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a b s t r a c t

Three-dimensional discrete dislocation dynamics (DDD) simulations are performed to investigate the
plastic flow behaviors of submicron copper pillars under different loading rates, in which both inertial
effect of dislocation motion and surface nucleation are taken into account. It is found that: (1) for pillars
with a diameter below ∼400 nm, there is a transition from internal dislocation multiplication to surface
dislocation nucleation as the strain rate increases (≥104 s−1); (2) for ∼1 um diameter pillars, stable
internal dislocation sources dominate for both low and high strain rates; (3) in general, a larger strain rate,
smaller sample size and less internal dislocation sources make it more probable for a surface nucleation
process to take the place of dislocation multiplication. Furthermore, a theoretical model is proposed to
predict the submicron plastic behavior at different strain rates when internal dislocation sources prevail.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

It is well known that various aspects of mechanical behavior at
submicron scales are quite different from those at the bulk scale. In
addition to thewidely known plasticity size effect [1–3], strain rate
sensitivity at submicron scale has attracted much attention [4–6].

* Corresponding authors.
E-mail addresses: e.van.der.giessen@rug.nl (E. Van der Giessen),

zhuangz@tsinghua.edu.cn (Z. Zhuang).

Recently, Jennings et al. [7] demonstrated strain rate effect
emerging in the single crystalline copper pillars at submicron
scales by experiments. By computing the activation volumes, as
a function of pillar diameter at each strain rate, they postulated
a plasticity mechanism transition from dislocation multiplication
via the operation of single-arm sources to surface dislocation nu-
cleation when the pillar size became smaller. The effects of both
strain rate and sample size on the compressive strength of single
crystalline copper were reported in their work while the quantita-
tive investigations of dislocation sources and structureswere quite
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limited. Lately, Gurrutxaga-Lerma et al. [8] investigated the domi-
nant dislocation mechanism at different strain rates ranging from
101 s−1 to 1010 s−1 and illustrated the strain rate effect on both
the activation time and the source strength of Frank–Read sources.
They discussed Frank–Read sources and homogeneous nucleation
processes which are essential in bulk deformation. However, in
submicron and nano-sized samples, dislocation nucleation from
the free surface has been observed to be a potent mechanism,
e.g. [7,9].

Discrete dislocation dynamics (DDD) simulations have been
reported in the literature that provide important insights into the
mechanical behavior under different strain rates. They served as
an effective method to study the dislocation based plasticity under
low strain rates [10], high strain rates [11–14] and extremely
high strain rates as shock compression [15–17]. The calculation
procedure always follows the same general form. The forces acting
on all the dislocation segments are evaluated at each time step,
dislocation velocities are calculated by solving the equations of
motion, and dislocation positions are updated for the next time
step. In most applications of the DDD simulations, the equation of
dislocation motion involves a linear force–velocity law, instead of
the full dynamical formulawhich includes inertia. This assumption
seems sufficient to describe dislocationmotion at low deformation
rates, but may be not appropriate in high strain rate deformation.
Wang et al. [18] employed a full dynamical equation of dislocation
motion to compare with the commonly assumed linear force–
velocity dynamics. Through comparison and analysis, they indi-
cated the inertial effect could not be ignored when the strain rate
was 104 s−1 and larger.

In this paper, the plastic flow behavior of single crystalline cop-
per pillars is investigated by 3D DDD simulations. We concentrate
on the combined effect of sample size, strain rate and surface
versus internal sources of dislocations on the mechanical behavior
at submicron scales.

2. Methodology

The 3D DDD method used here has been described in detail
in our previous paper [19]. Compared to the conventional DDD
model, two new features are introduced. A full dynamical equa-
tion of dislocation motion including inertial effect is adopted and
surface nucleation process is introduced.

The full dynamical equation of dislocation motion is

mev̇ + Bv = f , (1)

where me is the effective mass of dislocation per unit length, me
= ρcb2, ρc is the material density and b is the magnitude of the
Burgers vector. B is the viscous drag coefficient, f is the total Peach–
Koehler force of the applied stress and interaction with other
defects, line tension, as well as the image force by the free surface.

