.8: Various ARL curves for AR(1) process with φ = −0.6,
compared to the ARL curve for the i.i.d. case (φ = 0).
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Figure 5.9: Various ARL curves for AR(1) process with φ = −0.3,
compared to the ARL curve for the i.i.d. case (φ = 0).
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Figure 5.10: Various ARL curves for AR(1) process with φ = 0.3,
compared to the ARL curve for the i.i.d. case (φ = 0).
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Figure 5.11: Various ARL curves for AR(1) process with φ = 0.6,
compared to the ARL curve for the i.i.d. case (φ = 0).
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Figure 5.12: Various ARL curves for AR(1) process with φ = 0.9,
compared to the ARL curve for the i.i.d. case (φ = 0).
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The differences between the ARL curve of the CUSUM of residuals and
the CUSUM of modified residuals are small. Both charts appear to perform
well in all cases. In view of the slightly better results, the CUSUM chart of
residuals might be preferred. For positive autocorrelation, the ARL curve
of the modified CUSUM chart is very similar to that of the other two
CUSUM charts. This is interesting, since we observed in the Chapters 3
and 4 that the modified Shewhart and the modified EWMA chart were
performing better than the corresponding residuals charts. Hence, contrary
to Shewhart- and EWMA-type control charts, there is no ARL argument
in favor of the use of a modified CUSUM chart to monitor AR(1) data.

Figures 5.7 and 5.8 show that, in case of negative autocorrelation, it
is also not advisable to use the modified CUSUM chart. These findings
agree with the results presented in Schmid (1997a), wherein it is concluded
that for negative autocorrelation, depending on the choice of h and k,
the modified CUSUM is very inefficient in signalling smaller shifts than
the chart was designed to detect. His results indicate that in these cases,
better ARL behavior is obtained if k is not chosen equal to half the size
of a shift one wants to detect. Therefore, the usual rules of thumb for the
design of CUSUM-type control charts cannot be used in all cases of serially
correlated data. It is our experience that these difficulties concerning the
design of the CUSUM chart tend to increase with the complexity of the
underlying time series model. Therefore, we agree with Schmid (1997a) that
further research concerning the design and the ARL behavior of CUSUM-
type control charts for other models than the AR(1) model is needed. For
this reason, we decided not to tabulate ARL values of CUSUM-type control
charts in Appendix A.

In addition to the foregoing argument, it may be noted that for the
cases where the usual rules of thumb seem to work satisfactory (Figures 5.7
through 5.12), the ARL behavior of the CUSUM-type control charts is
very similar to the ARL behavior of the EWMA-type control charts of the
previous chapter. These findings agree with Schmid (1997a). Hence, it is to
be expected that the ARL behavior of the EWMA control charts provides
also a good indication of the ARL behavior of the CUSUM control chart
in case of other time series models, a suggestion that is supported by the
results of VanBrackle and Reynolds (1997).

For positive autocorrelation, the CUSUM charts appear to detect changes
in the mean which are smaller than 1σY slightly earlier than the EWMA
charts. However, changes larger than 1σY are detected faster, on average,
by EWMA charts.