The introduction of dislocation sources associated with surface
nucleation in the DDD computations is motivated by the atomistic
model of Zhu et al. [20]. Their results suggest the free surface acts
as an effective source of dislocations and the nucleation stress pro-
vides an upper bound to the strength of compressive nanopillars.
Their probabilistic investigations revealed that the probability of
dislocation nucleation from the free surface within a time span dt
is given by

P = ν0 exp
[
−

Q (σ , T )

kBT

]
×

(
S
b2

)
× dt. (2)

Here, ν0 is the attempt frequency, Q (σ , T ) is the activation free
energy of dislocation nucleation from the free surface and kBT is
the thermal energy, S

b2
is the number of nucleation sites at the

surface. In theDDD simulations,we expand the possible nucleation
sites from sample corner to the whole surface, dislocation can

nucleate at any point on the surface of the pillar and the stress
σ = |σ33| is used in the simulations of compression test. A first
approximation of the temperature effect on the activation free
energy is introduced as

Q (σ , T ) =

(
1 −

T
Tm

)
· Q0 (σ ) , (3)

where Tm is the surface disordering temperature and is chosen to
be 700 K. By taking the function form Q0 (σ ) = A(1 − σ/σath)

α to
fit the calculated activation energies at different stresses, A = 4.8
eV, σath = 5.2 GPa, and α = 4.1 are obtained [20]. The probability
of surface nucleation is calculated at each time span. The number
of nucleated dislocations N is as follows

N =

⎧⎪⎪⎨⎪⎪⎩
Integer [P] , if

∫ tn

tm
P ≥ 1

0, if
∫ tn

tm
P < 1.

(4)

Here, the probability of dislocation nucleation is accumulated from
tm to tn because that once a dislocation nucleation process occurs,
the probability starts from zero again, and an arc-shaped disloca-
tion loop on a random slip system of all the twelve typical FCC is
introduced at a stochastic site on the surface.

In the simulations, the cross sections of single crystalline copper
pillars are set to be square. Side lengths are varied from 200 to 800
nm while the ratio of pillar height H to side length D is fixed to
2. These cuboid cells are used to mimic the cylindrical specimens
used in the experiment [21], because it is easier to deal with the
image force and it is known that the cross-section shape has only
a weak effect [22]. All the pillars are loaded along (001) direction
in a displacement-controlled manner and the lateral surfaces are
traction free. A wide range of strain rates are performed in DDD
simulation, ranging from 104 s−1 to 106 s−1. The initial dislocation
densities are around 4×1013 m−2. The simulation for each pillar
size is carried out for five different initial dislocation distributions
to illustrate the stochastic scatter. The material properties of cop-
per are as follows: shear modulus µ is 48 GPa, Poisson’s ratio ν is
0.34, the density of Cu ρc = 8.96× 103 kg/m3, and the viscous drag
coefficient B = 2 × 10−5 Pa s. The attempt frequency ν0 in Eq. (2)
is set at 1013 s−1 [23] and the temperature T = 300 K. The time
step used in the simulations is △t = 10−12 s which ensures that
the numerical results are converged.

3. Results and discussions

The simulation results of pillars with different side lengths are
shown in Fig. 1(a). The stress–strain curves exhibit three typical
characteristics. For type I which is generally observed in small
pillars (D < 400 nm), as marked in Fig. 1(a), the stress increases in
an elastic way at the initial stage, then early yield events that are
of short duration occur at various stress levels (varying between
∼500 and∼1200MPa), followed by an extensive elastic period, af-
ter whichmassive yield takes place at a stress level of around 1600
MPa. Despite the small oscillation, the flow stress is approximately
stable in the end. Distinct from this, in type III plasticity, yield is
massive right away and the stress remains roughly stable without
obvious strain hardening. As a result, the flow stress is relatively
low comparing with that in type I. Type II falls in between type I
and III, it seems the stress remains stable after the initial yielding,
but strain hardening can start at an unexpected time.

The evolution of representative dislocation structures corre-
sponding to type I and III is shown in Fig. 1(b). For pillars as small
as 200 nm, it is difficult for dislocations to form stable pinning
points, and the initial dislocations will be driven out quickly by the
subsequent external loading. After that, new dislocations emerge
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Fig. 1. (a) Stress–strain curves for pillars with different size at an applied strain rate of 106 s−1 , (b) typical dislocation structures for type I and III.

Fig. 2. Stress–strain curves for pillars with different size at strain rates from 104 s−1 to 106 s−1 , (a) D = 200 nm; (b) D = 800 nm.

from the free surface and escape immediately out of the pillar.
The small oscillation of flow stress is attributed to the repeated
nucleation and escape of surface dislocations. It is therefore a
surface nucleation dominant mechanism in small pillars, charac-
terized by very high flow stress. In large pillars (D = 800 nm) as
type III, by contrast, the internal dislocations can self-organize to
form jammed configuration initially. With the increase of exter-
nal loading, the jammed network will continuously evolve until
internal dislocation sources with stable pinning points are formed.
Both single-arm sources and Frank–Read sources exist inside large
pillars at the moment. The operation of these internal sources
can generate enough plasticity and keep the flow stress stable. In
this case, the dislocationmultiplicationmechanism plays a leading
role, featuring relative low stress levels. The mechanical behavior
ofmedium-sized pillars (D = 400–600 nm) is quite sensitive to the
initial dislocation configuration. For those sampleswithout enough
dislocation junctions and tangles, after the break of weak links
between dislocations, only a few single-arm sources are formed
inside the pillars and their operation leads to a provisional yielding
stage. However, the dislocation sources can become progressively
exhausted, causing dislocation starvation hardening as type II in
Fig. 1(a).

In addition to the sample size, the strain rate also has a signif-
icant effect on the plastic behavior. To investigate the effects of
strain rate, imposed by different displacement rates at the pillar
ends, stress–strain curves for pillars with side lengths 200 and 800
nm are shown in Fig. 2, respectively. Two distinct types of plastic

behavior are observed, distinguished by different stress levels. For
small pillars (D = 200 nm), the flow stresses are generally high
within the investigated range of strain rates (≥104 s−1). Just as
type I as shown in Fig. 1(b), all initial dislocations tend to escape
out due to external loading. Then the surface nucleation takes
over as the dominant dislocation mechanism since there are no
pre-existing dislocations left. Moreover, dislocation starvation and
surface nucleation are more likely to happen with the increase of
strain rate. Nevertheless, in a small number of pillars with side
length 200 nm, one or a few stable single-arm sources may persist
at relative low strain rates. The operation of these sources can also
result in a relatively low flow stress like in large pillars. In contrast,
as shown in Fig. 2(b), the flow stress in large pillars (D = 800 nm)
is generally not high enough for dislocation nucleation from the
surface to be activated.

The exhaustion of internal sources leads to an elastic stress
increase and results in the surface nucleation process eventu-
ally. The stable flow stresses which involve in nucleation process,
characterized by the absence of a hardening process, can be pre-
dicted by the surface nucleation formula. In case of the dislocation
multiplication dominated process, the stable flow stresses vary
greatly even in the case of same strain rate and sample size, as
shown in Fig. 2(b). We systematically investigated the evolution
of internal dislocation structures and found that internal source-
controlled yield is controlled just by thenumber of internal disloca-
tion sources. Consequently, the stable flow stress also depends on
the number of dislocation sources besides sample size and strain
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Fig. 3. (a) Stress–strain curves for pillars with same size (D = 800 nm) and strain rate (ε̇ = 1× 106 s−1), (b) Dislocation structures corresponding to each marked points in
(a).

Table 1
Comparison of simulation and analytical solution between two pillars.

Number of single-arm sources n at Simulated flow
stress (MPa)

Analytical prediction
(value of n)

A1 or B1 A2 or B2 A3 or B3

Pillar 1 8 7 9 509 534 MPa (8)
Pillar 2 13 9 12 444 451 MPa (11)

rates. Following [3,19,24], we here propose the following formula
for the stable shear flow strength associatedwith the three factors:

τ = τ0 + αµb
√

ρ +
kµb
λ  

τstatic

+
Bε̇V

Mb2λ · n
. (5)

Here, the first three items on the right-hand side are the internal
source-controlled critical resolved shear stress under quasi-static
loading, as systematically studied by Cui et al. [19], τ0 is the lattice
friction stress, α and k are dimensionless constants, usually α is set
at 0.5 and k is taken as 1.0 in previous literatures [3,24], ρ is the
dislocation density and λ is the average effective source length.
The last term is an additional part due to the strain rate effect,
in which, ε̇ is the strain rate, V is sample volume, n is the num-
ber of stable single-arm sources, M is Schmid factor. Obviously,
the contribution of the last term increases when the strain rate
becomes higher. In particular, for pillars with adequate internal
dislocation sources, the last item in Eq. (5) can be neglected as n→

∞ (except when strain rate ε̇ →∞) and the stable flow strength
reduces to the quasi-static one. It possesses a physical foundation
in Orowan’s law. Furthermore, for a certain strain rate loading, the
stress obtained in Eq. (5) could become high enough to trigger the
surface nucleation if the source number n is quite limited. Once
the shear flow strength is obtained by Eq. (5), the flow stress can
be calculated by σ=τ /M , whereM is the Schmid factor.

In order to test the above proposition, especially the effect of
the number of dislocation sources, the results for two pillars with
side length 800 nm are investigated in detail. For each case, the
dislocation configuration at three strain levels well into the plastic
regime are considered, see Fig. 3. During the analysis, the stable
flow stress is calculated by averaging all the stress values within
the strains ranging from 1.2% to 1.6% in the simulation to eliminate
the influence of stress oscillation. It can be seen clearly that more
dislocation sources in Pillar 2 result in a relatively low flow stress.
The stable flow stresses are given in Table 1 for two pillars by nu-
merical simulation and analytical solution. The analytical solutions
are consistent with the simulation results.

Fig. 4. Dislocation mechanismmap for plastic flow at submicron scales: nucleation
of surface dislocations (Type I), cooperation of dislocation multiplication and sur-
face nucleation (Type II) and stable internal single-arm dislocation multiplication
(Type III).

In addition, it is worth pointing out that the analytical solution
we achieved is based on the single-arm source dominant mecha-
nism, which is suitable at submicron scales but not for very small
or very large sample size. TEM experiments [25] have revealed
that the pillars with diameter smaller than 160 nm can achieve
dislocation starvation by mechanical annihilation. Through the
above analysis, a schematic diagram of the governing dislocation
mechanisms in plastic deformation at submicron scales which
unifies the three combined effects can be presented in Fig. 4, in
which the mechanisms are divided into three zones that depend
on the sample size D, strain rate ε̇ and stable dislocation density
ρs or source number n. The three zones are corresponding to the
three types in Fig. 1. Several characteristic values for the transitions
extracted from the computations in this work are also marked in
Fig. 4.
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4. Conclusions

To summarize, the effects of sample size, strain rate and dislo-
cation sources on the plastic behavior of pillars with a diameter
roughly between 100 nm and 1 µm are investigated by DDD
simulations. In small pillars (∼200 nm), dislocation pinning points
are not formed and the initial dislocations run across the sample
and escape out easily. Dislocation starvation triggers nucleation of
dislocations from the surface, which gives rise to a very high stable
flow stress. In contrast, at the same initial dislocation density, dis-
locations in large pillars have a smaller tendency to escape from the
free surface andmore probability to develop stable pinning points.
As a result, the plastic behavior of large pillars is always dominated
by dislocation multiplication, featuring relatively low stress levels.
At higher strain loading rates, the flow stress tends to increase
because the limited number of internal sources cannot generate
enough plasticity to resist the increment of external loading, that
is ε̇p < ε̇. In turn, these internal dislocation sources may be broken
due to the increasing stress. Finally, to illustrate the central role of
stable dislocation sources, an analytical expression is proposed to
compare with the simulation results and further explains why the
stable flow stress varies even in pillars with same size and strain
rate. We emphasize the role of stable dislocation sources but not
the initial dislocation density since it directly translates into the
probability to achieve stable internal dislocation sources.
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